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This appendix is structured as follows. Section S.1 explains the bandwidth selectors used in
the paper. Section S.2 discusses the hypothesis tests and the confidence bands related to 5d(T)
introduced in Section 2. Section S.3 develops Wald tests for the three hypotheses, assuming the
second-order derivative of the conditional quantile function is continuous at the cut-off. Section S.4
provides a local asymptotic power analysis for the score and Wald tests. Section S.5 includes the
proofs of the results given in the paper. Section S.6 reports additional simulation results, followed

by several tables.
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S.1 Bandwidth selection

This section discusses how the five selectors determine hy, o5, the bandwidth at the median. Then,

bandwidths at other quantiles are computed using the link function of Yu and Jones (1998):

1/5

hne = {27(1 = 7)/[np (@7} (7))*]}

hn0.5,

where ¢(-) and ®1(-) are the density and quantile functions of a standard normal distribution.

The first two bandwidth selectors are based on the leave-one-out cross validation. They are sim-
ple modifications of the methods given in Ludwig and Miller (2007) and Imbens and Lemieux (2008),
originally designed for the average treatment effect. Specifically, for a given candidate bandwidth h,
we estimate the conditional median at x; using the local linear regression, while leaving out (z;, y;),
and denote the estimate by Qp,(0.5]z;). Then, we compute CV (h) = k= Zle |yi — Qn(0.5]z;)| and
determine the bandwidth as hy 5 = argmin, CV (h). Because the focus here is on the responses
near xg, observations far from x are less relevant. Therefore, following Imbens and Lemieux (2008),
we use only half the observations that are closest to zg as evaluation points. These two selectors
differ in terms of whether x( is treated as an interior or a boundary point. The first selector
treats xop as an interior point, that is, utilizing observations on both sides of z; when estimating
the conditional median at x;. This can be viewed as selecting the bandwidth by imposing the null
hypothesis of no treatment effects. We denote the chosen bandwidth as hf}’i The second selector
treats xg as a boundary point. For example, if x; < xg, then only observations to the left of z; are
used when estimating the conditional median at x;. This can be viewed as selecting the bandwidth
under the alternative hypothesis. We denote the chosen bandwidth by Ay’

The third bandwidth selector uses the minimum MSE bandwidth formula of Qu and Yoon
(2015), while treating xo as an interior point. This leads to

1/5
* K (v)*dv
hno5 = oo K ) R n=15, (S.1)
443 Fx (w0) fypx (0.5]ao)? (2R3

The densities fx (w0) and fy|x (0.5wg) are estimated as follows. The marginal density estimate
is fX(:c()) = (nhy) 13" | K ((z; — 20)/hs), where hy is a bandwidth parameter. The conditional
density estimate is

Frix (2lzo) = / th (= — )/ hye) dE (y]0), (52)

where hy, is another bandwidth parameter, and F(y|zo) = sup{r € (0,1)|Q(r]zo) < y} is the
inverse function of Q(7|xg), which is the estimated conditional quantile with the cross validation
bandwidth. To implement (S.2), we draw samples from F(y|zo) and apply the kernel density
estimator to the sample with kernel K(-) and bandwidth h,,. In practice, the bandwidth h, is
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set to ZEW, with ﬁyx and h, being the bandwidths determined using Silverman’s rule of thumb
formula. Finally, the second-order derivative 82Q(0.5|z0)/0z? is estimated using the local cubic
median regression. Its bandwidth will be set to 1.0 throughout the simulations (note that, in this
case, the support of 2 is [—1,1]). We denote the resulting bandwidth by /™.

The fourth bandwidth selector also uses the formula of Qu and Yoon (2015), but treats xo as a
boundary point. This leads to the following bandwidth for Q(0.5|z7) :

1/5
UNTIMN=Yy —1/5

n
2 7820(0.5)z)\ 2
4fx (z0) fyix (0.5]z7) (%) (1, N-1L)?

hjz,us) = (S.3)

where ¢; = (1 0)’, N and M are 2-by-2 matrices with the (, j)th elements given by [~ w7/ 2K (u) du
and [ w2 K (u)?du and L = | JoS uK (w)du [ u?K (u)du]’. In the implementation, the
derivative 02Q(0.5|z¢)/02? is estimated in the same way as for the third bandwidth selector, but
now uses only observations on the right side of xg. The MSE optimal bandwidth for estimating
Q(0.5]|z ) satisfies the same expression as (S.3), but with ffoo replacing fooo and z, replacing z7 .
The one-sided conditional density fy|x (0.5|a:ar ) uses the same formula as in (S.2), except that
F(y\azo) is replaced by F(y|x6r), which is computed by inverting Q(T|$6r) Finally, after obtaining
estimates for h;rjo_f) and h;oﬁ, we use the smaller of the two to implement the tests. The moti-
vation is that using a smaller bandwidth, although sacrificing some efficiency, will not erroneously
introduce a large bias. We denote the bandwidth by h%ﬁl};' .

The fifth bandwidth selector is an adaptation of the Imbens and Kalyanaraman (2012) se-
lector from the conditional mean to the conditional quantile setting. Instead of minimizing the
MSEs associated with the conditional mean functions, Imbens and Kalyanaraman (2012) suggested
minimizing the MSE associated with estimating their difference. For quantile treatment effects,
calculations lead to the following bandwidth formula:

1 A—1 1 1 1 Mo
s NN (e fyx<o.5|2wa>2) s
4 (yN=1L)? fx (x0) <(82QS§§'“3) — 62Qg$|xa)) +(r_ + r+)>

where r; and 7_ are regularization terms that equal three times the variances of 92Q(0.5|x]) /0>
and 82(2(0.5]305 )/0z?%, respectively. Their purpose is to stabilize the bandwidth in situations where
the second-order derivatives do not change at zg, or when they are imprecisely estimated. The
quantities 7— and r; depend on the following three factors for obtaining 82(:2(0.5|x6r) /0x? and
9?Q(0.5|zy)/d2>: the order of the local regressions, the kernel used, and the bandwidths. In

simulations, we consider local quadratic regressions, the Epanechnikov kernel, and the bandwidth
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hy = 0.5. This leads to o
.3 BNTIMN=L,

