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photoionizat ion interferometry
Photoionization is an interferometric process, in which multiple paths 
can contribute to the final continuum photoelectron state.

(2) Extrinsic/dynamic: additional 
pathways due to, e.g., prepared 
wavepacket,  control fields, etc. etc.

(1) Intrinsic: interferences 
between final (continuum) states - 
photoionization dynamics.
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For an early discussion along these lines, see:
Cohen, H., & Fano, U. (1966). 
Interference in the Photo-Ionization of Molecules. 
Physical Review, 150(1), 30–33. 
http://doi.org/10.1103/PhysRev.150.30
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Photoelectron spectroscopy with a 
focus on (quantitative) photoionization 
dynamics.

photoelectron metrology

With sufficient experimental 
information content, photoionization 
matrix elements (magnitudes & 
phases) can be retrieved.

cf.
• “complete” photoionization and 

scattering experiments
• quantum process & state 

tomography
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Hockett, P., Wollenhaupt, M., & Baumert, T. (2015). 
Coherent control of photoelectron wavepacket angular interferograms. 
Journal of Physics B: Atomic, Molecular and Optical Physics, 48(21), 214004. 
http://doi.org/10.1088/0953-4075/48/21/214004
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matrix element reconstruction
Requires:
(1) A phase-sensitive 
observable... photoelectron 
angular distributions 
(PADs) are angle-
resolved photoelectron 
interferograms.

ψe=Y00+Y20e
-iη

η=0

η=π/2

η=π
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matrix element reconstruction
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Evaluate & test Df(n)

General protocol for quantum state reconstruction

Calculate known terms

Experimental measurements
I(k,θ,φ,τ...)

Ra
nd

om
 s

ee
d 

D
s

Fitting

Calculate ionization matrix elements

Calculate observables I(k,θ,φ,τ...)

Compare with experiment

Minimize χ2(Dt)

Converged �t provides Df

New trial Dt

n+1

Requires:
(1) A phase-sensitive 
observable... photoelectron 
angular distributions 
(PADs) are angle-
resolved photoelectron 
interferograms.

(2) Reconstruction/retrieval 
technique for the system 
properties of interest
(matrix elements, density 
matrix etc.).
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Bootstrapping to the Molecular Frame with Time-domain Photoionization 
Interferometry
[Alt. title: Molecular Frame Reconstruction Using Time-Domain Photoionization Interferometry]
Claude Marceau, Varun Makhija, Dominique Platzer, A. Yu. Naumov, P. B. Corkum, Albert Stolow, D. M. 
Villeneuve and Paul Hockett
Phys. Rev. Lett., 119(8), 83401. http://doi.org/10.1103/PhysRevLett.119.083401

arXiv 1701.08432 (https://arxiv.org/abs/1701.08432).

Docs, data & code repository (figshare)

DOI: 10.6084/m9.figshare.4480349
https://dx.doi.org/10.6084/m9.figshare.4480349.

bootstrapping references
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bootstrapping concept
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CHAPTER 11. TIME-DOMAIN MEASUREMENTS WITH ROTATIONAL WAVEPACKETS: BOOTSTRAPPING PROTOCOL196

|Ψg〉
EIR

1 (t)+EIR
2 (t)→ |Ψg(t)〉

EXUV (t)→ |ΨΓ
+; ΨΓ

e (k)〉 (11.1)

where the first step involves two time-dependent IR fields, E1 and E2, which create a rotational wavepacket in
the ground electronic state of the system, and the second step denotes ionization with an XUV field, populating
final ion plus photoelectron states, denoted by a channel (symmetry) index Γ.

For N2, following a BO separable basis notation |ψα〉|χνα 〉|Jα Mα〉 (sect. 3.1.4.2), the experimental scheme
can be given as:

|X1Σ+
g 〉|νX 〉|JX MX 〉

EIR
1 (t)+EIR

2 (t)→ |X1Σ+
g 〉|νX 〉 ∑

JX MX

CJX MX (t)|JX MX 〉
EXUV (t)→ |k,Γlλm〉|Γ〉|νΓ〉 ∑

JΓMΓ

CJΓMΓ(t)|JΓMΓ〉

(11.2)
Ideally, the initial state constitutes a single rovibrational state, |X1Σ+

g 〉|0〉|0,0〉, although some thermal popu-
lation of excited rotational and vibrational states may be present in practice (experimentally, Trot ∼ 15K, see
sect. 11.3.2). The excited state is written on the assumption that no vibrational or electronic excitation occurs,
hence has a form of a purely rotational wavepacket (sect. 3.1.2), with population of rotational states of the
ground electronic state populated. Again, in the ideal case, only the νX = 0 vibrational state would be popu-
lated. The final step, ionization, results in a photoelectron and cation, with a channel index Γ corresponding
to the electronic state of the cation, vibrational state |νΓ〉 and, again, a broad rotational state population. As
discussed in sect. 3.1.4.2, in the case where the rotational state distribution can be summed analytically, the
full form for the observables (eqn. 3.32) reduces to eqn. 3.23, and under the assumption of no vibronic state
excitation/dynamics, this further reduces to eqn. 3.17 (or eqn. 3.13 for symmetric tops). These forms also
implicitly assume that the timescale of the ionization event - the XUV pulse in this case - is short relative to
the wavepacket dynamics, hence no intra-pulse dynamics or additional temporal integration is required in this
description. Experimentally, there approximations are justified, and should be relatively robust, but it is of note
that any deviation from the ideal case, e.g. initial thermal populations, and any vibrational dynamics induced
by the strong IR fields, will be averaged over in the results.

Example images and energy spectra are shown in fig. 11.2. In these images, the two sets of rings correspond
to ionization with H5 and H7 respectively, and three cationic electronic states are populated in each case,
|X2Σ+

g 〉, |A2Πu〉 and |B2Σ+
u 〉, henceforth denoted as the X , A and B channels, referring to ionization into the

ground, first and second electronic states of the ion.
From the spectra it is clear that many final vibrational states are created in the A manifold for ionization via

H5, while the X and B channels show sharper lineshapes. The H7 channel shows broader features, which are
much weaker and, consequently, no further analysis was performed for these features. The complete experi-
mental dataset consisted of 150 temporal steps in 67 fs increments, from t =-0.5 ps to +9.5 ps, where t = 0 was
defined as the peak intensity of the second alignment pulse. Data points around t = 0 were discarded because
multi-photon processes complicate the photoelectron spectrum when there is significant overlap between pump
and probe. Repeated measurement sequences (experimental cycles) were performed to minimised systematic
drifts/errors with, on average, about 30000 laser shots accumulated at each delay in total.

The raw images were background subtracted, and β Γ
L,M(k, t) parameters were extracted using the cpBasex

code [4], which implements the pBasex algorithm [5]. The raw parameters were further averaged over each
photoelectron band, to provide averaged values β̄ Γ

L,M(t) = β̄ Γ
L,M(∆k, t), taken over the energy range spanned by

each band ∆k, hence averaged over each electronic channel. Statistical uncertainties on the extracted parameters
were estimated via the standard deviation of the results from seven experimental cycles.

In the context of metrology, the experimental methodology can be discussed in terms of energy and channel
multiplexing, since each photoelectron image contains the data for multiple channels, at different energies. In
this case, the degree of multiplexing is affect simply by the XUV spectrum - with additional harmonics, more
energy points could be obtained per image (see, for example, ref. [6]). In a VMI experiment, an increased
dynamic range results in a decrease in the energy resolution but, in this case where the bands are averaged over
in the analysis step, this loss in resolution should not present a significant problem. More complex multiplexing
might be achieved with multiple probe pulses (cf. AR-RABBIT, sects. 3.2.2 & 7.2).
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lated. The final step, ionization, results in a photoelectron and cation, with a channel index Γ corresponding
to the electronic state of the cation, vibrational state |νΓ〉 and, again, a broad rotational state population. As
discussed in sect. 3.1.4.2, in the case where the rotational state distribution can be summed analytically, the
full form for the observables (eqn. 3.32) reduces to eqn. 3.23, and under the assumption of no vibronic state
excitation/dynamics, this further reduces to eqn. 3.17 (or eqn. 3.13 for symmetric tops). These forms also
implicitly assume that the timescale of the ionization event - the XUV pulse in this case - is short relative to
the wavepacket dynamics, hence no intra-pulse dynamics or additional temporal integration is required in this
description. Experimentally, there approximations are justified, and should be relatively robust, but it is of note
that any deviation from the ideal case, e.g. initial thermal populations, and any vibrational dynamics induced
by the strong IR fields, will be averaged over in the results.

