Online Appendix to Accompany “R2 bounds for
predictive models: what univariate properties tell us
about multivariate predictability” by Mitchell,
Robertson and Wright

A Proof of Lemma (1| (the predictive system for ;)

We can write the state equation (1)) as

Zy — T_lMTZt,1 + BSt (Al)
TZt = MTZt,1 + TBSt (AQ)
x; = Mx; |+ V] (A.3)

where xj = Tz, is n x 1 and v; = TBs;. The observables equation is then

y: = CT 'Tz_; + Ds, (A.4)
— CT 'x;_, + Ds, (A.5)

Let
B =1 01y | CT (A.6)

and we can write a predictive equation for the first element of y; as
Y =B % +uy (A7)

where
Uy = [ 1 01><(n—1) DSt (A8>

This representation may in principle have state variables with identical eigenvalues
(for example multiple IID states) or state variables with zero 3" entries (states that do
not directly affect y;). To derive a minimal representation we first eliminate from x; those
elements with zero 3" entries (and rewrite 3" appropriately). Then if state variables x}
and 7 correspond to identical eigenvalues p1; = p1; (and so have the same autoregressive
parameter in the transition equation) we combine these into a new state variable z; =
x; + Z—J z; (and note that r; will also be an AR(1) with parameter y;) and we can then

rewrite the prediction equation in terms of z; with parameter 8, = ;. We are then left
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with an r x 1 vector x; obeying

X, = Ax;_1 + vy (A.9)
where v, contains the appropiate elements of v and a prediction equation

Y= B'x-1 + w (A.10)

where A then contains the distinct eigenvalues of M corresponding to the r variables in
x; (which are either original states in x; or combinations thereof that are relevant for y;);
B contains the matching elements from 8%, and v; those from v;.

Note that

r = n — # {{states that do not predict y;} U {repeated eigenvalues of M}}  (A.11)

which could be substantially less than n.H

B Proof of Lemma 2| (The Macroeconomist’s ARMA)

After substitution from the predictive regression can be written as
det(T—AL)y; = B'adj(I— AL) vy +det (I — AL) uy (B.1)

Given diagonality of A, from Al, we can rewrite this as

T

=]l - ML)y = ZBHl—)\L Lvlt—i—Hl—)\Lut Z%Llwt B.2)

i=1 1=1 Jj#i i=1

wherein g, is then an MA(r), w, = (u, v;)/ and the final equality implicitly defines a set
of vectors 7, (B, A), for i = 0,...,r each of which is (r + 1) x 1.

Let acf; be the ith order autocorrelation of y; implied by the predictive system. Write
Q = E (w;w;}) and we have straightforwardly

Z 07]97j+1

acfi (B, A, §) = > —0 ;¥
j=0 Tj2%T;

(B.3)

To obtain explicitly the coefficients of the MA(r) representation write the right hand
side of (B.2) as an MA(r) process Y . _o~v;L'w; = [[;_, (1 —6;L)e; = 6 (L) & for some
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white noise process ¢; and "' order lag polynomial 6 (L).

The autocorrelations of § (L) e, are derived as follows. Define a set of parameters ¢;
by

r

[[a-6L)=1+al+cel?+. .+l (B.4)

i=1

Then the ith order autocorrelation of 6 (L) &; is given by (Hamilton, 1994, p.51)

Ci + Cit1C1 + CigaCo + oo + GGy
1+ +c&+...+c

Ci=1,....r (B.5)

Equating these to the ith order autocorrelations of 7; we obtain a system of moment

equations
Ci + Ciy1C1 + Cip2C2 + oo + CrCry .
=acf; (B,\,Q), i=1,...,r B.6
1+ +a3+...+c2 fi (B ) (B-6)
which can be solved for ¢;, © = 1,...,r, and hence for §;. The solutions are chosen such

that |6;] < 1, Vi. W

C Proof of Proposition (1| (Bounds for the Predictive
R?)
We start by establishing the importance of two of the set of possible ARMA representa-

tions.

Lemma 4 In the set of all possible nonfundamental ARMA(r,r) representations consis-
tent with (@ in which 6; > 0, ‘v’i and 0; is replaced with 0, for at least some i, the
moving average polynomial 6~ n (@) in which 0; is replaced with 0, for all i, has

innovations 1, with the minimum variance, with
q
2
on = U?H@- (C.1)
i=1
Proof. Equating to the non-fundamental and fundamental innovations are

related by R
8t:H<1—9L) Zcﬂhg (C.2)

i=1
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for some square summable ¢;. Therefore, since 7, is itself 11D,

7=0
Now define .
s L (1-6L
(L) =) L’ = (1_@L> (C.4)
7=0 i=1
SO .
L1067 (-1
1) = (1—@)_1_[(9@') (©5)
i=1 =1
and

Since g; is IID we have

E(6t€t+k) =0Vk>0

implying
> cicjn =0k >0 (C.7)
j=0
Hence we have o =
Zc]ck :2Zchc]+k =0 (C.8)
j#k k=1 j=0

thus

S = e(1)? = % (C.9)

j=0 i=1 1

Thus using (C.9) and (C.3]) we have ((C.1)).