= i 7

nhy fyix (0.5)23)7 fx (o)
where 13 = (0 0 1)’, and N and M are 3-by-3 matrices, with the (i,7)-th elements given by
JoZ w2 K (u) du and [ w72 K (u)?*du. The expression of 7~ is the same as (S.5), but with

fi)oo and z, replacing fooo and a:bF , respectively. In the implementation, we rewrite (S.5) as

(S.5)

3t (fx (20) N) " [fx (w0) M] (fx (o) N) "o
nh?" fy|X (05‘:133_)2

Then, the relevant quantities can be estimated using (nh,)~! Yo ZZ-JZZ(’TdiKi,., —P fx (zo) N and
(nhy)~130 21-7721’»7TdiKi277 —P fx (x9) M. We denote the bandwidth by hif_. We also experiment
with estimating 02Q(0.5|z§)/0z% and 02Q(0.5|zy)/0z? using local cubic rather than quadratic
regressions. Then, (r_ + ) tends to take on substantially higher values than when using the local
quadratic regression, often dominating the term [02Q(0.5|z{)/0x* — 82Q(0.5]:c5)/8x2]2. For this
reason, we choose to use the quadratic regressions in the simulations and the empirical application.

Among the five selections, hfﬂ and hﬁl’"‘i are consistent with the principle of the score test
because they impose the null hypothesis of no treatment effects. In addition, hy’., h%cf.lr’ , and hiLk’T
are consistent with the principle of the Wald test. We use these pairings in the experimentations.

Finally, when implementing the tests with the bias estimation, we need additional bandwidth
parameters for the regressions in (12). Motivated by the results in Calonico, Cattaneo, and Titiunik
(2014), we let these equal the bandwidths for the local linear regressions (i.e., b, = hy » for all

7 € T) throughout the experimentations.

S.2 Hypothesis tests and confidence bands related to (5d(T)

This subsection shows how to test the hypotheses and to construct uniform confidence bands for
6(7). For any of the three specifications of §¢() in Section 2, let d;(7) denote the quantity inside
the first parentheses and d3(7) be the quantity inside the second parentheses. Then,

5d(7) = 01(1) — d2(7).

The three null hypotheses of interest are: (i) H} : §%(7) = 0 for any 7 € T; (ii) HZ : 6%(7) = ¢ for
some ¢ € R for all 7 € T; and (iii) H3 : §%(7) > 0 for all 7 € 7. Let ny and ny be the sample
sizes, and hy, ; and hy, ; be the bandwidths when estimating §1(7) and 82(7). Let fy|x ;(7]zg),
fyix,;(tlzg ), dj’j, and d_; (j = 1,2) be the respective conditional densities and biases. (In the case
with two cut-offs, interpret fy|X71(T‘x3_) as fy‘X(T‘.’IJS_) and fy|X72(T‘JJ8_) as fy‘X(T‘xf—).) Define

frix(Tlzo) = (frixa(Tleg) + frixa(Tleg) + fyixe(Tleg) + frixe(tlag ) /4.
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S.2.1 Testing hypotheses assuming continuous second-order derivatives at the cut-
offs

Define
— Ve Frclrian) (5a(r) — 52())

and consider the following test statistics.
For HY : WS4 (T) = sup ‘Wd

Te€T
by 7 i
Wi(r) — \/ﬁfﬂx(ﬂ%) / Wi (r)dr
Jser V/11hay s Sy x (slo)ds

fwﬁ:wﬁm:mlmmKQMm.
T€T

For H: : WHY(T) = sup
TeT

I

To present the limiting distributions of the test statistics, let GL(7) (j = 1,2) be two mutually
independent Gaussian processes that are the limits of

n

1
Ix.j(x0)\/mjhn; + ;

where _fT 7 _l . and K; - ; are computed with bandwidth Ay, . Let k(7) be the quantity defined

in the Proposition below and G%(7) = GL(1) — (7)G2(7).

fyix(Tlzo) fyix(Tlzo) __
T—1 0))y 75,4 — 75 (L—di) p Kirj,
( (ui(r) £0)) {fY|X,j(T|x(J]r) v fyixj(tlzg) ( )} i

Proposition 3 Assume the conditions in Lemma 2 hold for j=1,2 with 9*Q(r|z{)/02* = 0*Q(7|zy ) /Ox?
for all T € T. Assume \/nihn, +/\/N2hnyr — K(7) > 0. Then:

1. Under 6%(1) =0 for all 7 € T, WS (T) = sup,cr |Gd(T)] .
2. Under 6%(7) =6 for all T € T for some § € R,

Gd _ \/ny‘x(TL’IJO) Gd J
*(T) fSET \/TMTwaX(S’CL“o)dS/T *(T) T

3. Under the least favorable null hypothesis of 3%(1) = 0 for all T € T,

WHZ(T) = sup
TeT

WAL (T) = sup |1 (G;{(T) < o) fo(T)‘ .
TeT

S.2.2 Testing hypotheses allowing discontinuous second-order derivatives at the cut-
offs

Define
W) = \/nihn, - fY\X (T|zo) (51( ) = da(1) — h, r(d:—r,l Cz 1)+ hy, T(d:—r,z - d;,Z)) )

S5-5



where di j and d; ; are estimated with local quadratic regressions with bandwidth A, » (j = 1,2).

The tests are:

)

NS
For HZ : WHR (T) = sup |WR4(r) — M7 fyix (7o) / WA (7)dr
T€T

7T e Vil s fyx (slzo)ds

For HY = WAR(T) = sup|1 (W, (r) < 0) w(r)
TeT

For HY : WskRd(T) :Sup’Wf’d(T)
T€T

9

Let G (1) (j=1,2) be two independent copies of GE(7); see (15) in Section 5.2. Note that in
G2 (1), the bandwidth is equal to hp; 7. Define Gy = GEY(r) — k(1) GEA (7).