Example images and energy spectra are shown in fig. 11.2. In these images, the two sets of rings correspond
to ionization with H5 and H7 respectively, and three cationic electronic states are populated in each case,
|X2Σ+

g 〉, |A2Πu〉 and |B2Σ+
u 〉, henceforth denoted as the X , A and B channels, referring to ionization into the

ground, first and second electronic states of the ion.
From the spectra it is clear that many final vibrational states are created in the A manifold for ionization via

H5, while the X and B channels show sharper lineshapes. The H7 channel shows broader features, which are
much weaker and, consequently, no further analysis was performed for these features. The complete experi-
mental dataset consisted of 150 temporal steps in 67 fs increments, from t =-0.5 ps to +9.5 ps, where t = 0 was
defined as the peak intensity of the second alignment pulse. Data points around t = 0 were discarded because
multi-photon processes complicate the photoelectron spectrum when there is significant overlap between pump
and probe. Repeated measurement sequences (experimental cycles) were performed to minimised systematic
drifts/errors with, on average, about 30000 laser shots accumulated at each delay in total.

The raw images were background subtracted, and β Γ
L,M(k, t) parameters were extracted using the cpBasex

code [4], which implements the pBasex algorithm [5]. The raw parameters were further averaged over each
photoelectron band, to provide averaged values β̄ Γ

L,M(t) = β̄ Γ
L,M(∆k, t), taken over the energy range spanned by

each band ∆k, hence averaged over each electronic channel. Statistical uncertainties on the extracted parameters
were estimated via the standard deviation of the results from seven experimental cycles.

In the context of metrology, the experimental methodology can be discussed in terms of energy and channel
multiplexing, since each photoelectron image contains the data for multiple channels, at different energies. In
this case, the degree of multiplexing is affect simply by the XUV spectrum - with additional harmonics, more
energy points could be obtained per image (see, for example, ref. [6]). In a VMI experiment, an increased
dynamic range results in a decrease in the energy resolution but, in this case where the bands are averaged over
in the analysis step, this loss in resolution should not present a significant problem. More complex multiplexing
might be achieved with multiple probe pulses (cf. AR-RABBIT, sects. 3.2.2 & 7.2).

b o o t s t a p p i n g  s c h e m e

Pump-probe scheme

Pump: rotational wavepacket for geometric control
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This form is, again, somewhat similar to those already given (cf. eqn. 2.46), but with a change in the definition
of the LF and MF couplings, now defined in terms of the ensemble alignment parameters AK,−Q(t). These
are the axis distribution moments (ADMs), defined by expanding the molecular axis distribution P(θ ,φ , t) in a
spherical harmonic basis:

P(θ ,φ , t) = ∑
K,Q

AK,Q(t)YK,Q(θ ,φ) (3.14)

To make the geometric convolution of the axis distribution and molecular frame photoionization more
explicit, eqn. 3.13 can also be written in a simplified convolution form [19]:

βL,M(k, t) = ∑
K,Q

AK,−Q(t)aK,L,M(k) (3.15)

where the term aKLM(k) simply collects all the ionization dynamics and couplings, and is modulated by the
ADMs. This has the form, effectively, of eqn. 2.46 convolved with the ADMs. For an isotropic ensemble,
A0,0 = 1, and eqn. 3.13 reduces to eqn. 2.65.

3.1.2.2 Asymmetric rotors

For the most general case of an asymmetric top, a full 3D treatment is required. The expansion of the molecular
axis distribution requires Wigner rotation matrices:

P(Φ,Θ,χ, t) = ∑
K,Q,S

AK
Q,S(t)D

K
Q,S(Φ,Θ,χ) (3.16)

Hence additional terms are present in the observable, which in this most general case can be defined as [24]:

βL,M(k) = [L]
1
2 ∑

K,Q,S
∑
P,R

∑
q,q′

∑
l,l′

∑
λ ,λ ′

(
l l′ L
λ −λ ′ S+q−q′

)(
l l′ L
0 0 0

)(
P K L

Q+M −Q −M

)
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x [P]
1
2 [l]

1
2 [l′]

1
2 (−1)q′(−1)λ ′

(−i)l′−l(−1)K+Q
(

1 1 P
q −q′ q′ −q

)(
P K L

q′ −q −S S+q−q′

)
EP,(Q+M)(ê)

x ∑
Γ,Γ′

∑
µ,µ ′

∑
h,h′

bΓµ∗
hlλ bΓ′µ ′

h′l′λ ′D
Γµ∗
hl (q, k)DΓ′µ ′

h′l′ (q
′, k) (3.17)

For further discussion on the rotational wavepacket structure in this general asymmetric rotor case, see,
e.g., refs. [25, 26]. Full exploration of this form, and use in quantum metrology schemes, remains a topic of
ongoing research (sect. 12.3).

3.1.3 Generic n-state wavepacket model
For a wavepacket composed of a any set of coherently-prepared eigenstates of the system, a generic wave-
packet treatment may be developed (see ref. [27] for more extensive general discussion of wavepackets). The
rotational wavepacket case of sect. 3.1.2 provided one specific example, in which the rotational eigenstates
allowed for a purely geometric description. In the more general case, no specific eigenstates are assumed, and
the behaviour may be more complex. A numerical example can be found in sect. 6.3, and a more general
case (including the full geometry-dependence of the photoionization) is discussed in sect. 6.4.3. The following
section (3.1.4) details the case of molecular wavepackets, using BO states.

Formally, a time-dependent initial state (wavepacket) Ψi(t) can be expanded in terms of n eigenstates of
the system,

|Ψi(t)〉= ∑
n

Cn(t)|ψn
i 〉 (3.18)

where Cn(t) are complex coefficients describing the amplitude and phase evolution of the wavepacket, and
describe the time-dependence of the system. The ionization matrix element from this initial state, in the dipole
approximation, is then given by

Ensemble alignment:
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|Ψg〉
EIR

1 (t)+EIR
2 (t)→ |Ψg(t)〉

EXUV (t)→ |ΨΓ
+; ΨΓ

e (k)〉 (11.1)

where the first step involves two time-dependent IR fields, E1 and E2, which create a rotational wavepacket in
the ground electronic state of the system, and the second step denotes ionization with an XUV field, populating
final ion plus photoelectron states, denoted by a channel (symmetry) index Γ.

For N2, following a BO separable basis notation |ψα〉|χνα 〉|Jα Mα〉 (sect. 3.1.4.2), the experimental scheme
can be given as:

|X1Σ+
g 〉|νX 〉|JX MX 〉

EIR
1 (t)+EIR

2 (t)→ |X1Σ+
g 〉|νX 〉 ∑

JX MX

CJX MX (t)|JX MX 〉
EXUV (t)→ |k,Γlλm〉|Γ〉|νΓ〉 ∑

JΓMΓ

CJΓMΓ(t)|JΓMΓ〉

(11.2)
Ideally, the initial state constitutes a single rovibrational state, |X1Σ+

g 〉|0〉|0,0〉, although some thermal popu-
lation of excited rotational and vibrational states may be present in practice (experimentally, Trot ∼ 15K, see
sect. 11.3.2). The excited state is written on the assumption that no vibrational or electronic excitation occurs,
hence has a form of a purely rotational wavepacket (sect. 3.1.2), with population of rotational states of the
ground electronic state populated. Again, in the ideal case, only the νX = 0 vibrational state would be popu-
lated. The final step, ionization, results in a photoelectron and cation, with a channel index Γ corresponding
to the electronic state of the cation, vibrational state |νΓ〉 and, again, a broad rotational state population. As
discussed in sect. 3.1.4.2, in the case where the rotational state distribution can be summed analytically, the
full form for the observables (eqn. 3.32) reduces to eqn. 3.23, and under the assumption of no vibronic state
excitation/dynamics, this further reduces to eqn. 3.17 (or eqn. 3.13 for symmetric tops). These forms also
implicitly assume that the timescale of the ionization event - the XUV pulse in this case - is short relative to
the wavepacket dynamics, hence no intra-pulse dynamics or additional temporal integration is required in this
description. Experimentally, there approximations are justified, and should be relatively robust, but it is of note
that any deviation from the ideal case, e.g. initial thermal populations, and any vibrational dynamics induced
by the strong IR fields, will be averaged over in the results.