To show that this is the nonfundamental representation with the minimum innovation

<

variance, consider the full set of nonfundamental ARMA (7, 7) representations, in which,

for each representation k, k = 1,...,2" —1, there is some ordering such that, ; is replaced
with 9;1, i=1,...,5(k), for s < r. For any such representation, with innovations 7, ,,
we have
s(k)
07277k =0’ H 6? (C.10)
i=1

This is minimised for s (k) = r, which is only the case for the single representation in

which 6; is replaced with 6; ' for all 4, and thus this will give the minimum variance non-
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fundamental representation. Note that it also follows that the fundamental representation

itself has the maximal innovation variance amongst all representations.ll

We now define the R? of the (maximal innovation variance) fundamental and this

(minimal innovation variance) non-fundamental representations as follows

0.2

Ry = RE(M\0)=1— = (C.11)

Uy

and )
R% = R% (\,0)=1- 1 (C.12)

Ty

and note that immediately from the above we have
Ry (X, 0)=1-(1-Rp (X 0)[]0; (C.13)
i=1

Also for the predictive model v, = B3'x;_1 + u; we have

2

R=_"1 (C.14)
o2 + o’
where
a% = 03'E (x4x}) 3 (C.15)

We now show that we can recast the macroeconomist’s ARMA and its minimal vari-

ance nonfundamental counterpart as special cases of the predictive system in Lemma

1l
For these two ARMA representations

T

[Ta-xL)wm
=1

H (1 - )\iL) Yt

=1

r

=[[a-6:L)e (C.16)

=1
r

=[[@-6"L)n (C.17)

i=1
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we can define r x 1 coeflicient vectors B, = (ﬁF,l’ e ,ﬁFJ), and By = (5]\/,1; e ,ﬁN,r)/

that satisfy respectively

- Fi HT—1 (1—-06;L)

R 1
2T T, (1= AL (C-18)
=1 ?

J 5N¢L H;=1 (1 B ‘9;1[’)
1+ : = -
; 1—ML o T, (1—X\L)

(C.19)

We can then define two r x 1 vectors of “univariate predictors” (which we label as
fundamental (F) and nonfundamental (N)) by

xI' = AxF |+ 1¢ (C.20)
xV = AxY | +1n, (C.21)

where by construction we can now represent the (fundamental and nonfundamental) AR~

MAs for y; as predictive regressions

y = Bex{_y + & (C.22)
Y = Byxiy + 1, (C.23)

The predictive regressions in (C.22)) and (C.23)), together with the processes for the

two univariate predictor vectors in ((C.20]) and (C.21)), are both special cases of the general

predictive system of Lemma , but with rank 1 covariance matrices, Qf = ¢211’, and
QN = 0%11’, thus proving Corollary @ We shall show below that the properties of
the two special cases provide us with important information about all predictive systems
consistent with the history of 1;,. We note that, since these predictive regressions are
merely rewrites of their respective ARMA representations, the R? of these predictive
regressions must match those of the underlying ARMAs (each of which can be expressed
as a function of the ARMA coefficients). That is:

1. The fundamental predictive regression y; = B%x’ | + &, has R? = R% (), 0).

2. The nonfundamental predictive regression y; = ByxY |, +n, has R? = R%, (), 0).

t
1=—00

48Note that we could also write (C.22) as y, = B'Xi_1 + &;; where X, = F (xt| {yi} ) is the
optimal estimate of the predictor vector given the single observable y; and the state estimates update
by Z; = AZi—1 + key, where k is a vector of steady-state Kalman gain coefficients (using the Kalman
gain definition as in Harvey, 1989). The implied reduced form process for y; must be identical to the

fundamental ARMA representation (Hamilton, 1994) hence we have 3 ; = 3;k;.
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We now proceed by proving two results that lead straightforwardly to the Proposition
itself.

Lemma 5 In the population regression
Yr = ViXp 1+ V/F‘Xf—l + & (C.24)

where the true process for y; is as in (@), and xI" is the vector of fundamental univariate

predictors defined in , all elements of the coefficient vector vp are zero.

Proof. The result will follow automatically if we can show that the zf | are all
orthogonal to u; = y; — 'x;_1. Equalising and , and substituting from , we have
(noting that p = q =)

HT_1(1 - HiL) B1v1e-1 Bavat—1 B, Vrt-1
= == = e 2
O ) TR W7 S B W7 B v R B W (C.25)
So we may write, using ((C.20)),
F Et—1
Cr T TN
(L \ILO-AD)
S \1- AL H;:l(l —0;L)
51LU1t—1 52LU2t—1 BrL,Urt—l
e/ 2
(1—)\1L+1—)\2L+ WA (C.26)

Given the assumption that u; and the v; are jointly 11D, u; will indeed be orthogonal to
%Ft—p for all j, since the expression on the right-hand side involves only terms dated ¢ — 1

and earlier, thus proving the Lemma. =
Lemma 6 In the population regression
Ve = PrXe-1 + Xy + ¢, (C.27)

where xY is the vector of monfundamental univariate predictors defined in , all

elements of the coefficient vector ¢, are zero.