Proposition 4 Let the conditions in Lemma 2 and Lemma 3 hold for j=1,2. Assume \/nl hnw/\/nghn%T —
k(1) > 0. Then:

1. Under 8(7) =0 for all 7 € T, WS (T) — SUp,eT ‘Gf’d(T)‘ =op(1).
2. Under 6(t) =0 for all T € T for some § € R,

h‘nTA
GH(r) - Wf{lx(leo) / .
Jocr V/hnsfyix(slzo)ds JreT

3. Under the least favorable null hypothesis of 6(7) =0 for all T € T,

WHEA(T) — sup
T€T

=op(1).

W AR (T) — sup |1 (Gfﬁd(T) < o) Gfﬁd(T)( = 0,(1).
TeT

The relevant critical values can be obtained using simulations.

S.2.3 Uniform confidence bands for §¢(7)

A uniform band can be obtained by inverting the Wald tests for the hypothesis H}. In the case
with continuous second-order derivatives, let cg be the (1 — p) percentile of the distribution of

sup,e7 |G4(7)|. The confidence band for 6%(7) is then given by

A A cd

01(1) —0a(7) £ ; .
1) =0l & e o)

When discontinuous second-order derivatives are allowed, let cﬁ 4 he the (1 — p) percentile of the

distribution of sup, s ‘Gf’d(’i')’. The uniform band is given by

R,d
7 73— g G C
51 (T) o 52(7—) B hzllﬂ'(di_,l - dT,l) + hiz,’r(di_Q - dT,Q P

+ = .
) v nlhn1,TfY|X(T’x0)
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S.3 Wald tests assuming 9’Q(7|zJ)/0x? = 0?°Q(7|xy)/0x?
Define
Wi (1) = /nhu 7 fy x (T|20)3(7), (S.6)

Treatment significance. This hypothesis can be tested using a Kolmogorov—Smirnov-type test:

WSp (T) = sup |[Wy(7)].
TeT

Treatment homogeneity. This hypothesis can be tested by measuring the deviation of W, (1)

from the average of W,,(7) over 7 :

\/mfnx(ﬂﬂ?o)
WHy (T) = sup | Wy (1) — —— / Wy (T)dr| .
TeT Jser \/TTmswa(S\xo)ds reT

Treatment unambiguity. To test this hypothesis, we determine whether the treatment can be

detrimental at some unknown quantiles, using

WAL (T) = fggll (Wh(7) < 0) Wi(T)].

Let G1(7) be a zero-mean continuous Gaussian process with a covariance function that satisfies

§) = (tAs—ts) oo . u KA
E[G1(t)G1(s)] e Geo) i r — (TP (e (o) /_OO H(t)H(s)K (R(t)> K (a(:;)) js ,7)
where
7) = M S R T u _M o u ) i
= frix(Tlag) <H2 <’f(7)> & > I(u=0) fyix(Tlazg) (MZ (m(7)> Ml) (1= 1{u=z0)).

Proposition 5 Assume the same conditions as in Lemma 2 hold, with 9*Q(7|xg)/02*=0*Q(7|xy ) /0x*

for oll T € T. Then:

1. Under 6(1) =0 for all 7€ T, WS, (T) = sup,e7 |G1(7)].

2. Under 6(t) =6 for all T € T for some § € R,

/'l fyix(Tlo)
Wl (1) = o G () = e Fy i sl )ds /TG“TW

3. Under the least favorable null hypothesis of 6(t) = 0 for all T € T (this is explained in the

proof),

WA, (T) = sgg |1(G1(7) <0)Gyi(7)].
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Proof of Proposition 5. In all three results, the effects are homogeneous across quantiles. This

implies fy, x(tlzd) = fyix(7]zy ) and, consequently,

(2d; — Dy — (Lh‘“) Ty

T

WhelT) = ) <0)) K+ op(1).

x(20) mz“

The results then follow from the same arguments as in the proof of Proposition 1. For Case 3,

pdud — (ui)?

the reason why "0(7) = 0 for all 7 € 7 " is the least favorable null for the treatment unambiguity
hypothesis is as follows. Define M (71 \/Mfﬂ x(7|z0)d(7). Then, for any 0(7) satisfying the
null hypothesis (i.e., §(7) > 0 for all 7 € T), the following two inequalities always hold because
M(7) > 0:

[1(Wa(T) < 0) Wa(7)]

A
=
=
S
IA
=

(7)
< 1 (Wa(r) = M(7) < 0) (Wa(r) — M(7))]. (S.8)

The term W, (1) — M(7) is equal to W), o(7), defined in (14). Therefore, it satisfies the approx-
imation given in Lemma 2 for any 6(7) > 0. As a result, the supremum of (S.8) converges to
sup,e7 |1 (G1(7) < 0)G1(7)| under §(7) > 0. This shows that the test may be conservative if
d(T) > 0 but §(7) is not always zero. The test will not over-reject the null hypothesis. This

completes the proof.

S.4 Local asymptotic power analysis

The local alternatives are specified as follows. When testing for the treatment significance and

unambiguity hypotheses, let
Q(rlzg) = Q(rlag) = (nhn) ™" ?n(), (S.9)
with |[n(7)] < 400 for all 7 € 7. When testing for the treatment homogeneity hypothesis, let
Q(rlzg) = Q(rlag) = & + (nhn) ™" ?n(7), (S.10)

with |0] < 400 and |n(7)| < 400 for all 7 € 7 . The bandwidth h,, satisfies Assumption (5). The

quantities § and 7n(7) are fixed as n — oc.