Example images and energy spectra are shown in fig. 11.2. In these images, the two sets of rings correspond
to ionization with H5 and H7 respectively, and three cationic electronic states are populated in each case,
|X2Σ+

g 〉, |A2Πu〉 and |B2Σ+
u 〉, henceforth denoted as the X , A and B channels, referring to ionization into the

ground, first and second electronic states of the ion.
From the spectra it is clear that many final vibrational states are created in the A manifold for ionization via

H5, while the X and B channels show sharper lineshapes. The H7 channel shows broader features, which are
much weaker and, consequently, no further analysis was performed for these features. The complete experi-
mental dataset consisted of 150 temporal steps in 67 fs increments, from t =-0.5 ps to +9.5 ps, where t = 0 was
defined as the peak intensity of the second alignment pulse. Data points around t = 0 were discarded because
multi-photon processes complicate the photoelectron spectrum when there is significant overlap between pump
and probe. Repeated measurement sequences (experimental cycles) were performed to minimised systematic
drifts/errors with, on average, about 30000 laser shots accumulated at each delay in total.

The raw images were background subtracted, and β Γ
L,M(k, t) parameters were extracted using the cpBasex

code [4], which implements the pBasex algorithm [5]. The raw parameters were further averaged over each
photoelectron band, to provide averaged values β̄ Γ

L,M(t) = β̄ Γ
L,M(∆k, t), taken over the energy range spanned by

each band ∆k, hence averaged over each electronic channel. Statistical uncertainties on the extracted parameters
were estimated via the standard deviation of the results from seven experimental cycles.

In the context of metrology, the experimental methodology can be discussed in terms of energy and channel
multiplexing, since each photoelectron image contains the data for multiple channels, at different energies. In
this case, the degree of multiplexing is affect simply by the XUV spectrum - with additional harmonics, more
energy points could be obtained per image (see, for example, ref. [6]). In a VMI experiment, an increased
dynamic range results in a decrease in the energy resolution but, in this case where the bands are averaged over
in the analysis step, this loss in resolution should not present a significant problem. More complex multiplexing
might be achieved with multiple probe pulses (cf. AR-RABBIT, sects. 3.2.2 & 7.2).

Probe: photoelectron + photoion products
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〈Ψ+; Ψe(k, t)|µ̂.E|Ψi(t)〉= ∑
n

Cn(t)〈Ψ+; ψn
e (k)|µ̂.E|ψn

i 〉 (3.19)

where Ψ+ is the final ion state populated - assumed to be the same final eigenstate in all cases - and Ψe is the
photoelectron wavefunction, expanded as eigenstate-correlated components (or channels) ψn

e . (This notation
is similar to the continuum eigen-channels defined in sect. 2.2.3.1, except that the channels are correlated
with initial state components, rather than continuum states.) The observable time, energy and angle-resolved
photoelectron flux is now given by:

I(θ ,φ ; k, t) = ∑
n,n′

Cn(t)C∗
n′(t)〈Ψ+; ψn

e (k)|µ̂.E|ψn
i 〉〈ψn′

i |µ̂.E|Ψ+; ψn′
e (k)〉

=
2lmax

∑
L=0

L

∑
M=−L

∑
n,n′

Cn(t)C∗
n′(t)βLM(n,n′, k)YLM(θ ,φ)

=
2lmax

∑
L=0

L

∑
M=−L

βLM(k, t)YLM(θ ,φ) (3.20)

where the primed terms are summed coherently. The contraction of all the time-independent terms into “eigen-
state” anisotropy parameters βLM(n,n′, k) yields the simplified form for the evolution of the PAD:

βLM(k, t) = ∑
n,n′

Cn(t)C∗
n′(t)βLM(n,n′, k) (3.21)

Here the diagonal “eigenstate” anisotropy parameters βLM(n,n, k) describe the time-independent PADs which
would be observed in an eigenstate-resolved case; the off-diagonal terms βLM(n,n′, k) describe the result of
interferences between continuum wavefunctions which arise from the different initial (but coherent) eigenstates
which comprise the wavepacket Ψi(t).

In this case, the result is simply an additional coherent summation over the contributing eigenstates hence,
following eqn. 2.60, the full MF result can be given as:

βL,M(k, t) = [L]
1
2 ∑

P,R
∑
q,q′

∑
l,l′

∑
λ ,λ ′
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0 0 0
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x [P]
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2 [l]

1
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1 1 P
q −q′ q′ −q

)
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R,(q′−q)(Ω)EPR(ê)

x ∑
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∑
µ,µ ′

∑
h,h′

bΓµ∗
hlλ bΓ′µ ′

h′l′λ ′D
Γµ∗
hl (q, k, n)DΓ′µ ′

h′l′ (q
′, k, n′) (3.22)

where the radial ionization matrix elements are now additionally labelled by a channel-index n. Similarly, the
AF result can be given as:

βL,M(k, t) = [L]
1
2 ∑

K,Q,S
∑
P,R

∑
q,q′

∑
l,l′

∑
λ ,λ ′

∑
n,n′

(
l l′ L
λ −λ ′ S+q−q′

)(
l l′ L
0 0 0

)(
P K L

Q+M −Q −M

)
AK

Q,S(t)Cn(t)C∗
n′(t)

x [P]
1
2 [l]

1
2 [l′]

1
2 (−1)q′(−1)λ ′

(−i)l′−l(−1)K+Q
(

1 1 P
q −q′ q′ −q

)(
P K L

q′ −q −S S+q−q′

)
EP,(Q+M)(ê)

x ∑
Γ,Γ′

∑
µ,µ ′

∑
h,h′

bΓµ∗
hlλ bΓ′µ ′

h′l′λ ′D
Γµ∗
hl (q, k, n)DΓ′µ ′

h′l′ (q
′, k, n′) (3.23)

In the preceding there is an implicit assumption that the continuum states are separable from the wavepacket
evolution: these forms are therefore generically applicable to any wavepacket which remains uncoupled from
the photoionization dynamics (and rotational dynamics for the AF case), hence may be expected to hold for
any wavepacket dynamics which do not significantly affect the scattering system, e.g. small-amplitude vibra-
tional dynamics, electronic wavepackets in high-lying states, spatially-localised dynamics in large scattering
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〈Ψ+; Ψe(k, t)|µ̂.E|Ψi(t)〉= ∑
n

Cn(t)〈Ψ+; ψn
e (k)|µ̂.E|ψn

i 〉 (3.19)

where Ψ+ is the final ion state populated - assumed to be the same final eigenstate in all cases - and Ψe is the
photoelectron wavefunction, expanded as eigenstate-correlated components (or channels) ψn

e . (This notation
is similar to the continuum eigen-channels defined in sect. 2.2.3.1, except that the channels are correlated
with initial state components, rather than continuum states.) The observable time, energy and angle-resolved
photoelectron flux is now given by:

I(θ ,φ ; k, t) = ∑
n,n′

Cn(t)C∗
n′(t)〈Ψ+; ψn

e (k)|µ̂.E|ψn
i 〉〈ψn′
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βLM(k, t)YLM(θ ,φ) (3.20)

where the primed terms are summed coherently. The contraction of all the time-independent terms into “eigen-
state” anisotropy parameters βLM(n,n′, k) yields the simplified form for the evolution of the PAD:

βLM(k, t) = ∑
n,n′

Cn(t)C∗
n′(t)βLM(n,n′, k) (3.21)

Here the diagonal “eigenstate” anisotropy parameters βLM(n,n, k) describe the time-independent PADs which
would be observed in an eigenstate-resolved case; the off-diagonal terms βLM(n,n′, k) describe the result of
interferences between continuum wavefunctions which arise from the different initial (but coherent) eigenstates
which comprise the wavepacket Ψi(t).