Proof. The result will again follow automatically if we can show that the x;_; are
all orthogonal to 1, = y; — ByxY ,. Equating and , and substituting from , we
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have

T (1—-6'L v v Vpt—
%:J% & AL? @1“1 @1f1L+“.+ﬁ S (C.28)
=1

Using
1 —0;F

1—91L 1—6,F

where F is the forward shift operator, ' = L~!, we can write

77t:FTH(—@-)<HZ 1( AL))(ﬁllvltl _I_ﬂ21’0_2t1 .48 Urt—1 —i—ut)

i=1 Hi:l(l - QZF) )\ZL "1 — )\TL
(C.29)
Now
FTH ( )\ L) Vkt—1 Fr (Hl#k( — )\L))
= Vkt—1
[l (L= 0:F) (1= ML) [[i,(1-0:F)
= Vgt + C1URe41 + CoUktg + . .. (C.30)

for some ¢y, co, ... since the highest order term in L in the numerator of the bracketed

expression is of order » — 1, and

(Tl AD)
F(HZ (1 6,F)

for some by, bo, ..., since the highest order term in L in the numerator of the bracketed

) U = U + blutH + bgut+2 + ... (Cgl)

expression is . Hence 7, can be expressed as a weighted average of current and forward

Vit—1
T-\L

joint IID properties of u; and the v;, thus proving the Lemma. m

Now let R} = 1 — 0¢/0; be the predictive R* of the regression (C.24) analysed in
Lemma [5] Since the predictive regressions in terms of x, in (3) and in terms of x{" in
(C.22)) are both nested within (C.24)) we must have R? > R? and R? > R%. But Lemma
implies that, given vp = 0 we must have R? = R?, hence R? > R2.

By a similar argument, let RS = 1 — 0¢/0; be the predictive R* of the predictive

values of u; and v; and will thus be orthogonal to ;1 = for all 7, by the assumed

regression analysed in Lemma |§| Since the predictive regressions in terms of x;
n and in terms of xV in are both nested in (C.27) we must have R > R?
and R > R%. But Lemma [6] implies that, given ¢, = 0 we must have RZ = R%, hence
R% > R%. From above we have that R% and R% give the minimum and maximum values

of R? from all possible (fundamental and non-fundamental) ARMA representations for
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(X, 0) and R%, = R2,, (A, 0) we have

max

y;. Thus writing R% = R?

man

2
Rmin

(\,0) <R*<R:

max

(A, 0) (C.32)

as given in the Proposition.

Moreover these inequalities will be strict unless the predictor vector x; matches either

the fundamental predictor x or the nonfundamental predictor xY in which case the

innovations to the predictor variable match those in the relevant ARMA representation.

B
In the A,B,C,D system this occurs only if rank . ] =1

This completes the proof of the Proposition. m

D Proof of Corollary 1| (R* bounds for a minimal
ARMA)

The macroeconomist’s ARMA in is ARMA(r,r) . The minimal ARMA(p, q) represen-
tation will only be of lower order if we have either cancellation of some MA and AR roots,

or an MA or AR coefficient precisely equal to zero. Thus we have

g=r—#{0, =0} — #{0, = \; # 0} (D.1)
p=r—#{N =0} —#{0;, =\, #0} (D.2)

thus unless A, B, C, D satisfy exact restrictions such that there are zero coefficients or
cancellation in the macroeconomist’s ARMA we have r = p = ¢q. Furthermore for ¢ > 0
we have R% > 0 and R%, < 1. hence the bounds lie strictly within [0,1] .1

E Proof of Corollary 2| (R*> Bounds for observable
predictors with efficient filtering)

The proof follows as a direct consequence of efficient filtering, given some observation
equation for the observables, q;: the vector of state estimates, X;, will have the same
autoregressive form as the process in (4f) for the true predictor vector (Hansen and Sargent,
2013, Chapter 8), with innovations, v, that, given efficient filtering, are jointly IID with
the innovations to the associated predictive regression y, = 3'X;_1 + U, which takes the

same form as (3). Given that the resulting predictive system is of the same form, the

43



proof of Proposition (1| must also apply.l

F Proof of Corollary 3| (Time series properties of the

predictions)
Using (B.1)), restated here
det(T—AL)y; = B'adj(I— AL)vy_1 +det (I — AL) uy (F.1)

implies

det (I— AL)y; = BF'adj(I— AL) vy, (F.2)

where the right-hand side of (F.2)) is an MA(r — 1), since each element of adj(I — AL) is
a polynomial of order < r — 1. Hence ¥; is an ARMA(r,r —1).1

G Proof of Lemma 3| (Beveridge-Nelson decomposi-
tion)

The UC model of equation is, setting the deterministic component g = 0 as this does
not affect this proof

Y; = ¢+ Tt (G].)
¢t = HCi—1+ Scy (G.2)
Tt = Ti—1+Sryt (G.3)
Assume s,; ~ (0,02), s.; ~ (0,0%) and assume o., = Cov (s.4,5,4) = 0, ie., the

innovations to the random walk and to the cyclical components are orthogonal.
We have

ye =AY, = Dey + ATy (G.4)
= (,u — 1) Ci—1 + Seit + Srt (G5)
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Now we can write ¢;_1 = (1 — /LL)_1 Set—1

Yo = <1u - ]') (1 - :uL)il Se,t—1 + Se,t + St (G6)