Proposition 6 Assume the same conditions as in Lemma 2 hold with 0*Q(t|xg)/0x? = 8?Q(t|xy )/0x?
forall T €T. Let

G1(7) = G1(1) + () fy x (7|0 )n(7),

where ¢(7) is defined in Assumption (5). Then:
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pg g —(uf)? ~
1. Under (5.9), Rn (T) = fx(mo) { 555 supTeT\Gl(T)\-

2. Under (5.9), WS, (T) = sup,er |G1(7)]

3. Under (S.10),

WH, (T) = sup
TeT

~ Vb fyix (T]20) =~
Gi(r) — G(m)dr|.
1( ) fseT iV, nhn,sz\X(8|$0)d3 /T 1( )

4. Under (S.9) with n(1) <0 for all T €T,

WAL (T) = sup|1 (Ga(r) <0) Ga(r).
Te€T
The proof uses the same arguments as that of Lemmas 1 and 2. It is omitted. Interestingly,
the first two results show that the score and Wald tests for the treatment significance hypothesis
have the same local asymptotic power against the sequence (S.9). This follows after noting that,
under the null hypothesis, their covariance functions satisfy
+,+ +)2
po ks — (1)
2u3

2
E(G(t)G(s)) = fx(z0)? ( ) E(G1(t)G1(s))-

In addition, the four results show that the tests can have nontrivial power against alternatives of
order (nh,)~%/2. Finally, what matters for power is not only the difference Q(7|z{) — Q(7|zy ), but
also the conditional density and the bandwidth. Everything else being equal, the power is higher

if the departure from the null occurs in a dense region or at a place where the bandwidth is wider.

S.5 Proofs of results in the paper

Proof of Lemma 1. For any a(7) € R and 8(7) € R, define
9Q(7|zo)

eil(T) = Q(tlzo) + (z; — x0) 0w Q(7|zs),
0‘(7-) - Q(T|l‘0) ’ ( XT; — :Bo)
= hn T d i 1’ .
I P e A

Applying (7), we can write
wi (1) = ud(1) — €(7) — (nhp) 22 (7).

1, T

Consequently,

Ry (1) = (nhn,f)_1/2 Z {T - 1[“?(7—) < (nhn,‘r)_l/sz{,T(b(T) + 61(7_)]} diKi -
1=1
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To establish the asymptotic property of R, (7), we need to analyze both the effect of the para-

meter estimation and that of the local linear approximation. To this end, define

Su (1, 8(7), i (7)) = (nhn7) I/QZ{ [u0(7) < (nho )2l 0(7) + (7))
= 1 |ud(7) < (nhor) 22 0(7) + €i(7)] | diKir.

Let &(7‘) and Sy, (T, (Aﬁ(T), ei (1)) equal ¢(7) and Sy, (1,6(7),e; (7)), but evaluated at &(7) and B(T)
Then, by adding and subtracting terms:

Ru(r) = S, (r,0,0) (Term 1)
+ {8, (1,0,€; (1)) — Sy (7,0,0)} (Term 2)
H{Sn (7, 6(7), €i (7)) = S (7,0, €: (7))} (Term 3)

+(hnr) 1/22{ 7) < € (1) + (nhnr) V22 6 (7 )‘xi)}diK,;,T (Term 4).

Term 1 depends only on the data generating process. Term 2 depends on the remainder term
from the local linear approximation. Terms 3 and 4 are affected by the parameter estimation.
By Theorems 2 and 3 in Qu and Yoon (2015), the inequality constraints (or rearrangement) have
no first-order effect on g?)(T) Therefore, we can treat qAb(T) as the estimator obtained by applying
quantile-by-quantile local linear regressions without imposing any constraints (or rearrangement).
Further, Qu and Yoon (2015, Step 1 in the proof of Theorem 1) show that Pr(sup,cs lp(T)|| <
log!/?(nhy.)) — 1. Therefore, it suffices to consider the set {¢(7) : [|¢(7)]| < log*?(nhy )} when
analyzing R, (7).

We study Terms 1 to 4 separately. By Lemma B.5 in Qu and Yoon (2015), sup, < ||(Term
2)|| = 0, (1) and sup, 7 ||(Term 3)|| = 0, (1).! Apply the mean value theorem:

(Term 4) = —(nhnr) 2> fyix @ilei) ei(7)diF - — (nh Z fyix (Yilwi) Ki r diz; T> (7)
i=1 T =1
= An,l(T) + An,2(7—)(}(7—)7

where ; lies between Q(7]x;) and Q(7]a;) + €;(7) + (nhd )~ 1724 <z5 To analyze Ay 1(7), note that

1 i =m0\ 2 0Q2
ei(T) = _§h721,7' <xh m0> 8@8(;'2\:50) + O(hiﬁ) uniformly over 7 € 7.

!Lemma B.5 focuses on Term 3 while establishing the order of Term 2 as an intermediate result; see the second
term on the right-hand side of (B.8) on page 18.
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Therefore, uniformly over 7 € 7T,

1 0?2 T 2
Ana(r) = §(nh?m)1/2 %(;‘ 0 { Z Fyix (il ) < > diK@-,T}+op(1)

n

1 0%Q(r|x 1 Ti— T 2
= Q(nhij)l/z(f)(xg‘o)fyx(ﬂxo){nh Z( ; 0) diKz',T}+op(1)

)

where the second equality holds because x; is in a vanishing neighborhood of zg, and the third equal-
ity is by the uniform law of large numbers. By similar arguments, A, 2(7) = — fy|x (7]z0) fx (z0)( 773
pi) + op(1). Finally, for ¢(7), apply Theorem 1 of Qu and Yoon (2015, see (A4) on page 15):

R 1 1 0

- hnT 2 i K r
¢ (7) fyix (tlxo) fx (zo) \ ¢ ! { (n Z ) <0)) zi K,

L b (rlao) fxag) DGR (12 ) R o ),
H3

The results for A, 1(7), Ap2(7), and @(7) jointly imply, uniformly over 7 € 7 :

Ap ()

+ Ana(7)$ (1)
= nh‘?’LT Z(

Combining the results for Terms 1 to 4, we have

+ -
R,(t) = (nhnz) 1/22 (1= 1(u <0)) <d‘—u3_—ul($lh $0>>Ki,r

Mo
002 (1|x +
\Mmmhmﬂmfxm)Q(‘th %M212T>+%0W

Because the kernel is symmetric, pg = 0, g = 1/2 and pg = 0.515. As avesult, ug —pugd 10— “1 “3 =