In this case, the result is simply an additional coherent summation over the contributing eigenstates hence,
following eqn. 2.60, the full MF result can be given as:
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where the radial ionization matrix elements are now additionally labelled by a channel-index n. Similarly, the
AF result can be given as:
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In the preceding there is an implicit assumption that the continuum states are separable from the wavepacket
evolution: these forms are therefore generically applicable to any wavepacket which remains uncoupled from
the photoionization dynamics (and rotational dynamics for the AF case), hence may be expected to hold for
any wavepacket dynamics which do not significantly affect the scattering system, e.g. small-amplitude vibra-
tional dynamics, electronic wavepackets in high-lying states, spatially-localised dynamics in large scattering
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|Ψg〉
EIR

1 (t)+EIR
2 (t)→ |Ψg(t)〉

EXUV (t)→ |ΨΓ
+; ΨΓ

e (k)〉 (11.1)

where the first step involves two time-dependent IR fields, E1 and E2, which create a rotational wavepacket in
the ground electronic state of the system, and the second step denotes ionization with an XUV field, populating
final ion plus photoelectron states, denoted by a channel (symmetry) index Γ.

For N2, following a BO separable basis notation |ψα〉|χνα 〉|Jα Mα〉 (sect. 3.1.4.2), the experimental scheme
can be given as:

|X1Σ+
g 〉|νX 〉|JX MX 〉

EIR
1 (t)+EIR

2 (t)→ |X1Σ+
g 〉|νX 〉 ∑

JX MX

CJX MX (t)|JX MX 〉
EXUV (t)→ |k,Γlλm〉|Γ〉|νΓ〉 ∑

JΓMΓ

CJΓMΓ(t)|JΓMΓ〉

(11.2)
Ideally, the initial state constitutes a single rovibrational state, |X1Σ+

g 〉|0〉|0,0〉, although some thermal popu-
lation of excited rotational and vibrational states may be present in practice (experimentally, Trot ∼ 15K, see
sect. 11.3.2). The excited state is written on the assumption that no vibrational or electronic excitation occurs,
hence has a form of a purely rotational wavepacket (sect. 3.1.2), with population of rotational states of the
ground electronic state populated. Again, in the ideal case, only the νX = 0 vibrational state would be popu-
lated. The final step, ionization, results in a photoelectron and cation, with a channel index Γ corresponding
to the electronic state of the cation, vibrational state |νΓ〉 and, again, a broad rotational state population. As
discussed in sect. 3.1.4.2, in the case where the rotational state distribution can be summed analytically, the
full form for the observables (eqn. 3.32) reduces to eqn. 3.23, and under the assumption of no vibronic state
excitation/dynamics, this further reduces to eqn. 3.17 (or eqn. 3.13 for symmetric tops). These forms also
implicitly assume that the timescale of the ionization event - the XUV pulse in this case - is short relative to
the wavepacket dynamics, hence no intra-pulse dynamics or additional temporal integration is required in this
description. Experimentally, there approximations are justified, and should be relatively robust, but it is of note
that any deviation from the ideal case, e.g. initial thermal populations, and any vibrational dynamics induced
by the strong IR fields, will be averaged over in the results.

Example images and energy spectra are shown in fig. 11.2. In these images, the two sets of rings correspond
to ionization with H5 and H7 respectively, and three cationic electronic states are populated in each case,
|X2Σ+

g 〉, |A2Πu〉 and |B2Σ+
u 〉, henceforth denoted as the X , A and B channels, referring to ionization into the

ground, first and second electronic states of the ion.
From the spectra it is clear that many final vibrational states are created in the A manifold for ionization via

H5, while the X and B channels show sharper lineshapes. The H7 channel shows broader features, which are
much weaker and, consequently, no further analysis was performed for these features. The complete experi-
mental dataset consisted of 150 temporal steps in 67 fs increments, from t =-0.5 ps to +9.5 ps, where t = 0 was
defined as the peak intensity of the second alignment pulse. Data points around t = 0 were discarded because
multi-photon processes complicate the photoelectron spectrum when there is significant overlap between pump
and probe. Repeated measurement sequences (experimental cycles) were performed to minimised systematic
drifts/errors with, on average, about 30000 laser shots accumulated at each delay in total.

The raw images were background subtracted, and β Γ
L,M(k, t) parameters were extracted using the cpBasex

code [4], which implements the pBasex algorithm [5]. The raw parameters were further averaged over each
photoelectron band, to provide averaged values β̄ Γ

L,M(t) = β̄ Γ
L,M(∆k, t), taken over the energy range spanned by

each band ∆k, hence averaged over each electronic channel. Statistical uncertainties on the extracted parameters
were estimated via the standard deviation of the results from seven experimental cycles.

In the context of metrology, the experimental methodology can be discussed in terms of energy and channel
multiplexing, since each photoelectron image contains the data for multiple channels, at different energies. In
this case, the degree of multiplexing is affect simply by the XUV spectrum - with additional harmonics, more
energy points could be obtained per image (see, for example, ref. [6]). In a VMI experiment, an increased
dynamic range results in a decrease in the energy resolution but, in this case where the bands are averaged over
in the analysis step, this loss in resolution should not present a significant problem. More complex multiplexing
might be achieved with multiple probe pulses (cf. AR-RABBIT, sects. 3.2.2 & 7.2).

Feature-averaged parameters:

X-state
@7.7eV
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11.3 Bootstrapping protocol
For the analysis of the data, a “bootstrapping” fitting approach was developed. This methodology is illustrated
in fig. 8.3, and is comprised of two stages (potentially split into multiple steps) which allow for the separation
of the two sets of unknowns (rotational and ionization dynamics), and provides a way to gradually bootstrap to
the complete MF results via stages of analysis of increasing complexity. The nature of the fitting at each stage
also provides a flexible methodology which can be used to carefully sample the solution hyperspace in order
to ensure unique results, and fit with variable information content (experimental measurements) based on com-
putational time and desired precision, based on a similar Monte-Carlo sampling manner to the methodologies
already discussed above. In all cases, the underlying physics provides stringent limits on the form of the fitting
functions, hence the fitting procedure at each stage is expected to be somewhat reliable by construction. Fur-
ther analysis of the results, including comparison with experimental parameters, additional data not used in the
analysis, and ab initio calculations all provide additional means of cross-checking and verifying the extracted
physical parameters. Orientation

Resolution
through
Rotational
Coherence
Spectroscopy
(arXiv)

In terms of information content, the bootstrapping procedure gradually increases both the experimental
information content - the number of geometric configurations of the photoionization interferometer (see sect.
12.1 - and the level of physical information included (hence fitted/extracted) in the analysis. In the first step,
ADMs are determined without the need for accurate treatment of the ionization probe [7]; in the second step
this information is used as part of the calculation to determine the ionization dynamics. In the sub-steps to
determine the ionization dynamics, the experimental information content included in the analysis is gradually
increased: the initial coarse steps in this procedure provide a base-line high information content without the
necessity for many temporal points via the selection of highly distinct molecular axis distributions, while latter
sub-steps allow for fine-tuning of the data by gradually coupling additional time-steps into the analysis.