Yt pyi—1 + (p = 1) Sep—1 + Sep — UScp—1 + Srp — [USrp—1

Y¢ = MYt—1+ Set — Set—1 + Srp — MSr—1

or, since p = A,
Yt = AYp—1 + St — Set—1 + Srt — ASr 1 (G.7)

which is an ARMA(1,1), as the second order autocorrelation of s.t — Sct—1+ Srt — ASr -1
is zero.
The first order autocorrelation of ¢, — #e;_1, cf. , is —Hi% so this has to match

the first order autocorrelation of s,y — sc¢—1 + -+ — As; ;1. This implies

. 0 _ Cov (Sc,t — Seit—1 + Srt — >\S7'7t—17 Set—1 7 Set—2 + Srit—1 — )\ST,t—Q) (G 8)
1+ 92 Var (Sc,t — Scit—1 + Srt — /\ST,t—l) .
—02 — \o?
_ c T G.9
202+ (1+ \?) o2 (G.9)
So
0 —02 — \o?
- = - - G.10
1+6> 202+ (1+X) 02 ( )
B —a2+ Mo — (02 +0?) (G11)
202 — (14 X)) 02+ (14 A?) (02 + 02) '
and
e el Sk L (G.12)
1+67 1+X+(1-X%)¢q '
where ¢ = 02/ (0% + 02).
Thus
0 A (1-XN)g (G13)
1+6° 1+X+(1-X)q '
Now consider the curves G (6) = 1:# and F'(\) = % for -1 < 6,X < 1.

)
and G (1) = 1. We show that F (\) lies

Note that G is monotonic with G (—1) = — 3

1
2
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everywhere above G ()

A+ (1=XN)g A
TN (1= g 14N
(T+X)A+(1=Ng) = A1+ +(1-2)9)
(T+ N+ (1=X)q) (1+2?)

F(\) =G\

Now the denominator is positive so we need only consider the numerator

T+ A+ 1=XN) = A1 +X+(1=M)q)=2+(1-Ng
+ A+ A (1= N)g
—A=N=A(1-X)¢q

(G.14)

(G.15)

(G.16)

= (1= +N A=) =A(1-2))q

=(1-2X+X%)¢q
=(1-X°¢>0

So the curve F lies above the curve GG and hence for any A the solution to

will have 6 > X (see Figure G.1).1

(G.17)

+1/2

F(A)
G(6)

-
>
@

+1

-1/2

Figure G.1: Proof of Lemma |3| (Beveridge-Nelson decomposition)
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H Proof of Proposition [2| (Bounds for p,,)

We can re-write , the moment condition for the ARMA(1,1), as

-0 —A 4 8PS
1+6 (1= X2) 4 B%s2 = 2ABp,,s

(H.1)

where p,,,, = corr ((us,v;) and s = 2+, and we note that the predictive equation here has

B2
e Var (Bx;_1) N 322
Var (y) 163%2 + 02 (1—22) + 352

Without loss of generality, assume $ > 0, implying

(1—X%) R?
Subsituting into (H.1) we can (with some tedious but straightforward manipulations)

invert to obtain an expression for p,, in terms of A\, # and R?, giving

_ _ (1-7%)R?
AR — (0 —A) (1—0)) + 20 s
(1224 (0 n?)/ 0m

This equation describes the predictive space Py : a necessary relation between pa-
rameters that describe the predictive system that generates the ARMA(1,1), and has
powerful consequences. For example if for a given triplet (6, \, R?) the solved value for
Puo lies outside the unit interval then there can be no possible predictive model described
by that particular combination of (6, A, R?).

We have already seen in Corollary 4] that the maximum and minimum values of R?
correspond to |p,,| = 1. Values of R? between these limits will correspond to different
values of p,,. If the limits are both attained at p,, = +1 (or at p,, = —1) then there
must be a turning point in the function p,, (6, A\, R?) as R? covers that range.

The first order condition yields a possible stationary point where:

O ONF) L (0-N(1-0))
) e Ml B Y ) )
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which after substituting into (H.3) yields a solution as long as
@—X)60>0

which is satisfied for § > A, given A > 0. Given the definition above the second-order

condition confirms a maximum for p,,, hence a minimum for |p,,| at the value

IEN(EIEDY.
Puin = T N (0 - 0))

> (0.1

I Proofof Proposition 3| (the time-varying ARMA(1,1))

Restating the predictive model and from the proposition,

Y = B+ wy (I.1)
Ty = yT1 + v (1.2)

it can be characterised by the sequence {8,, 11, 02,02 1, Ouvy } -

Assumption: (3, # 0

This assumption is the time-varying equivalent of that in the time-invariant case in
Lemma [I] (In this context we are simply ruling out a measure zero case in any model
that generates (3, as a random sequence from a continuous error distribution.)

This then implies a time varying ARMA(1,1) since

15} & 5}
Yt — Mt—l_tyt—l = By — /“Lt—l_tﬁt—lxt—Q U — g g
Bi1 t—1 Bi1
=5 (fEt—l - :U’t—lxt—Q) +ur — Ht—lﬁut—l (1.3)
Bia
thus

Ye — MYe—1 = Byt + Uy — AUy (L.4)

wherein 5
Ao =ty L5
t t lﬁt_l ( )

and the right-hand side is a time-varying MA(1) process (its 2nd order autocorrelation is
Z€ro).

As in the time-invariant case we define two time-varying ARMA(1,1) representations
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Y — M1 = & — bier (1.6)
Yo — AYe-1 = M — Vel (1.7)

Note that the equality of the AR parameter of the predictor to the AR parameter
in the ARMA representation that occurs in the time-invariant case no longer holds; but
there is still a direct recursive mapping in terms of y,, 5, and 3, ; (with equality as a
special case if the (3, are constant).