0. This completes the proof.

Proof of Proposition 1. It suffices to consider the leading term on the right-hand side in Lemma
1. For any fixed 7 € 7, this term satisfies the central limit theorem. Its stochastic equicontinuity
with respect to 7 is implied by Lemma B3 in Qu and Yoon (2015). The result follows because the

supremum operator is continuous when taken over a compact set.
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Proof of Lemma 2. By Theorem 1 in Qu and Yoon (2015),

whay (QUrlg) = Q(rla)) (S.11)
/Nil hnT -1/ TL— -1 9 <0 dz iTKiT
— nh% de—- (n ) ) Zl—l (T (u:_(7—> — )) Z7 5 + Op (1)’
fx (@) fyix (T]2g)
where 11 = (1,0),u € R,u = (1,u'),d}f = 5./ N~ 12 Q(ﬂxo) JoS vw?uK (u) du, and N = [° ui' K (u) du.
Because 4y N1 = (ug g — (,uf)2)_1[,u§r —pui], the ﬁrst term on the right side of (S.11) is equal
to
2( w)? = s
gy — (mf)
while the second term is equal to
(Rhnr) Y2 (1 = 1(u)(r) <0)) B, diK; (5.13)
fx (@) fyix (T]=g) . .
Applying the same arguments to Q(7|zy ), we have
N2
At e _ 0Q*(1lzg) (hg)” — pip
T (Qrla) — QUrlep)) = 3, 2Ll (b2 ) i 5.14)
v po iy — (py)
(nhnr) 2500 (7 = 1(u(7) < 0) E (1 — di) Kir
+ = +op(1).
fx (v) fY\X (T|9Co)

Combining (S.12), (S.13) and (S.14) leads to the desired result.
Proof of Lemma 3. It suffices to show that ,/nbj <a?i — di) = D5 (1) + 0, (1) uniformly over
7 € 7. The proof is similar to that of Lemma 1. To reflect this, we define the notation analogously.

Let

G(r) = yi—at (1) = (@ — 2)BH(F) — (2 — 2)>yH(7),
+ 2 +
ci(r) = [QCrlaf) + (o —o0) XTI — (o — g 2T (o1,
ot (7) — Q(rlag) 1
o) = Vs | bur(BF(r) = 2GED) | and 2, = | (@i — o) bus
by, -(YH(7) = %aQZB(;i”” 5 (s — 20)2/b2

Define
Sn (r0(r),& (1)) = (nby) 1/22{ (7)< (o) 7V22],0(7) + il )M
-1 [u?(r) < (nbnﬁ)*l/zill-’;(r) + éi(T)} } diKi r.
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Note that €; (1) satisfies

_ 1 (2 —2\° PQr|zd) 5 3
() = =30 ( b > 53 by, +o(by,). (S.15)

Let 2(7) equal ¢(7), but with a™(7), 37(7), and 4+ (7) replaced by the estimates from the local

quadratic regression. Applying the subgradient condition, we have

(nby) 1/22 [ ) < (nbnr)~ 1725 zl <;5( )+e7;(7')]}dif(i,f = op(1)
uniformly over 7 € 7. This implies

{8 (7,6(7), & (7)) = S (7,0, (7))} (S.16)
+{S, (1,0,&; (1)) — S, (1,0,0)} + S, (1,0,0)

b)Y {7 = PO(r) < (1) + (b)Y 6 (7)| 20) } iz K = 0,(1),

i=1
The terms in the first two curly brackets are o, (1) uniformly. Applying a first-order Taylor expan-

sion to the last term, we obtain:

)12 Z fyix (Filwi) éi (1) diZi 7 Ki 7 —(nby,)~Y2(nby, ) ~Y/2 (Z fyix (Filwi) diKi,TZ@TZZ(’T) o(7),
i=1

i=1
where 7j; lies between Q(7|x;) and Q(7|x;)+e;(1)+(nby, )~ /2d;z, qb( ). As a result,
o) = (fvix (7laf) fx (@) N*) ™
by \ /2
{ <bn T> Sy (7,0,0) — (nbnr)~ 1/2 fyix 7'|$0 Zez ) diZ; TKZ } +o0p(1).

The term involving &;(7) is negligible because nb/, . = o(1). Therefore,

~

O(1) = (fyix (7]28) fx (@) NY) 7 (ba/bnr) /2 8, (7,0,0) + 0, (1) .

Multiplying both sides by I't§ leads to the desired result.

Proof of Proposition 2. By Lemma 2 and Lemma 3,
Wi (r) = GIH(7) + 0, (1)

uniformly over 7. Then, the proof can be completed by applying the same arguments as those in
the proof of Proposition 1.
Proof of the validity of the procedure in Remark 2. The proof is given in four steps,

using similar arguments as in Politis and Romano (1994) and Hahn (1995). It allows for two
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possible bandwidth sequences: (i) by, r/hn r — oo for all 7 € 7. This corresponds to using a larger
bandwidth for the local quadratic regression than the local linear regression. (ii) by r/hn > = r(7)
with 0 < 7(7) < oo for all 7 € 7. This corresponds to using a comparable bandwidth for the
local quadratic relative to the local linear regression. Note that under the three null hypotheses,
fyix (Tlzd) = frix (7lzd) = fyix (7]zo).

Step 1. We verify that GE(1) converges weakly to a continuous Gaussian process over T under
both bandwidth sequences.