11.3.1 Formalism
The β̄ Γ

L,M(t) can be expanded in a similar manner to eqns. 2.47 and 3.15,

β̄ Γ
L,M(t) = ∑

K,Q

(
∑

α,α ′
γΓ,α,α ′

K,Q D̄∗
Γ,α(∆k)D̄Γ,α ′(∆k)

)
AK,−Q(t) (11.3)

= ∑
K,Q

CL,M
K,Q(Γ)AK,−Q(t) (11.4)

where the notation here reflects that the experimental measurements provide β̄ Γ
L,M(t) values for each observed

ionization channel Γ, which correspond to different ionizing transitions as detailed above, are averaged over the
energy spanned by the photoelectron spectral feature ∆k (eqn. , hence any underlying rovibrational structure
defined by the quantum numbers α , and depend only on a single time t. The second form is written in terms of
channel coefficients CL,M

K,Q(Γ), which contain all the terms in the brackets from eqn. 11.3, and all other required
quantum numbers are denoted α . Since eqn. 11.4 is linear in the ADMs, the measured β̄ Γ

L,M(t) can be used to
determine the ionization dynamics in this phenomenological form - such solutions of eqn. 11.4 constitute the
first part of the bootstrapping procedure [7], and allow for reconstruction of the rotational wavepacket in terms
of the AK,Q(t) parameters, and the underlying wavepacket properties (sect. 3.1.2). Solutions to eqn. 11.3 (i.e.
eqn. 3.13 for each channel Γ when all terms are expanded) provide the second stage, and reconstruction of the
ionization dynamics in terms of the dipole matrix elements D̄Γ,α(∆k).

11.3.2 Stage 1: rotational wavepacket reconstruction
The ADMs were computed by solving the TDSE for a linear rigid rotor rotor in a linearly polarized non-
resonant pulse (cf. sect. 6.1.1), in this case with codes developed by V. Makhija [11]. Although the CL,M

K,Q(Γ)
are channel dependent, the axis distribution is universal; hence fits to different L and/or ionization channels can
be performed as a rigourous cross-check on the results.

In this case, computation of the ADMs was carried out for rotational temperatures Trot = 1 K to 30 K in 1 K
steps and laser intensities I = 10 TW/cm2 to 30 TW/cm2 in 2 TW/cm2 steps for each pulse in the two-pulse
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For the analysis of the data, a “bootstrapping” fitting approach was developed. This methodology is illustrated
in fig. 8.3, and is comprised of two stages (potentially split into multiple steps) which allow for the separation
of the two sets of unknowns (rotational and ionization dynamics), and provides a way to gradually bootstrap to
the complete MF results via stages of analysis of increasing complexity. The nature of the fitting at each stage
also provides a flexible methodology which can be used to carefully sample the solution hyperspace in order
to ensure unique results, and fit with variable information content (experimental measurements) based on com-
putational time and desired precision, based on a similar Monte-Carlo sampling manner to the methodologies
already discussed above. In all cases, the underlying physics provides stringent limits on the form of the fitting
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In terms of information content, the bootstrapping procedure gradually increases both the experimental
information content - the number of geometric configurations of the photoionization interferometer (see sect.
12.1 - and the level of physical information included (hence fitted/extracted) in the analysis. In the first step,
ADMs are determined without the need for accurate treatment of the ionization probe [7]; in the second step
this information is used as part of the calculation to determine the ionization dynamics. In the sub-steps to
determine the ionization dynamics, the experimental information content included in the analysis is gradually
increased: the initial coarse steps in this procedure provide a base-line high information content without the
necessity for many temporal points via the selection of highly distinct molecular axis distributions, while latter
sub-steps allow for fine-tuning of the data by gradually coupling additional time-steps into the analysis.

11.3.1 Formalism
The β̄ Γ

L,M(t) can be expanded in a similar manner to eqns. 2.47 and 3.15,

β̄ Γ
L,M(t) = ∑

K,Q

(
∑

α,α ′
γΓ,α,α ′

K,Q D̄∗
Γ,α(∆k)D̄Γ,α ′(∆k)

)
AK,−Q(t) (11.3)

= ∑
K,Q

CL,M
K,Q(Γ)AK,−Q(t) (11.4)

where the notation here reflects that the experimental measurements provide β̄ Γ
L,M(t) values for each observed

ionization channel Γ, which correspond to different ionizing transitions as detailed above, are averaged over the
energy spanned by the photoelectron spectral feature ∆k (eqn. , hence any underlying rovibrational structure
defined by the quantum numbers α , and depend only on a single time t. The second form is written in terms of
channel coefficients CL,M

K,Q(Γ), which contain all the terms in the brackets from eqn. 11.3, and all other required
quantum numbers are denoted α . Since eqn. 11.4 is linear in the ADMs, the measured β̄ Γ

L,M(t) can be used to
determine the ionization dynamics in this phenomenological form - such solutions of eqn. 11.4 constitute the
first part of the bootstrapping procedure [7], and allow for reconstruction of the rotational wavepacket in terms
of the AK,Q(t) parameters, and the underlying wavepacket properties (sect. 3.1.2). Solutions to eqn. 11.3 (i.e.
eqn. 3.13 for each channel Γ when all terms are expanded) provide the second stage, and reconstruction of the
ionization dynamics in terms of the dipole matrix elements D̄Γ,α(∆k).

11.3.2 Stage 1: rotational wavepacket reconstruction
The ADMs were computed by solving the TDSE for a linear rigid rotor rotor in a linearly polarized non-
resonant pulse (cf. sect. 6.1.1), in this case with codes developed by V. Makhija [11]. Although the CL,M

K,Q(Γ)
are channel dependent, the axis distribution is universal; hence fits to different L and/or ionization channels can
be performed as a rigourous cross-check on the results.

In this case, computation of the ADMs was carried out for rotational temperatures Trot = 1 K to 30 K in 1 K
steps and laser intensities I = 10 TW/cm2 to 30 TW/cm2 in 2 TW/cm2 steps for each pulse in the two-pulse
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11.3 Bootstrapping protocol
For the analysis of the data, a “bootstrapping” fitting approach was developed. This methodology is illustrated
in fig. 8.3, and is comprised of two stages (potentially split into multiple steps) which allow for the separation
of the two sets of unknowns (rotational and ionization dynamics), and provides a way to gradually bootstrap to
the complete MF results via stages of analysis of increasing complexity. The nature of the fitting at each stage
also provides a flexible methodology which can be used to carefully sample the solution hyperspace in order
to ensure unique results, and fit with variable information content (experimental measurements) based on com-
putational time and desired precision, based on a similar Monte-Carlo sampling manner to the methodologies
already discussed above. In all cases, the underlying physics provides stringent limits on the form of the fitting
functions, hence the fitting procedure at each stage is expected to be somewhat reliable by construction. Fur-
ther analysis of the results, including comparison with experimental parameters, additional data not used in the
analysis, and ab initio calculations all provide additional means of cross-checking and verifying the extracted
physical parameters. Orientation
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In terms of information content, the bootstrapping procedure gradually increases both the experimental
information content - the number of geometric configurations of the photoionization interferometer (see sect.
12.1 - and the level of physical information included (hence fitted/extracted) in the analysis. In the first step,
ADMs are determined without the need for accurate treatment of the ionization probe [7]; in the second step
this information is used as part of the calculation to determine the ionization dynamics. In the sub-steps to
determine the ionization dynamics, the experimental information content included in the analysis is gradually
increased: the initial coarse steps in this procedure provide a base-line high information content without the
necessity for many temporal points via the selection of highly distinct molecular axis distributions, while latter
sub-steps allow for fine-tuning of the data by gradually coupling additional time-steps into the analysis.