The representation ([.6)) is fundamental if we can derive &; as a convergent sum of

current and lagged values of ;:

& =1+ Z (H 9t—j> Yi—i (L.8)

i=1 \j=0

where y; = v, — \iy;—1, thus for fundamentalness we require

i
lim | | 6;—; =0Vt I.9
i 1101 (1.9)

In the time-invariant case, with 6, = 6 Vt, a necessary and sufficient condition is
|0] < 1. For the time-varying case a sufficient condition is |0;|] < 1 for all ¢, however
this is not a necessary condition (indeed we find in our application that the fundamental
representation can have |6;] > 1 for some t).

As in the time-invariant case, for the nonfundamental representation ([.7) we have

n=—> < %12) Ui (L.10)
j=1

i=1

which gives a convergent sum in terms of current and future values of y; if
lim [~ =0 vt (1.11)
j=1

Note also that we now no longer have v, = ;!, except in the time-invariant case.

Conditional upon the sequences {ﬁt, T ‘712;,757 0'37t, auv,t}tT: 0 the predictive model implies
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the sequences
~ T
Wo : =war (yt| {ﬁt, T O'z’t, 072“, qu’t}t20> (I1.12)
- T
Wi+ =cov (yt’ Y1l {ﬁta ot s 037,:, Ufm qu,t}t:(]) (1.13)

where as before y; = y; — \yy;_1. These autocovariances, conditional upon the parameter

sequence, are given by

_ B\ B
Woe = t O t— 1+‘7ut+ Hi—1 O-u,tfl_2:ut 1% Ouvit-1 (I.14)
B B
Wy = Btauv,t—l_ﬂt—lﬁgi,t—l (I.15)
B

We now have a recursive moment matching problem: for a given sequence {\;} (from
1) we require sequences {Ht, az’t} such that the time-varying moments implied by the
fundamental ARMA representation, conditional upon {Ht,aét,)\t}, match those of the

structural model given in ([.14) and (L.15)), i.e.

~ o~ T
cov (yt,yt_l\{Ht,oit,At}t:O) = —00%, =Wy (1.16)

var <gt‘ {Gt, O-?,U At}j:()) = O'g’t + 92 2 = W()t (Il7>

and analogously for the sequences {fyt, afm} from the nonfundamental representation:

. T
cov <ytayt—1’ {%,Oivt,kt}tzo) = 70 E;t 1 =Wy (1-18)
- T
var (yt] {fyt,afm, )\t}t:O) = Un,t + 72 an’tfl = Wy (I.19)
Re-writing ([.17)) and - as
o2, = Wo-— 92‘731‘, 1 (1.20)
‘7727,15 = Wy % nt 1 (1.21)

then by recursive substitution, for given 6;, the solution for 0 . becomes invariant to

starting values as t — oo if

lim | [ 67 (1.22)

t—o0
7=0

which is clearly satisfied by , the property of fundamentalness.
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To solve, substituting from ([.16)) into ([.17)) we have

2
Wi,
2
Ua,t—l

02y =Wo — (1.23)
which we can solve recursively forward, and then use to find ;. By inspection in
the impact of the initial value o2 tends to zero as t — o0, thus we have a unique
fundamental representation in population.

In the time-invariant case, once we know 6 we know v = #~', but here it is not so
simple. Substituting for v, using the equivalent recursion for the nonfundamental
representation is

Wi
g 127,t—1
However if we solve forward, by inspection of , the impact of the initial value

diverges. But, if we rewrite as the backward recursion

(1.24)

2
Un,t == W()t -

2
2 Wlt

=t [.25
Un,t—l (WOt B 0'727,15) ( )

we can then solve for v, using . As t — —o0, the impact of starting values tends to
zero, thus the representation is again unique in population.

The proof of the inequality then follows analogously to the proof of Proposition [T}
since this only requires serial independence, it does not require that w, is drawn from
a time-invariant distribution. To see this, from ([.8) &; is a combination of current and
lagged 7;, whereas from n, is a combination of strictly future values of y;. Thus 7,

must have predictive power for all possible predictors (except itself), but not vice versa.
|

I.1 Application of Proposition (3| to the unobserved components

model

It is straightforward to show that the unobserved components model of Section [6.3| can

also be put into the form of the predictive model in the proposition.
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Restating , the model for inflation Y,

}/;5 = T + Ct (Il)
Tt — T¢—1 =+ 87—7t <I2>
¢ = [Ci—1+ Scy (1.3)

Then we can restate as the predictive model in (L.1)) and (I.2)), by defining

g = AY (1.4)
Ty = C (I 5)
By = py—1 (1‘6)
Uy = Sct+ Sry (L.7)
V¢ = Sc7t (I 8)

where our assumption in the proof above that 3, # 0 clearly translates to the assumption

i, 7 1. We can then apply the formulae in the proof of the proposition.

