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A. Proof of Martingale Representation of /A\(, 0)

We begin by defining some basic quantities. Let

Qij(t,A) = I(Xio <1)Yy()R(S(Xio), S(t=), dio; 0;)S(t—),

0
Q) (6 A) = I(Xip < )Yij(t) 5-R(u, S(t-), 603 0)lu=s(x,0)S (1) S (Xio),

0
ou
—l—I(XZ'() < t)Y;j (t)R(S(Xlo), S(t—), 52‘0; 9j)5(25->,

QP A) = I(Xio < t)Yij() = R(S(Xi0), u, 8io; 07) [u—s(e—)S(t—)?

where S(t) = exp{—A(t)}. Note that the Q’s are also functions of #; but for simplic-
ity of presentation, we suppress 6 whenever there is no confusion. Furthermore, let
QtA) =n ' M Qi A), QU A) = n 1 ML QU (M), QP (¢, A) =

nt Y SM QP A) and N(t) = n ' 00 M [ (X < 5)Nij(ds).

In what follows, for a given random variable ;; depending only on the data on individual
ij, we denote E¥{&;} = (1 — a)E{&;|00 = 0} + aE{&;|d0 = 1}. Due to condition
C4 and the strong law of large numbers, the above functions converge uniformly in ¢

and 0 to q(t) = E¥{Qy(t,\)}, ¢V (t) = EH{QY (t, M)}, ¢®(t) = E#{Q{)(t, A)} and
n(t) = E#{fg I(Xzo < S)Nij (ds)}, respectively. Let Mij (dt) = Nij (dt) _}/ij (t)R(S(XlD),

S(t—), 51‘0; 0]) S(t—)A(dt, 9), where A(t, 0) = fg E#{R(S(Xio), S(t—), 6@'03 Hoj)S(t—)}/
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E#{R(S(Xi0),S(t—), 0i0;0;)S(t—)}A(ds) and 8y = (fo1,---,00m) is the true value of

0= (01,...,0). Clearly, A(t,00) = A(t). Now we can write the first stage estimator as

A(t,0) — A(t,0)

_ ! % >ic1 Z]]Vil I(Xio < s)M;j(ds) t 1 1 -
b Qs 4) <] Y R
~ Lo Z]]Vi1 I(Xio < s)M;j(ds)
0 Q(s,A)
ey M QY (s, M {A(Xi0,0) — A(Xio, 0)} _
+ Q(s, A)? N(ds)

/ Q) a A2 ) (R(s—.,0) — A(s—, )} N (ds).

The second term of the above equation can be written, by interchanging the order of

integration, as

t & (s, A } )
/022 Q [/ {Au A(u—)}Nio(du) | N(ds)
- 1 n M B
= {A(S—,Q) — A(S_)}EZzyij(svt)NiO(d5)7

0 i=1 j=1
where Y;;(s,t) f Qz] u, A)/Q(u, A)2N(du) and Nij(t) = I(Xs < t). An argument
similar to that of Yang and Prentice (1999) and Zucker (2005) yields the following
representation

At,0) — At,0) = ﬁ(t)/o e ZZI Xio < s)M;(ds), (1)

’L].]].

where

() =TT 1+ 232 3 vsts.0Na(as) + S sy

= — i (8, 1)1V S

Y e = Q(s, A)?
s<t i=1 j=1

and p(-) is a product integral of empirical processes. By the Glivenko-Cantelli the-

orem (van der Vaart and Wellner, 1996) and the continuous mapping theorem, p(t)

converges to a limit p(¢) uniformly in ¢ as n — oo. By Lemma A.l of Spiekerman



and Lin (1998), we have that ||n'/2{p(t) fo{p (5, A)}7In7t30 123 1 I(Xip <

s)M;;(ds) — p(t fo{p A I ijl I(Xi0 < s)M;;(ds)}| converges to
0 in probability. Since )", M;;(s) is square-integrable zero mean martingale with re-
spect to the filtration of the jth relative of all families, by standard martingale theory,
we have that ||p(t fo{p (5, A)} " In7 1370, Z] 1 (X0 < s)M;j(ds)}|| converges to
0 in probability and that n=1/2p( fo {p(s=)a(s, )} 130, ZJ L I(Xio < s)M;;(ds)}

converges to a zero mean Gaussian process.

For the second-stage estimator, we similarly define the following parallel notation to the

() functions,

Hij(t,A) = Yi(H)R(S(Xio), S(t—), di0; 60;)S(t—)
0
du
0
du
+Yii (1) R(S(Xio), S(t—), dio; 05) S (t—).

HY(6,A) = Yij(t)—R(u, S(t=), 8103 0;) lu—s(x,0)5 (t=)S(Xi0)

HP(5,A) = Yij(t)—R(S(Xi0), 1, 5103 0;) [ucse—) S (t—)?