Under bandwidth sequence ( nhj . /\/nb3 ) (D3 (1) — Dy (7)) converges weakly to 0 over
7 € 7. Therefore,

GH(7) = fyx(7l20){Dy (7) = Dy (1)} + 0,(1) = Gi(7) over 7 € 7,

where G1(7) is the Gaussian process defined in (S.7).
Under bandwidth sequence (ii), the limit of fy‘X(T|$0)(D+ (1) — Dy (7)) is still given by G1(7).
The limit of fy‘X (Tlzo)(y/nh -/ /nb ) (D3 (1) — Dy (7)), denoted by Ga(7), is a zero-mean

Gaussian process with covariance functlon

N (tAs—ts)[? > . u u "
) = O ()2 /_oo B Ha{e)K </~@(t)> . </~e(s)> .
where )

o) = |15 | ) = b (0) = b s
and

= fY|X(7'|1‘0) VH) - 17(u _ fY\X(7'|9CO) V-1 (1 - I(u -
Ha(7) g{leX ey Yz 0) = Ry - 1 20>)}g< )
Therefore,

GE(1) = G1(1) — Go(7) over T € T.

Step 2. Denote the simulated version of GE(r) by 5’5(7’) We prove that, if some convergences
hold, then SE(T) converges weakly to the same Gaussian process as given in Step 1, conditionally
on the original observations.

We first establish some general results, and then apply them to the two bandwidth sequences

(i) and (ii). It is useful to write out the expression of S2(7) explicitly:

SE(r) = [S] () = S; (1] - 85 (1) — 85 (7)],
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where

5 fY|X(T\SUO)fX (20)

S (r) = i St (1), S.17
0 = ST (517)

nhd _ ¢

St(r) = )5/2 T AY|X(T‘5U0)f)A( (o) (1),
S = o o Fone 18] Fr o) (r)

) = (nhnr) 2 S0 (1 = 1w — 7 < 0))E] diK,
T fx (wo) ’

Sy(r) = T(T)_5/2FL3(N+)_1(nbnvf)_m o T — L uy —7 < 0)} diZi - Ki 7

fx (wo) ’

and §f (1) and §5 (1) are defined in the same way as :S”\fr (1) and §2+ (1), except using observations
on the left side of the cut-off. The parameter r(7) is defined only under bandwidth sequence (ii).
It can be set to any finite positive value under bandwidth sequence (i).

For now, assume the following three convergences hold for the sample sequence (1, y1), (22, y2), ... :
(C1) fyx(tlzg) — fyix(tlzd), frix(Tlzg) — frix(Tlzy), and fyx(r]z0) — fy|x(7|zo) uni-
formly over 7 € 7. In addition, fx (x0) — fx (x0).
(C2) For any t,s € T,

tAs—ts o= (B diKis — Z,(1 — di) Kig)(Ef (diK; s — 2 ,(1 — di) Ky )
n (hn,thn,s>1/2 i=1 Ix ($0)2

— E[G1(t)G1(s)]

(C3) Under bandwidth sequence (ii), for any ¢,s € T,

S—1s — 2 _ _
_tAs—ts { r G (V)N — (V)7 (1— dy)]
=1

)1/2 r(t)5/2r(s)5/2 fx (o)
530Kt K7, [(N D) = (V) 7M1= d)] 13} — B [Ga()Gals)].

n (bn,tbn,s

We claim that, for every sequence (z1,y1), (z2,y2), ... that satisfies (C1)-(C3), the following two

results always hold:

(R1) The process Si (1) — Sy (), conditional on (z1,v1), (22,%2), -+, (Tn, Yn), converges weakly to
G1(T) over 7.

(R2) Under bandwidth sequence (ii), the process Sy (7)—S; (7), conditional on (z1,41), (¥2,y2), -,

(Tn,Yn), converges weakly to Ga(7) over 7.
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Claim (R1) can be proved as below. First, the finite dimensional convergence of Si" (1) — Sy (7)
follows by applying the Cramer-Wold device conditionally, and then applying (C2). Note that the
left-hand side of (C2) equals the covariance of S; (¢) and S; (s), conditional on (z1, 1), (22, %2), s (Tn, Yn)-
Second, the stochastic equicontinuity of Si” (1) — S| (7) can be verified by applying the arguments
in Lemma B.3 in Qu and Yoon (2015) conditionally, and then applying (C2). Claim (R1) then
follows by combining these two results. Claim (R2) can be proved in the same way, using the
condition (C3) instead of (C2).

Now, we apply (C1)—(C3) and (R1)—(R2) to the two bandwidth sequences. Under bandwidth
sequence (i), (C1) and (R2) imply §; (1) — §2_ (1) converges weakly to 0 conditionally. Further,
(C1) and (R1) imply §f (1) — §1_ (7) converges weakly to G (7) conditionally. Therefore, GE(7)
converges weakly to G1(7), conditional on (1, 1), (z2,%2), .., (Tn, yn). Under bandwidth sequence
(ii), (C1) and (R2) imply §;r (7‘)—3\5 (1) converges weakly to G2(7) conditionally. Further, (C1) and
(R1) imply §f (1) — §1_ (1) converges weakly to G1(7) conditionally. Therefore, GE(7) converges
weakly to G1(7) — G2(T), conditional on (z1,y1), (Z2,Y2), -, (Tn, Yn)-

Step 3. We show that (C1)— (C3) hold in probability for the original sample sequence (x1,y1), (x2,Y2), ....

For (C1), fy|X(T|$8_) 2 fy|X(T‘Jfa_) uniformly over 7, because W(Q(T!m?{) - Q(rlzg)) =
O, (1) uniformly over 7, see (11). Similarly, fy|X(T’(Ea) it fyix(7|zy ) uniformly over 7. By the
continuous mapping theorem, fy|x(7|xo) converges in probability to fy|x(7|wo) uniformly over 7.
Finally, fx (z0) —” fx (zo) because fx (z¢) is a standard kernel density estimator.