J Proof of Proposition 4| (Escaping the ARMA(1,1)
bounds)

To prove the proposition, first define the limiting variance ratio (Cochrane, 1988) of the
predicted series, y;, as V, = 03 /o2 where 0% = ¢, (1)” 02 is the variance of the Beveridge-
Nelson (1981) permanent component (see Lemma [3). It is straightforward to show (see

Robertson and Wright, 2009, Appendix C1) that in the case of an ARMA(1,1)
Vy<l<=0>A>0<c(1) <1 (J.1)

We now exploit a necessary linkage between V,, and three summary features of any mul-
tivariate system, proved in Mitchell, Robertson and Wright (2017), Proposition 2, repro-

duced below as Proposition [5] for convenience:

Proposition 5 Let V), be the limit of the variance ratio (Cochrane,1988) of the predicted
process 1y, defined by

9 oo
0p
v, — = 1+ QZi:corr (Yts Ye—i) (J.2)
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The parameters ¥ = (A, B, C,D) of the predictive system must satisfy

g(¥) =V, (J.3)

where G (R*, Vg, ppn) =1+ R* (V5 — 1) + 2pgyy/ VR (1 — R?)

where R? (W) is the predictive R? from @; ppn (®) = corr (ug, 8'vy), with 8= B [I — A] ™,
is the correlation between innovations to 1-step ahead and long-run (Beveridge-Nelson)

forecasts; and V; (®) is the variance ratio of the predicted value J; = B'x,_1, calculated
by replacing y; with §; in (J.9).

Proof. See Mitchell, Robertson and Wright (2017). =
To show that Proposition |5|leads directly to Proposition |4, if we totally differentiate

(J-3)
0= GldeN + szR2 + ng‘/y (J4)

this gives
% _ G2 Gl deN
dR? Gz G3 dR?
We evaluate this expression at the calculated upper bound for an ARMA(1,1), where
R: . (\0) = D) - (using ); V;(1,1) = 32 and pgy = —1 since, exploiting

(J.5)

max 1-X24(6-2)2
the reparameterisation of the nonfundamental ARMA(1,1) in Section , at the
upper bound pzy = corr <5t, (’\1%9;1) 8t> = —1, given 0 < A < # <1 as assumed in the
proposition.

We now establish that at this point G; > 0,G5 > 0 and G3 > 0, implying % <0 as
stated in the proposition.

Since

G =2,/V;R2(1— R?) >0 (J.6)

for all possible values of V; and R?, we thus need to establish the signs of G5 and G3 at
this point, using
penVy (1 —2R?)

Gy=V,—1+
Y V,RZ(1 - I)

(J.7)

2 1 — 2
Gs = R+ penl” ( R?) (1.8)
V(1= 1)

If we first evaluate (J.8) at p = —1 then

1

1— R2
Gs (-1, R V;) > 0= /V; >4/ RQR = Vp+l> o (J.9)
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NOWVg—i—lzﬁ—i—l:%hence

1—A
Gs (—1,R*V;(1,1)) > 0 <= R* > — (J.10)
But given the assumptions in the proposition we have
1—A
Rr2nax (Aa 0) > T (J11>
hence
Gs (-1, R%,, (A\,0),V;(1,1)) > 0 (J.12)
as required.
Now evaluate G at ppy = —1

Gy (=1,R%Vy) = (Vy — 1) = (V;R* (1 — R?))"*V;, (1 — 2R?)

V=D VR(1-R) - \/V;(1-2R*) H(VyR?) (7.13)
B R?(1- R?) R? (1 — R?) '

Now given Vj (1,1) > 1 the numerator H (V5, R?) is certainly positive if (1 — 2R2
0ie. if R2, () 0) >

max

Thus we only need to show that H (V3, R2) is positive for R?

(A 0)) <

(A, 0) < 5. Given that

max

R? .. (A, 0) always satisfies the inequality (J , if we evaluate H (V3, R?) at R* = 2and
Vy = 2 we have

1—A 14+ A 1—A 1—-2A 14+ A 1-A

(s 3) - (59 )V RE)
2\ 1—A 14+ A 1+A

- 2 () o

and since LV, —1a 2R2
H, 5 W +24/V3 >0 (J.15)
we must have .
R2.. (\0) < 5= H(V3(1,1), R, (A\0) >0 (J.16)
Hence
G (=1, Ry (1, 0), V5 (1,1)) >0 (J.17)



as required.
Hence at R? = R?

max

A 0), d—VZ < 0 so higher values of R? require lower values of V.
dR ]

K Time series properties of the inflation predictions
from the Smets and Wouters (2007) DSGE model

To illustrate the contrast between the restrictions implied by Proposition 4] and the time
series properties of inflation predictions in a benchmark macroeconomic forecasting model,
we examine the DSGE model of Smets-Wouters (2007). Using their own Dynare code, we
generate 100 artificial samples of quarterly data for the 16 state variables and 7 observables
in the Smets-Wouters model, using posterior modes of all parameter estimates as given
in their paper, and generate one-step-ahead predictions of changes in inflation from the
simulated data using the appropriate line of . Since we do not wish the results of this
exercise to be contaminated by small sample bias we set 7" = 1,000, in an attempt to get
a reasonably good estimate of the true implied population properties.

Table K1 summarises the results.

Table K1: Time Series Properties of Simulated Inflation Predictions, v, = ATy,

in the Smets-Wouters (2007) model at various forecast horizons

First Order ~ Sample Variance Ratio (bias-corrected)

Autocorrelation 5 years 10 years 15 years 20 years

Mean 0.49 3.81 3.97 4.05 4.15
Median 0.49 3.81 3.89 3.92 3.98
Minimum 0.42 2.77 1.80 1.47 1.16

The first column of Table K1 shows the first-order autocorrelation coefficient of the
simulated predictions; the remaining columns show estimates of 1} using sample variance
ratios (using the small sample correction proposed by Cochrane, 1988) at a range of finite
horizonsf‘f] Table K1 makes it clear that the Smets-Wouters model generates predictions
with strong positive persistence - as would be expected given that predicted changes in

inflation in the model are driven by strongly persistent processes in the real economy.