Similar to the @) functions, we also suppress the dependence of the H’s on § for simplicity
of presentation. Let H(t,A) =n~"1Y" Zj]\/il Hyi(t,A), HO(t,A) =n~t 30, Z]J‘/il Hi(jl)(t, A)
and H?(t,A) =n~1 30", Zj\il HZ-(jQ) (t, A) with the respective limits denoted by h(t, A),

A (¢, A) and KD (t,A). Also let N(t) = n~' 30", Z;‘il Ni;(t). The second-stage esti-



mator can then be approximated by

A(t,6) — A(t,0)
~ /t Y 2321 M;;(ds)
0

H(s,A)
En S M I (5, A)L(Xap > $){A(Xi0, 6) — A(Xio,6)}
+/0 H s, A2 N (ds)
tp=ly M g s, \)I {A(X 10, A X0, 0
+/ i1 D=1 Hij )H((S 3\)< HA(Xio,0) — A(Xio )}N(ds)

/H L ) R(s—.,0) — A(s—, )} N (ds).

Combining with the first-stage estimator (1) and using a similar argument as used before,

we have

A(t,0) — A(t,0)
tn 3T Z]Nil M;;(ds) /T t u) 1 M
~ = — + — X <u i (du
/ e zz 0 < u)My (du)

H(s,A)

+/0 {A(s—,0) — A(s—,ﬁ)}% ZZBU(s,t)Nz’O(dS)

i=1 j=1

Ao o) Ao o HOGA)
+ [R50 = Ao 0} GG N as)

where Bi;(s,t) = [* Q') (u, A)/H (u, A)*N(du) and

N 1) S i sVu i
At “)_/o n Y YL Hy (s, MI(Xig > s v )p(Xzo)N(ds)_

H(s,A)?
Let
0 $H<t {Hiii&j s,t)Nio(ds) + H(()(‘j\)AQ)N(ds) ,
and ’



Then the second stage estimator can be written as
R t 1 1 n M
A(t,0) — A(t,0) = ﬁt/A M;;(ds
( ) ( ) 1() 0 pl(S)H(SaA)n;; J( )
N n M
. oA (tu) 1
+p1(75)/0 pl()n Z EI(XiO < u)M;j(du).
i=1 j=
By similar argument to that used for A(t, ), we can show that
nY2{A(t,0) — A(t,0)} = My (t) + Ma(t) + 0,(1) 2)

with

) t n M
Mi(t) = n2p1(t)/ ZZMW ds)

2:1 7j=1

1 T A tu n M
May(t) = n_2p1(t)/ 1 E:E:I Xio < u)My;(du),
0

i=1 j=1
where A is the limit of .A. Hence, n!/2{A(t,8) — A(t,0)} can be represented by a sum of

i.i.d. martingales over n individuals.



B. Proof of Asymptotic Theory for [, {d(u) — ¢(u, B)}\(u)du

The parameter of interest is the cumulative baseline hazard function Ag(t, 3), which can
be obtained by
Mo(t.5) = [ B @)
where
d(u, B) = E{exp(—B7TZ;)|6i0 = 1, Xio = u},

with /3 being the limiting value of B, as described in the main paper. We define the
following notation: g is the density of (X;o|d;0 = 1), G is the corresponding cumulative
distribution function, and 7 is the maximum follow-up time. For given function ¢, define

[¢lloo = supsejo, l¢(t)]. Additionally, we let M denote a generic constant which may

change from use to use but will always be independent of any varying quantities.

Let K(-) be a symmetric kernel function and K (x) = K(z/h)/h. Write

wz(a:) = %Kh(x — Xz' )

n
where n is the number of cases and h > 0. Note that the definition of w;(z) here is
slightly different from that in the main text of the paper; we have inserted the factor
1/n1, mainly for the ease of presentation in the following proof. The quantity h will
depend on n, but we will suppress this dependence from the notation. We assume that

h~n~" with v e (1,1). Let YV;* = exp(— BT Z;). The local linear estimator for ¢(z) is

=1
where
() = 2@ Uwl@)wi(@)(Uiz) — Uy (z))
l i wi(z) D wi(a)(Uy(x) — Uy(z))?



with Uz(x) =z — X,0 and Uw(x) = Z?:l wz( ) ( )/Z 1wz( )

The resulting estimator of Ag(t) is

_ /0 A (du

Define g(:c) to be equal to the expression for qg(as) with Y;* replaced by Y; = exp(8TZ;).