11.3.1 Formalism
The β̄ Γ

L,M(t) can be expanded in a similar manner to eqns. 2.47 and 3.15,

β̄ Γ
L,M(t) = ∑

K,Q

(
∑

α,α ′
γΓ,α,α ′

K,Q D̄∗
Γ,α(∆k)D̄Γ,α ′(∆k)

)
AK,−Q(t) (11.3)

= ∑
K,Q

CL,M
K,Q(Γ)AK,−Q(t) (11.4)

where the notation here reflects that the experimental measurements provide β̄ Γ
L,M(t) values for each observed

ionization channel Γ, which correspond to different ionizing transitions as detailed above, are averaged over the
energy spanned by the photoelectron spectral feature ∆k (eqn. , hence any underlying rovibrational structure
defined by the quantum numbers α , and depend only on a single time t. The second form is written in terms of
channel coefficients CL,M

K,Q(Γ), which contain all the terms in the brackets from eqn. 11.3, and all other required
quantum numbers are denoted α . Since eqn. 11.4 is linear in the ADMs, the measured β̄ Γ

L,M(t) can be used to
determine the ionization dynamics in this phenomenological form - such solutions of eqn. 11.4 constitute the
first part of the bootstrapping procedure [7], and allow for reconstruction of the rotational wavepacket in terms
of the AK,Q(t) parameters, and the underlying wavepacket properties (sect. 3.1.2). Solutions to eqn. 11.3 (i.e.
eqn. 3.13 for each channel Γ when all terms are expanded) provide the second stage, and reconstruction of the
ionization dynamics in terms of the dipole matrix elements D̄Γ,α(∆k).

11.3.2 Stage 1: rotational wavepacket reconstruction
The ADMs were computed by solving the TDSE for a linear rigid rotor rotor in a linearly polarized non-
resonant pulse (cf. sect. 6.1.1), in this case with codes developed by V. Makhija [11]. Although the CL,M

K,Q(Γ)
are channel dependent, the axis distribution is universal; hence fits to different L and/or ionization channels can
be performed as a rigourous cross-check on the results.

In this case, computation of the ADMs was carried out for rotational temperatures Trot = 1 K to 30 K in 1 K
steps and laser intensities I = 10 TW/cm2 to 30 TW/cm2 in 2 TW/cm2 steps for each pulse in the two-pulse
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(3b): photoionization dynamics
Test fit results for uniqueness & cross-check via
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For details see online materials:
https://dx.doi.org/10.6084/m9.figshare.4480349
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molecular frame reconstruction

Calculations use bound-free matrix elements from ePolyScat. 
http://www.chem.tamu.edu/rgroup/lucchese/ePolyScat.E3.manual/manual.html
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Determining the alignment
Analysis by Varun Makhija

a axis is in the plane of the page. Fig 5.1(b) shows the same angles in the molecular frame,

where χ becomes the azimuthal angle of the laser polarization vector. Since the Wigner

functions Dj
m,k(θ, φ, χ) are an irreducible representation on the rotation group SO(3)52 the

angle dependent ion yield can be expanded as

S(θ, χ) =
∑
j,k

Cj,kD
j
0,k(θ, χ), (5.1)

where m = 0 reflects the cylindrical symmetry about the Z axis in the lab frame, and

equivalently the absence of a third angle in the molecular frame. We may therefore consider

our task as measurement of the coefficients Cj,k. We can qualitatively investigate how these

coefficients relate to the physics of photionzation.

In the experiments that follow we use laser pulses with a significantly lower photon

energy than the ionization potential (I.P.) of the molecule, but intense enough to result in

ionization via the absorption of multiple photons. In general the differential ionization rate

for multiphoton ionization for a molecule aligned at Ω = {θ, χ} in an initial state |i〉 to a

final state |f〉 emitting an electron in with momentum k = kk̂ is given by a sum over all

squared n-photon ionization amplitudes92,93,

dW

dΩdk̂
= 2π

∞∑
n=n0

|Akn(Ω, k̂)|2kn

Akn =
1

T

∫ T

0

(〈f |V |i〉)tdt, (5.2)

where V is the dipole potential felt by all electrons in the laser electric field, kn is the

momentum of the ionized electron after the absorption of n photons and the subscript t

indicates that everything in the brackets is time dependent. A number of approximation

are usually made to make calculations in strong fields tractable. In general the states |i〉

and |f〉 must be dressed by the time dependent field, however the initial state is usually

considered to be the field-free ground state of the neutral and the final state is considered to
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coefficients in Eq. 5.1

S(θ, χ) =
dW

dΩ̂
=

∑
j,k

Cj,kD
j
0,k(θ, χ),

Cj,k =
∑

l,m,λ,λ′

〈l,−m; l,m|j, 0〉 〈l,−λ; l, λ′|j, k〉Al,λAl,λ′dl,m, (5.5)

where dl,m =
∫
|Fl,m(R)|2R2dR. The Dj

m,k originate solely from rotations between the

molecular and lab frames. From the CG coefficients we see the values of j and k are

determined by l and λ, both of which are, in turn, determined by the symmetry of the

valence electron orbital. The structure of S(θ, χ) should therefore reflect the symmetry of

the valance orbital from which the electron is ionized. The relative strengths of the Cj,k are

determined by the square of the radial wave function, which in the tunneling approximation

represents the tunneling rate from a particular orbital. Also, since only the square of the

lth basis function appears in the expression the yield measurement contains no information

about the relative phase between l and l′ components, or partial waves.

Now that we have a general idea of the meaning of S(θ, χ), we must develop a measure-

ment from which we can extract the Cj,k. We find that measuring the delay dependent ion

yield from a rationally excited molecular gas facilitates this extraction.

5.2 Measuring the coefficients

In the experiment we use a nonresonant pump beam to excite a rotational wave packet in

a molecular gas, and measure the ion yield with a time delayed probe pulse. To extract the

Cj,k we need to understand the connection between S(θ, χ) and the measurement. S(θ, χ)

represents the probability that a molecule aligned at {θ, χ} will be ionized. However, in

the experiment the probe pulse ionizes a molecular gas in which the probability density of
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at {θ, χ} at delay t is given by ρ(θ, χ, t)S(θ, χ). Integrating this over all angles gives the ion

yield as a function of time delay,

S(t) =

∫
ρ(θ, χ, t)S(θ, χ) sin θdθdχ =

∑
jk

Cj,k

∫
ρ(θ, χ, t)Dj

0k sin θdθdχ =
∑
jk

Cj,k

〈
Dj

0k

〉
(t).

(5.7)

Fig. 5.2 is a depiction of the averaging with the probability densities calculated using the

TDSE as described in chapter 2 shown for three time delays. If S(t) and the
〈
Dj

0,k(t)
〉

are known the above equation is linear in the Cj,k and equivalent to the matrix equation

A · �x = �b, the column vector �b representing the measured data. The S(θ, χ) shown in

the Fig. 5.2 is extracted by solving eq 5.7 for Cj,k using the measured data for S(t) and

calculated
〈
Dj

0,k(t)
〉
for laser parameters estimated by fitting the data. The data therefore

also provides the probability distribution of molecular axesl.

In the following section we detail the experimental setup used to measure the data shown

in Fig. 5.2 as well as the numerical method used to solve Eq. 5.7. We also present addi-

tional data taken at different intensities for non-dissociative ionization, and measurements

of fragment yields for dissociative ionization occurring at higher intensities.

5.2.1 Experimental Setup, Data and Analysis

The KLS beam is split into a pump and probe arm using a 60/40 beam splitter (BS).

The probe beam is delayed using the same 2 ns delay stage as in previous chapters. The

beams are recombined co-linearly on a 2 inch diameter 50/50 BS and focused into the VMI

chamber with a 35 cm focusing lens. The pump beam is shrunk in diameter such that

the probe diameter is 1.6 times that of the pump. Ethylene (C2H4) molecules, cooled by

supersonic expansion from a high pressure jet (20% ethylene and balance helium at a total

pressure of 70 bar) skimmed into the VMI spectrometer, are rotationally excited by a single

non-ionizing pump pulse. The molecules are then ionized with a probe pulse that is delayed

with respect to the pump pulse by up to 50 ps. The intensity of the probe pulse is initially
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Notes from Varun’s thesis
Laser-induced rotational dynamics as a route to molecular frame measurements
http://krex.k-state.edu/dspace/handle/2097/18522

Measured time-dependent signal Calculated from rotational wavepacket simulations
Function of laser parameters & rotational temperature

Fitted

https://dx.doi.org/10.6084/m9.figshare.4480349.

d e t a i l s :  a l i g n e m e n t
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not allow forfield intensity effects. As such, it is not generally valid for strong-field ionization but, geometrically,
should still provide useful insight to angle-resolvedmeasurements at low computational cost.