To prove (C2), it suffices to verify that the expectation of the left-hand side of (C2) converges
to F[G1(t)G1(s)], and that its variance converges to 0. Because the summands are i.i.d., the

expectation of the left hand side is equal to

tAs—ts { (EfdiKir — 2, (1 = di) Kig) (5, di K s — 2 (1 — di) K 6) }

S.18
(hn,thn,s)1/2 fX (.’17())2 ( )

Consider the following component of (S.18):

tAs—ts E:,rtdiKi,tE;S(l —di)Ki s
(hn,thn,s)l/2 fX (1'0)2

tANs—ts ° T —x
(hn,thn,s) / fX ({1;‘0) <:u’8—:u’;— — (/1’1'_) ) —00 n,t

k(52 (= (520) i) 0= 1wz ) & (522 f(odde

Let w = (z — x0)/hno.5 and apply the mean value theorem. Then, the preceding display converges
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to

tANs—ts 1SS L L . )
Ix (o) (g pg — (Mf)2)2 (/ﬁ;(t)n(s))l/Q /_Oo <M2 (/i(t)) M1> I(u>0) (S.19)

) () )

The remaining components of (S.18) can be analyzed in the same way. Combining these results, it
follows that (S.18) converges to E [G1(t)G1(s)]. To show the variance of the left hand side of (C2)

converges to zero, it is sufficient to prove that
t /\ s —ts)? Z Z =, td Ky —E,(1— di)Kz’,t)(E;;diKi,s - 51 -d)Kis)
thns it fX (xo)z

<( dKJt g t(l_dj)K )( dKJs_E,s(l_dj)Kj,S)>
X
Ix (560)2

— (E[G1(t)G1(9)])?,

which holds because of the arguments (S.18)-(S.19), the independence of the summands when ¢ # 7,
and nhy, 05 — 00. The convergence in (C3) holds for the same reason as that in (C2); the detail is
omitted.

Step 4. We apply a subsequence argument to show that the simulation procedure is weakly
consistent.

First, from Step 3, any subsequence of (z1, 1), (z2,%2), ... contains a further subsequence, such
that (C1)—(C3) holds with probability 1, by Theorem 20.5 in Billingsley (1986). Second, from
Step 2, conditional on any of such further subsequence, the simulated process S’f‘(T) converges
weakly to the same limit as Gf(7) does. Therefore, 5’5(7‘), conditional on the original sequence
(z1,v1), (2,Y2), -, (Tn, Yn), converges weakly to the desired limit in probability. This implies that

the simulation procedure is weakly consistent.

S.6 Additional simulation results

This subsection considers three issues. First, it compares the power of the score and Wald tests
under an ideal simulation setting. Second, it evaluates the effect of estimating the conditional
density on the size of the Wald tests. Third, it reports the rejection rates at the 5% nominal level

for Models 1—4 considered in Section 8.

Power comparison. Tests may display different power if they use distinct bandwidths or differ-
ent bias correction methods. To exclude such effects, we compare the score test and the Wald test
for the treatment significance hypothesis using the same bandwidth without bias estimation. The

sample size is 1000 and the bandwidth at the median is 0.4. The data generating processes are
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Models 1 and 2. The rejection frequencies at the 10% level are reported in Table Al. The values
are comparable between the two tests for all the cases considered. This confirms the results from

the local power analysis.

Conditional density estimation. Section 8 documents that the Wald tests have less stable
size properties compared to those of the score test, especially when the sample size is small. Here,
we examine the extent to which this is because the Wald tests require estimating the conditional
density. We repeat the same procedures as in Section 8, but using the true conditional densities
instead of the estimated densities. The data generating processes are Models 1 and 2 for which all
three tests are valid. The sample size is n = 500 and the nominal level is 10%. Table A2 shows
the results. Compared with Tables 2—4, the values are now consistently close to the nominal level.
They are also comparable to those of the score test. Therefore, estimating conditional densities

accounts for most of the size distortions in small samples.

Empirical sizes at the 5% nominal level. Section 8 only reports sizes at the 10% level. To
complement these results, here we also report the sizes the 5% level. The results are shown in
Tables A3—A6. Overall, the same patterns as in Tables 2—4 and 9 are observed. The conclusions

therefore remain the same.
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Table Al: Power of Score and Wald tests using the same bandwidth (10%).

Test Model 1 Model 2

c,=0.3 1| 0.6 1.0 2.0 cp,=0.3 | 0.6 1.0 2.0
Score || 0.265 | 0.663 | 0.948 | 1.000 || 0.386 | 0.741 | 0.975 | 1.000
Wald || 0.293 | 0.648 | 0.922 | 1.000 || 0.336 | 0.693 | 0.941 | 1.000

Empirical rejection frequencies based on 2000 repetitions. The sample size n = 1000 and
the bandwidth at the median is fixed at 0.4.

Table A2: The Size of Wald tests using true conditional density functions (10%).

Methods Model 1 Model 2
TS [ TH [ TU | TS | TH | TU

Wald

hev, 0.102 | 0.108 | 0.104 | 0.101 | 0.101 | 0.076
hbdy 0.105 | 0.100 | 0.111 || 0.110 | 0.096 | 0.090
hik, 0.105 | 0.106 | 0.106 | 0.102 | 0.098 | 0.102
Wald Robust

o, 0.094 | 0.094 | 0.098 | 0.094 | 0.089 | 0.097
hbdy 0.090 | 0.090 | 0.092 | 0.094 | 0.076 | 0.100
hik, 0.096 | 0.081 | 0.098 || 0.100 | 0.074 | 0.096
Wald Robust EC

o 0.106 | 0.100 | 0.098 || 0.100 | 0.090 | 0.103
how 0.103 | 0.096 | 0.106 || 0.108 | 0.082 | 0.104
hik, 0.100 | 0.096 | 0.102 | 0.100 | 0.090 | 0.102

Empirical rejection frequencies based on 2000 repetitions. The sample size is n = 500. TS,
TH, and TU stand for the treatment significance/homogeneity /unambiguity hypotheses.



Table A3: The Size of Tests for the Treatment Significance Hypothesis (Models 1 & 2).