We can write

Ro(t) — Aol /cbuﬁ{A(dU) du}+/{¢ (1, B)}A () du
/ {6(u) — Bu) A (u)du + / {0(u) — é(u, B)}{A(du) — A(du3)

In the appendix of the paper we show that the first and third terms are asymptotically
equivalent to the sum of i.i.d. variables and the fourth term is asymptotically negligible.
In what follows we will focus on the second term. Conditions C6 to C7 in the Appendix

of the paper are used in the development for the asymptotic theory for &S\(t)

For ease of presentation we use > ; to denote summation over the set of ¢ with d;p = 1,
because 5 only involves cases. Let Z denote the interval [h,7 — h] and B denote the set

[0,h) U (T — h,7]. Define

. * 1 *
g(x) = Z w;(x) = niz Kn(r — Xio)
i
which is the standard kernel density estimate of g(x) with kernel K. Write g(z) =

Elg(x)].

Now define

(t—x)/h
4" (z) = g(x) / L K

ie., g*(x) = g(x) for x € T and g*(x) = pu(c)g(z) for x = ch or x = 7 —ch with ¢ € [0, 1],



where
(&
p(c) = / K(u)du
—1
From standard kernel estimation theory, the following results are known (it is here that

we use the differentiability assumption on g stated in Condition C7):

sup3(2) — "(2)] = O = O ™) ()
sup 3(2) — g° ()] = O(h) = O (5)

sup [9(2) — §(a)] = Op((vaTh) ™) = O, (nﬁ”) (©)
z€[0,7]

The first two of the above results are proven by Taylor expansion. The third result is
proved by a combination of Donsker’s theorem for the empirical cdf and an integration by
parts argument; see Schuster (1969) and the proof of Claim 4 below. As a consequence
of the above, along with the assumption that v € (4, 3), we have

sup [3(0) ~5°() = Oy (1 *) 7)

z€[0,7]

Next, define A; = Y; — ¢(Xjo, 5). Note that Y; and A; are bounded, since X;p and Z;

are bounded. For future reference, we denote by A, an upper bound on A;. We can

write ¢(z) — ¢(z, B) as




We can then write




In addition, defining

w0 = (5

1 *
D (t) = — Q°(t, Xi0)A;
n1( ) \/771; ( ’ 0)
1 *
with Y(t,z) = Q(t,x) — Q°(¢, x), we can write

Dy, (t) = Dy, (£) + E(t) (9)

Our main claim is that H,, () is asymptotically equivalent to D} (¢) and that Dj (%)
converges in distribution to a mean-zero Gaussian process. We will prove this by showing
that D;, () converges in distribution to a mean-zero Gaussian process and that the terms
&1,...,& converge in probability to zero uniformly in ¢. Since the supremum of Es(t)
over an interval of ¢t values may not be measurable, we will use outer probability and

expectation when dealing with such quantities.

Claim 1. a. The process Dy (t) converges in distribution in C|0,7] to B(V(t)), where

B is a Brownian motion process and

where o%(x) = Var(Y;| X0 = z,6i0 = 1).

b. &(t) converges uniformly in outer probability to zero.

Proof: We take up the two parts of the claim in turn.
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a. Write Q*(t,zo, A) = (A(xo)/g(x0))AI(xo < t) and Q5 (t) = Q*(t, Xio, Ai) = Q°(t, Xi0)As.
Since E(A;|Xio,0i0 = 1) = 0, we have E[Q$(f)] = 0. A simple computation yields
Var(Q7(t)) = V(t). Since X;o and A; are bounded, A is bounded, and g is bounded
below, the classical central limit theorem implies that for any fixed ¢, D}, (¢) converges
in distribution to N(0,V(t)). Similarly, the finite-dimensional distributions of D} ()
converge to those of B(V(¢)). Since I(- < t) as t ranges over [0, 7] is a Donsker class, so

is Q*(t,,-), and we thus obtain the claimed result.

b. We will write &, (t) to emphasize the dependence of & (t) on n. Write Q;(t) =

Y(t, Xio)A;. As before, E[Q;(t)] = 0. We have

Var(Qi(t)) = E{Qi(t)*}
= B{((t, Xi0) — Q°(t, X0))20%(Xi0)}

= E{Q(t Xlo)QO'Q(XZ())} - QE{Q(t Xlo)Qo(t X@O) (XzO)} + E{Qo(t, Xi0)202(Xi0)}

L ()l o

g*(

{}11/; ;*((z ( ; y) dw} ggzsvz(y)g(y)dy
Ay

g

(Eyi)Qa |

{ (;((yy hv> Uf(y—hve[oaﬂ)dv} o> (y)g(y) dy
t{ 11<m>ff<><y h € [0, de}A()?(y)dy
A

of ( g(é/))Z) o)y

Noting that as n — oo we have h — 0 and I(y — hv € [0,t]) — I(y € [0,t]) for all y in
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[0,t] except for the boundary points 0 and ¢, we find that as n — oo

l {/_11 (W) K@iy —hv e Wﬂ)dv}z o)y~ | t @(é);
/ot {/11 (M) K(v)I(y —hv e [O,t])dv} Ay)o*(y) dy — /Ot (gggf) o2(y)dy

and thus Var(Q;(¢)) — 0. This implies that &, (t) converges pointwise in probability to