*Note that for the the general case, for 3 V,, = (1 — R2;) ¢ (1)%, hence ¢ (1) < 1 implies V, < 1, and

analogously for Vj;. For the ARMA(1,1) case the reverse also applies.
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As a benchmark for comparison, in the ARMA(1,1) case V; = % =\ = “Z;i,

median value of Vj; ~ 4 would arise from an AR(1) predictor with A = 0.6, thus a value of

thus a

V5 well above the value implied by the CKP representation in recent decades, and shown
in Panel B of Figure L.1 for US CPI inflation and in Figure M.11 for US GDP deflator
inflation (strictly speaking the relevant comparator for the Smets-Wouters model). As
such the Smets-Wouters model is even further from generating IID predictions, consistent
with the SWC representation, since this would imply V5 = 1.

Thus, using Proposition {4} if the Smets-Wouters model were the true DGP it would
generate the “wrong kind of predictions” to have an R? exceeding the the calculated upper

bound derived for recent year from a single predictor model.

L CPI inflation in 8 OECD countries

This appendix complements the results for the US, in Section [6] of the main paper, by
both analysing the univariate properties of inflation in a further seven OECD countries
(Canada, France, Germany, Greece, Italy, Japan and the UK) and by making inference
about both the potential predictive performance and nature of the true multivariate mod-
els that generated the data.

The quarterly headline CPI inflation data are downloaded from FRED (the underlying
data are from the OECD’s MEI database) over the sample 1961Q1 to 2017Q1. With the
exception of the US the published CPI series are not seasonally adjusted; but in most
countries there is significant evidence of quarterly seasonality. For all countries except
the US we therefore seasonally adjust the annualised quarterly inflation series, defined as
Y, = 400log (CPI,/CPI, ), using X129

To ensure this online appendix and its discussion of the eight OECD countries is self-
contained, and to facilitate cross-country comparisons, we include the US results, also
discussed in Section [6] Thus, Figure L.1 reproduces Figure 1 in the main paper.

Figures L.1 to L.8 summarise our estimation results and the properties of the derived
ARMA representations.

50As implemented in EViews 9.5. In Appendix M (Figures M.9-M.10) we show that when we apply
X12 to the unadjusted CPI inflation series for the US (which publishes both adjusted and unadjusted
series) and compare the results with the adjusted series they are extremely similar. We also report results
(Figures M.11-M.12) for the US using GDP deflator inflation (as analysed by Stock and Watson (2007)),
and show that the results are qualitatively similar. However, while the R? bounds (in Panel E of Figure
M.11) still narrow in recent data they do not do so to the same extent as for CPI inflation (Panel E
of Figure L.1), implying that there is more scope to forecast changes in GDP deflator inflation with a
multivariate model than CPI inflation.
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Figure L.1: US. Panel A plots posterior median estimates of the permanent component,
74, of inflation from the SWC and CKP models alongside CPI inflation. Panel B plots
posterior median estimates of 6;, \; and p, from the SWC and CKP models (where
At = p, = 0 for SWC). Panels C and D plot posterior median of estimates of o, ; and
o+ from the SWC and CKP models. Panels E and F plot posterior median estimates of

;and B2, from the SWC and CKP models as defined in Proposition 3.
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Figure L.2: Canada. See note to Figure L.1
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Panels A of Figures L.1 to L.8 plot, for each country, annualised quarterly inflation,
Y;, alongside the estimated permanent components, 7;, in the SWC and CKP represen-
tations.ﬂ The CKP estimates of 7; are seen, from Panel A, to be much smoother than
those from SWC, including during the periods of higher inflation through the 1970s and
early 1980s. This is explained by Panels C and D; these Panels reveal that during this
period shocks to inflation in the US - and Canada, France, Greece, Italy and to a lesser
degree the UK too - are largely interpreted as permanent in SWC (hence at these times
the path for 7, is very similar to that for inflation itself), but allocated to the transitory
component in CKP. However, in more recent (post 1990s) data, the SWC and CKP esti-
mates of 7, (and hence the implied cycles, ¢;) are more similar, with the SWC estimates of
the variance of the permanent component falling and then stabilising at similar values to
CKP. Transitory shocks have tended to dominate in more recent data. A striking contrast
is found in Germany (Figure L.4) and Japan (Figure L.7) where transitory shocks play
a greater role in both the SWC and CKP representations. While both SWC and CKP
estimates of trend inflation in Germany stay within a very narrow range (as might be
expected, given the putative stabilising role of the Bundesbank for most of the sample),
the two estimates also do not converge in later data, with the SWC trend still affected
quite strongly by current inﬂationﬂ

Comparison of Panels E and F, of Figures L.1 to L.8, shows that, as we would expect