Tests Model 1 Model 2
n=500 | n=1000 | n=2000 || n=500 | n=1000 | n=2000
Score
h&vi 0.054 | 0.042 | 0.048 | 0.057 | 0.050 | 0.048
hind 0.054 | 0.058 | 0.056 || 0.062 | 0.062 | 0.058
Wald
hes 0.090 | 0.067 | 0.056 | 0.098 | 0.094 | 0.072
ot 0.101 | 0.074 | 0.058 | 0.116 | 0.084 | 0.062
hiks 0.130 | 0.084 | 0.059 | 0.132 | 0.092 | 0.061
‘Wald Robust
hevs 0.081 | 0.051 | 0.045 | 0.084 | 0.060 | 0.041
hot 0.085 | 0.059 | 0.042 | 0.091 | 0.062 | 0.042
hik. 0.102 | 0.074 | 0.042 | 0.109 | 0.074 | 0.040
Wald Robust EC
hevs 0.088 | 0.060 | 0.054 | 0.097 | 0.068 | 0.050
hot 0.094 | 0.064 | 0052 | 0.112 | 0.070 | 0.051
hik. 0.113 | 0.074 | 0.049 | 0.122 | 0.078 | 0.048

Note. The table reports rejection frequencies at the 5 percent nominal level based on
2000 replications. ”Wald”, ”Wald Robust” and ”Wald Robust EC” denote tests constructed
assuming a continuous second order derivative at the cutoff, allowing a discontinuous second
order derivative whose magnitude of discontinuity can vary freely across the quantiles, and
allowing a discontinuous second order derivative whose magnitude of discontinuity remains
constant across the quantiles. See the footnote of Table 1 in the main text for the definitions
of the bandwidth parameters.

Table A4: The Size of Tests for the Treatment Unambiguity Hypothesis (Models 1 & 2).

Tests Model 1 Model 2
n=500 | n=1000 | 1=2000 | n=500 [ n=1000 [ n=2000
Wald
o 0.086 | 0.052 | 0.046 | 0.062 | 0.044 | 0.031
hbdy 0.088 | 0.057 | 0.047 || 0.078 | 0.052 | 0.040
hik, 0.100 | 0.064 | 0.055 | 0.102 | 0.062 | 0.047
Wald Robust
o 0.070 | 0.049 | 0.040 | 0.064 | 0.046 | 0.037
hbdy 0.077 | 0.053 | 0.046 || 0.088 | 0.053 | 0.044
hik, 0.082 | 0.053 | 0.047 | 0.087 | 0.058 | 0.042
Wald Robust EC
05 0.078 | 0.054 | 0.052 | 0.078 | 0.052 | 0.044
hody 0.082 | 0.056 | 0.048 || 0.092 | 0.058 | 0.042
hik, 0.088 | 0.058 | 0.046 | 0.091 | 0.057 | 0.044

Note. The nominal level is 5 percent. See Table A3.



Table A5: The Size of Tests for the Treatment Homogeneity Hypothesis (Models 1 & 2).

Tests Model 1 Model 2
n=500 | n1=1000 | n1=2000 | n=500 [ n=1000 | n=2000
Wald
hevs 0.084 | 0.060 | 0.046 | 0.088 | 0.064 | 0.052
hoY 0.082 | 0.062 | 0.048 || 0.094 | 0.071 | 0.050
hiks 0.102 | 0.073 | 0.052 | 0.110 | 0.068 | 0.057
Wald Robust
o 0.077 | 0.049 | 0.042 | 0.077 | 0.048 | 0.038
oW 0.078 | 0.053 | 0.038 | 0.080 | 0.052 | 0.040
hiks 0.096 | 0.066 | 0.043 | 0.102 | 0.070 | 0.046
Wald Robust EC
e 0.072 | 0.053 | 0.042 | 0.074 | 0.056 | 0.044
oW 0.064 | 0.054 | 0.041 | 0.076 | 0.062 | 0.042
hiks 0.088 | 0.064 | 0.046 | 0.098 | 0.059 | 0.045

Note. The nominal level is 5 percent. See Table A3.



Table A6: The Size of Robust Tests in Models 3 & 4.

Tests Model 3 Model 4
n=500 [ n=1000 | n=2000 || n=500 [ n=1000 | n=2000
Treatment Significance:
Wald Robust
hg's 0.110 | 0.094 | 0.086 | 0.125 | 0.075 | 0.054
ho%y 0.106 | 0.063 | 0.042 | 0.124 | 0.060 | 0.046
hiks 0.110 | 0.062 | 0.055 | 0.105 | 0.058 | 0.036
Wald Robust EC
hg's 0123 | 0100 | 0.100 | 0.133 | 0.078 | 0.060
ho%y 0.122 | 0.072 | 0.051 || 0.136 | 0.079 | 0.060
hiks 0121 | 0.084 | 0.064 | 0.120 | 0.064 | 0.041
Treatment Unambiguity:
‘Wald Robust
hg’s 0.029 | 0.026 | 0.020 | 0.078 | 0.052 | 0.052
hot 0.048 | 0.038 | 0.028 | 0.076 | 0.050 | 0.048
hiks 0.052 | 0.036 | 0.018 | 0.066 | 0.036 | 0.031
Wald Robust EC
hg’s 0.032 | 0.027 | 0.019 | 0082 | 0.061 | 0.057
hot 0.047 | 0.046 | 0.034 | 0.083 | 0.056 | 0.048
hik 0.057 | 0.042 | 0.022 | 0.067 | 0.038 | 0.032
Treatment Homogeneity:
Wald Robust
e, 0.072 | 0.044 | 0.050 | 0.104 | 0.068 | 0.061
ho% 0.080 | 0.052 | 0.054 | 0.096 | 0.066 | 0.054
hils 0.080 | 0.048 | 0.050 || 0.077 | 0.066 | 0.044
Wald Robust EC
h&’s 0.068 | 0.052 | 0.048 || 0.098 | 0.082 | 0.064
hoty 0.088 | 0.052 | 0.060 | 0.100 | 0.074 | 0.058
hils 0.086 | 0.056 | 0.045 | 0.091 | 0.066 | 0.050

Note. The nominal level is 5 percent. See Table A3.
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