2.4.1. One-photon ionization
The one-photon case has been extensively treated in the literature [28, 30, 39, 41].We recount here the salient
details, with a specific focus on the coupling of the observable to theAK,Q, then proceed to determine the
properties of specific types ofmeasurement and extend the formalism to theN-photon case.

The full photoelectron angular distribution can bemost generally expressed as amultipole expansion
(analogous to θ ϕP t( , , )discussed above, see equation (2)):

∑θ ϕ β θ ϕ=I t t Y( , , ) ( ) ( , ). (12)
L M

L M L M

,
, ,

Here the polar coordinates reference the LF, as defined by the probe pulse (seefigure 1(d)), inwhich the
photoelectron flux as a function of angle and time ismeasured6. The LF β t( )L M, can bewritten in terms of the
coherent square of the dipolematrix elements: for the ionization of an aligned ensemble, in the perturbative and
dipole approximations, and assuming that all time-dependence is contained in the axis distribution, the β t( )L M,

can bewritten as [28, 39]:

∑β

λ λ

= + − −

× ∑ ∑ + − −
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Thefirst line of equation (13) describes the polarization state of the ionizing radiation; the photon carries 1
unit of angularmomentumwith projection p onto the lab frame z-axis. For linearly polarized light alignedwith
the LF z-axis p=0, hence from the 3-j symbolP=0, 2 andR=0. The spherical tensor components −e p describe
the polarization and amplitude of the ionizing radiation, for the case of linearly polarized light along the z-axis

= =−e e ep z0 and the term e ez z
* can be set to equal unity.

The second and third lines of equation (13) describe the convolution of theMFwith the aligned axis
distribution, P(θ, t), expressed as ADMs. The lightfield hasMFprojection terms q. Terms in q=0 thus represent
ionizing light polarized along theMF axis, while = ±q 1 terms represent light polarized perpendicular to theMF
axis. If the LF andMF are coincident then a single value of q= p is selected, while an arbitrary rotation serves to
mix terms in q as the LF polarization axis is projected onto differentMF axis. Thismixing (and averaging), due to
the ADMs, is described by the coupling ofP andK into the finalmultipolemoments L.

The remaining lines of equation (13) deal with the photoelectron and ‘molecular’ terms.Here λl( , )
represent the photoelectron partial wave components [38, 47], with (orbital) angularmomentum l, andMF
projection λ. The terms ΓμD q( )hl represent the symmetrized radial components, with symmetrization coefficients

λ
Γμbhl (see appendix B), of the (radial) dipolematrix elements for each symmetry-allowed continuumΓ

[39, 48, 49],

∑Ψ ψ Ψ=Γμ Γμ+ ( )D q r Y r( ) ; ˆ , (14)hl hl
e

s

s q s
i,

1,

whereψ Γμ
hl

e, are the partial wave components of the photoelectronwavefunctionΨ e and the summation is over

all electrons s. Thesematrix elements are complex, andmay also bewritten in the form = ∣ ∣Γμ Γμ η− Γμ
D D ehl hl

i hl ,
where η is the total phase of thematrix element, often called the scattering phase. The radialmatrix elements and
phases are the only part of equation (13)which are not analytic functions and, in general,must be determined
numerically [50, 51] or from experiment [52–54] for quantitative understanding of a given system. Symmetry-
based arguments can, however, provide ameans of determiningwhich integrals are non-zero, hence which λl( , )
can appear inΨ e. Such considerations therefore allow for phenomenological, qualitative, or possibly semi-
quantitative, treatments of photoionization for a givenmolecule, and are discussed in appendix B.

6
Although omitted here, there is also an energy dependence to the dipolematrix elements and, hence, to the observable θ ϕI t( , , ).

8

New J. Phys. 17 (2015) 023069 PHockett

Use known ADMs to determine the unknown dipole matrix elements.  Everything else is angular momentum coupling and symmetry parameters;  
complicated, but analytical.

ADMs from Varun’s fit

Matrix elements to determine

Measured angular
parameters

See General phenomenology of ionization from aligned molecular ensembles (Hockett, NJP, 17 023069 2015) for details.

d e t a i l s :  p h o t o i o n i z a t i o n
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CHAPTER 11. TIME-DOMAIN MEASUREMENTS WITH ROTATIONAL WAVEPACKETS: BOOTSTRAPPING PROTOCOL202

For the A and B-channels the data becomes increasingly noisy as the yields decrease, and also indicates
much less dramatic changes with the axis distribution. In these cases adequate fits were obtained at the coarse
level (as indicated in fig. 11.5(b) & (c)), and further bootstrapping was not explored in either case. For the
A-channel three best fit parameter sets were obtained (7 matrix elements), differing only in the perpendicular
continuum waves. For the B-channel data a single best fit parameter set was obtained (5 matrix elements),
although a further four parameter sets were found, and were within 1% of the lowest χ2 obtained; these ad-
ditional parameter sets differed only in the parallel continuum waves. In these cases, additional data and/or
cross-checks on the determined matrix elements are therefore desirable to confirm their validity. In these cases,
all sets of matrix elements found resulted in satisfactory fits to the time-series data, hence comparison with the
data at different rotational revivals was not a sufficiently stringent cross-check.

For the B-channel, the single lowest χ2 result was selected as the best result, with the proviso that this cannot
be determined to be unique from the experimental data alone. However, the resulting MF reconstruction was
found to bear some resemblance to the ab initio results (see sect. 11.5 & fig. 11.6), while the four alternative
parameter sets yielded quite different MF reconstructions. In this case, data with better S/N should yield a more
definitive result, and reduce the uncertainties on the retrieved phases (table 11.3).

For the A-channel, the best set of perpendicular matrix elements (q = ±1) were selected post-facto [12,
13, 14], by comparison with ePolyScat results, again with the proviso that this requirement may be indicative
of a non-unique result set. In this case, the selected matrix elements yield MF results which compare well
with the ab initio results. It is not expected that better data would be sufficient to obtain a unique result in
this case - the issue is rather that the β̄ Γ

L,M(t) for L > 0 are relatively insensitive to the axis distribution (fig.
11.5(b)), a consequence of the details of the ionization matrix elements. In this case, measurements with a
different polarization geometry may provide the required additional information, although the Π symmetry
may still provide restrictions - see, for instance, ref. [15], wherein limitations imposed by initial and final state
symmetries in the related case of matrix element retrieval from MF-PADs are discussed.

11.4 Photoionization matrix elements

Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµ
hlλ Relations

σu 0 1 1 1 0 0.53(2) 0* 1 -
3 0 0.41(2) 1.1(1) 1 -
5 0 0.49(2) 1.3(4) 1 -

πu ±1 1 1 1 ±1 0.19(3) -1.4(1) 1/
√

2 q : Dπuµ
hl (+1) = Dπuµ

hl (−1)
3 ±1 0.17(3) 0(1) 1/

√
2

5 ±1 0.30(2) -1.6(9) 1/
√

2

Table 11.1: Symmetrized matrix elements, X2Σ+
g . The sum over all moduli squared are normalized to unity,

∑ |DΓµ
hl (q)/bΓµ

hlλ |2 = 1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the final
digit.CHAPTER 11. TIME-DOMAIN MEASUREMENTS WITH ROTATIONAL WAVEPACKETS: BOOTSTRAPPING PROTOCOL203

Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµ
hlλ Relations

σg ±1 1 1,2 0 0 0.58(3) 0* 1/
√

2 q(µ = 1) : Dσg1
hl (+1) = Dσg1

hl (−1)
q(µ = 2) : Dσg2

hl (+1) =−Dσg2
hl (−1)

µ : Dσg2
hl (+1) = ℑ[Dσg1

hl (+1)]− iℜ[Dσg1
hl (+1)]