(see Section [5) both SWC and CKP generate similar estimates of R%, , (for y; = AYt).H

min, ¢
In the US, Canada, France and the UK (and to a lesser degree in Japan) estimates of anin’t
fell to near-zero during the high inflation of the mid-1970s but then rose thereafter. In
Germany there is a less pronounced dip in estimates of R}, ,; but then inflation did not,
unlike in the other countries, rise to double-digit levels in the 1970s. In Italy estimates

of R%. . have remained consistently low throughout the sample period; while in Greece

min,t

51Panels C and D of Figures M.1-M.8 also show that results are robust, in all countries except Greece
and Italy, to consideration of a more diffuse prior for o, in CKP. Such a diffuse prior is in line with the
similarly diffuse prior employed in SWC. In Greece and Italy the relatively tight priors used by CKP
imply time-varying ARMA parameters that make us sceptical of the results. In both countries, the
implied paths for 8; (in Panel B of Figures L.5 and L.6) are very close to unity for most of the sample.
This appears to suggest over-differencing, reflecting very low (time-invariant) estimates of o,. However,
we think it unlikely that inflation in these countries was so close to being stationary. Furthermore, in
the case of Greece, a more diffuse prior results in more plausible time paths for 7; (see Panel C of Figure
M.5).

®2Note that this feature also differs strikingly from that in Chan (2017) who finds that the transi-
tory component dominates German inflation. However the difference here appears to reflect his use of
unadjusted CPI data: the seasonal component derived from X12 is very volatile.

53Chan et al. (2013)’s out-of-sample predictability tests (their Table 5) also show that differences
between the CKP and Stock-Watson’s UC model are relatively modest, certainly for 1-step ahead forecasts
which are our focus in this paper.
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they have bounced around more, but were also low in the inflationary 1970s.
2

min,t’
decomposed by inspecting the estimates for #, and \,. For the SWC representations

2
min,t

These movements in R as discussed in the main paper, can be understood and

these falls in the estimated value of R (Panel E) to near-zero in the mid-1970s are,

of necessity, matched by a fall in /G\t, (Panel B). For the CKP representations these falls
in R?. . during this inflationary period are driven by both fi,, the estimated AR(1)

min, ¢
parameter of the transitory component of inflation, and PV rising to peaks (Panel B).
These peaks are around 0.8 to 0.9 in the US, Canada, France, Greece and the UK. In
Germany, and in particular in Japan, these peaks are lower; while in Italy, the average
values of i, and Xt are higher although these estimates still peak at around 0.9 in the late
1970s (see Figure L.6, Panel B).

Panels E and F of Figures L.1 to L.8 also show that while the time paths of estimates
of R2;,, are similar for both SWC and CKP, their estimates of R, , can differ very
markedly, particularly in the period when inflation was high and R?nin’t was IOW.@ For

all eight countries we observe only a small gap between Ry, , and R7,. , from the CPK

model, especially during the inflationary 1970s; in contrast the SWC model suggests much
2

max,

larger gaps, even during the 1970s. In the SWC model estimates of R; .., are highest and

close to unity during the 1970s in the US, Canada, France, Greece and the UK; in Japan
2

max,t

there is a lower peak at around 0.9. These estimates of R then declined as inflation

fell from the 1980s onwards. However, for Germany (and Italy) the estimates of R

max,t

from SWC exhibit less variation: estimates are consistently higher, averaging around 0.7

(and 0.95), across the 1961Q1 to 2017Q1 sample. Comparison of Panels E and F, across
2

max,t

all eight countries, shows that the estimated paths for R from CKP are much lower

than those implied by SWC. Again, as discussed in the main paper, we can understand
2

max,t

and decompose these movements in R by relating them to the observed movements

of @ and /):t.

M Supplementary empirical results: CPI inflation in
8 OECD countries

Here we present additional Figures referred to both in the main body of the paper and in

Appendix || to provide background information on the estimation results.

54In Panels E and F of Figures M.1-M.8 we show, by country, 16.5%, 50% and 83.5% quantiles of the
posterior distribution of (RZ,, ; — anin,t) for SWC and CKP. For all countries, the posterior intervals

are much narrower for CKP than SWC.
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Figure M.1: US. Panels A and B plot posterior median estimates of RZ; , and R2,

from Proposition 3 and the time-invariant approximations from Section 3 for the SWC
and CKP models, respectively. Panel C plots posterior median estimates of the permanent
component, 7, of inflation from the CKP model both where the priors are as in CKP
(calibrated for US inflation data) and when /E(02) # 0.141, as in CKP, but the priors
are chosen so that this is 100 times bigger. This “diffuse” prior imposes less smoothness
on the permanent component. Panel D plot¥ posterior median estimates for or¢and 0.y
for both variants of the CKP model. Panels E and F plot 16.5%, 50% and 83.5% quantiles
of the posterior distributions of (R, , — Riy,,) for the SWC and CKP models (using
CKP’s prior). Panels G and H plot 16.5%, 50% and 83.5% quantiles of the posterior
distributions of ; for the SWC and CKP models (using CKP’s prior).
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Figure M.2: Canada. See notes to Figure M.1
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Figure M.3: France. See note to Figure M.1
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Figure M.4: Germany. See note to Figure M.1
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Figure M.5: Greece. See note to Figure M.1
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Figure M.6: Italy. See note to Figure M.1
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Figure M.7: Japan. See note to Figure M.1
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Figure M.8: UK. See note to Figure M.1
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Figure M.9: US: using X12 to seasonally adjust CPI inflation. See note to Figure L.1
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Figure M.10: US:
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using X12 to seasonally adjust CPI inflation (cont.). See note to Figure
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Figure M.11: US: GDP deflator inflation. See note to Figure L.1
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Figure M.12: US: GDP deflator inflation (cont.). See notes to Figure M.1
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