2 0 0.23(6) 0.3(12) 1/
√

2
4 0 0.15(7) -0.5(9) 1/

√
2

δg ±1 1 1,2 2 ∓2 0.15(7) -0.5(2) 1/
√

2 q(µ = 1) : Dδg1
hl (+1) = Dδg1

hl (−1)

q(µ = 2) : Dδg2
hl (+1) =−Dδg2

hl (−1)

µ : Dδg2
hl (+1) =−ℑ[Dδg1

hl (+1)]+ iℜ[Dδg1
hl (+1)]

4 ∓2 0.22(6) -0.6(8) 1/
√

2
πg 0 1,2 1,2 2 ±1 0.15(5) -0.3(30) 1/

√
2 h(µ = 1) : Dπg1

1l (0) = Dπg1
2l (0)

h(µ = 2) : Dπg2
1l (0) =−Dπg2

2l (0)

µ : Dπg2
hl (0) = ℑ[Dπg1

hl (0)]− iℜ[Dδg1
hl (0)]

4 ±1 0.05(9) 0.6(30) 1/
√

2

Table 11.2: Symmetrized matrix elements, A2Πu. The sum over all moduli squared are normalized to unity,
∑ |DΓµ

hl (q)/bΓµ
hlλ |2 = 1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the final

digit.

Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµ
hlλ Relations

σg 0 1 1 0 0 0.08(21) 0* 1 -
2 0 0.19(9) -1.0(13) 1 -
4 0 0.65(4) -1.6(19) 1 -

πg ±1 1 1 2 ∓1 0.01(12) -3.5(35) 1/
√

2 q : Dπuµ
hl (+1) = Dπuµ

hl (−1)
4 ∓1 0.52(3) 0.4(13)

Table 11.3: Symmetrized matrix elements, B2Σ+
u . The sum over all moduli squared are normalized to unity,

∑ |DΓµ
hl (q)/bΓµ

hlλ |2 = 1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the final
digit.

Tables 11.1-11.3 list the unique D̄Γµ
hl (q,∆k) obtained for each photoionization channel. In this representation,

Γ denotes the channels within each final continuum (hence cationic electronic state), which is labelled by an
irreducible representation of the D∞h point group. In this symmetry, the h index correlates with ±m states, and
µ with degenerate components of the ionizing orbital. In all cases with q =±1, the sign of the contributing m
terms are correlated or anti-correlated as indicated in the tables. In degenerate cases the full set of symmetrized
matrix elements for D∞h require additional elements, which are essentially transformations derived from the
minimal unique values listed here; these are also given where required. In all cases the lowest-order phase is
chosen as the reference phase (since absolute values cannot be obtained), and set to zero.

As discussed above, for the X and B-channels, unique sets of matrix elements were obtained, although other
sets within 1% of the best results were also obtained for the B-channel, suggesting the possibility of multiple
solutions at the coarse level of fitting employed. For the A-channel, two parameter sets were obtained, and
the results shown here correspond to the set which provided the MF-PADs which most closely matched the ab
initio MF-PADs (i.e. selected by post-hoc verification and corroboration).

The matrix elements are normalized such that the sum of the squares over each continuum is unity, and
phases are defined on the interval −π ≥ arg(DΓµ

hl (q))≥ π (note that absolute signs are not defined in this case,
hence switching the sign of all phases produces the same PADs - see discussion in sect. 12.3). Uncertainties
in the parameters are given in parentheses; these values were determined via curvature of the χ2 hyperspace
along each dimension, as discussed in sect. 8.2. For the X-state, with the highest quality experimental data,
the results are generally good, with relatively small uncertainties for all parameters except for the phase of the
f -wave (l = 3) for m = ±1. In this, and similar cases (indicated in italics in tables 11.1-11.3) this analysis
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Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµ
hlλ Relations

σg ±1 1 1,2 0 0 0.58(3) 0* 1/
√

2 q(µ = 1) : Dσg1
hl (+1) = Dσg1

hl (−1)
q(µ = 2) : Dσg2

hl (+1) =−Dσg2
hl (−1)

µ : Dσg2
hl (+1) = ℑ[Dσg1

hl (+1)]− iℜ[Dσg1
hl (+1)]

2 0 0.23(6) 0.3(12) 1/
√

2
4 0 0.15(7) -0.5(9) 1/

√
2

δg ±1 1 1,2 2 ∓2 0.15(7) -0.5(2) 1/
√

2 q(µ = 1) : Dδg1
hl (+1) = Dδg1

hl (−1)

q(µ = 2) : Dδg2
hl (+1) =−Dδg2

hl (−1)

µ : Dδg2
hl (+1) =−ℑ[Dδg1

hl (+1)]+ iℜ[Dδg1
hl (+1)]

4 ∓2 0.22(6) -0.6(8) 1/
√

2
πg 0 1,2 1,2 2 ±1 0.15(5) -0.3(30) 1/

√
2 h(µ = 1) : Dπg1

1l (0) = Dπg1
2l (0)

h(µ = 2) : Dπg2
1l (0) =−Dπg2

2l (0)

µ : Dπg2
hl (0) = ℑ[Dπg1

hl (0)]− iℜ[Dδg1
hl (0)]

4 ±1 0.05(9) 0.6(30) 1/
√

2

Table 11.2: Symmetrized matrix elements, A2Πu. The sum over all moduli squared are normalized to unity,
∑ |DΓµ

hl (q)/bΓµ
hlλ |2 = 1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the final

digit.

Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµ
hlλ Relations

σg 0 1 1 0 0 0.08(21) 0* 1 -
2 0 0.19(9) -1.0(13) 1 -
4 0 0.65(4) -1.6(19) 1 -

πg ±1 1 1 2 ∓1 0.01(12) -3.5(35) 1/
√

2 q : Dπuµ
hl (+1) = Dπuµ

hl (−1)
4 ∓1 0.52(3) 0.4(13)

Table 11.3: Symmetrized matrix elements, B2Σ+
u . The sum over all moduli squared are normalized to unity,

∑ |DΓµ
hl (q)/bΓµ

hlλ |2 = 1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the final
digit.

Tables 11.1-11.3 list the unique D̄Γµ
hl (q,∆k) obtained for each photoionization channel. In this representation,

Γ denotes the channels within each final continuum (hence cationic electronic state), which is labelled by an
irreducible representation of the D∞h point group. In this symmetry, the h index correlates with ±m states, and
µ with degenerate components of the ionizing orbital. In all cases with q =±1, the sign of the contributing m
terms are correlated or anti-correlated as indicated in the tables. In degenerate cases the full set of symmetrized
matrix elements for D∞h require additional elements, which are essentially transformations derived from the
minimal unique values listed here; these are also given where required. In all cases the lowest-order phase is
chosen as the reference phase (since absolute values cannot be obtained), and set to zero.

As discussed above, for the X and B-channels, unique sets of matrix elements were obtained, although other
sets within 1% of the best results were also obtained for the B-channel, suggesting the possibility of multiple
solutions at the coarse level of fitting employed. For the A-channel, two parameter sets were obtained, and
the results shown here correspond to the set which provided the MF-PADs which most closely matched the ab
initio MF-PADs (i.e. selected by post-hoc verification and corroboration).

The matrix elements are normalized such that the sum of the squares over each continuum is unity, and
phases are defined on the interval −π ≥ arg(DΓµ

hl (q))≥ π (note that absolute signs are not defined in this case,
hence switching the sign of all phases produces the same PADs - see discussion in sect. 12.3). Uncertainties
in the parameters are given in parentheses; these values were determined via curvature of the χ2 hyperspace
along each dimension, as discussed in sect. 8.2. For the X-state, with the highest quality experimental data,
the results are generally good, with relatively small uncertainties for all parameters except for the phase of the
f -wave (l = 3) for m = ±1. In this, and similar cases (indicated in italics in tables 11.1-11.3) this analysis

d e t a i l s :  m a t r i x  e l e m e n t s