> o*(y)dy

zZero

We are now going to prove a tightness condition: that for every positive € and 7 there
exist a positive number ¢ and an integer ng such that Pr*(supj;_y <5 E6n(t) — Eon(s)| >
€) < n, for all n > ng, where Pr* denotes outer probability. This condition in conjunction
with the pointwise convergence in probability implies the uniform convergence of & () in
outer probability, since the pointwise convergence implies that the supremum of |Es(?)]
over any finite set of ¢ values converges to zero. By the argument in the proof of
Billingsley (1968, Thm. 8.3), it suffices to show the following: for every positive € and 7,

there exist a number v € (0,1) and an integer ng such that

FIPr*( sup  |Een(s)| >€) <7, t€0,7], n > ng (10)
SE[t,t+7]

Define
Tlt,55) = Tloww) = Titp) = [ " a(e) Ky — 2)dz — a®()I(E <y < 5)

with a(x) = AM(x)/g*(z) and a®(x) = A(x)/g(x). Note that |Y(¢,s,y)| < ||allco + [|a°]]co-
Note also that, since K(u) = 0 when |u] > 1, T(¢,s,y) = 0 for y ¢ [t — h,s + h]. For
the remainder of the proof, these are the only properties of Y (¢, s,y) that we will use; in
particular, we will not be using the fact that when h is small Y(¢,y) is small for most

values of ¢ and y, since there are some values of ¢t and y for which this is not the case.
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Since Y(t,s,y) =0 for y ¢ [t — h, s + h], then using the representation (9) leads to
Eon(s) — Eenl(t Y(t,s, Xio)A;
G Z

— \/HZZ: Y(t, s, Xio)l(Xio € [t — h,s + h])A;
N(s+h)

= Z Y(t, s, Xe@yo)Acn)
=N (t—h)+1

For the moment, let us condition on X. Write N(¢,s,h) = N(s+ h) — N(t — h). From

the preceding displayed equation, we find that

sup  [&(s) — &) =n"Y?  max |4

SE[t,t-‘r’y] 1§]§N(t7t+’7vh)
with
N(t—h)+j
Sj = Z Y(t, s, Xc(iy0)Aci
i=N(t—h)+1
Now,

B! — Zzzz{@[m X )

1 12 13 U4

H Aty ] }

where each of the summations above ranges from N(t —h) + 1 to N(t — h) + j.

Next, for a given x, define Q(z,&) to be the quantile function of the conditional distri-
bution of A given X;9g = x, i.e., the (generalized) inverse of the distribution function
Fa|x=z of A; given X;o = x. We can then represent A; as A; = Q(Xjo,&;), where &; is
a U(0,1) random variable independent of X;y. Since E[A;|X;o] = 0, it follows that for
any U(0, 1) random variable £° and any fixed x, we have E[Q(x,£°)] = 0. Since A; is

bounded, @ is a bounded function.

We can now write

e~ XX TS (00300 2

i1 ig i3 4

4
H Q(Xg(ir) ) fc(ir)) ’X] }

r=1
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Note that all the terms inside the quadruple summation are bounded. Since (by the above
construction) the §;’s all independent of each other and of X', and E[Q(X¢()0,&¢(i))|X] =
0, it follows that all the terms in the quadruple summation above drop out except in the
following cases: (a) i1 =iy = i3 = i4, (b) i1 = 2,13 = 44, and i1 # i3, (c) i1 = i3,192 = i4,
and i1 # 19, (d) i1 = 14,92 = i3, and i1 # i3. Among these four cases there are a total
of 352 — 24 terms. So we have E [S;ﬂ/'\,’ ] < Mj? for every j. It follows from Theorem B
of Serfling (1970) that E[(maxy<;j<n(tt4+,n) [Si)*X] < M(N(t+~ + h) — N(t — h))>.
(Because of the boundedness of the random variables we are dealing with, the quantities
¢n in Serfling’s Eqn. (3.6) can be replaced with fixed constants.) Thus (with £* denoting

outer expectation)

2
E*[( sup |E(s) — Es(H))* | X] §M<N(t+’y+h)—N(t—h)>
s€[t,t+7] n

and so

E*[( sup [E(s) — Es(t))Y] < ME

sE[t,t+7]

<N(t+7+h)—N(t—h)>2]

n

< M* (72+h2+ (’Y‘;Qh)>

where M* is a fixed constant. Accordingly, for any € > 0, Markov’s inequality yields

Pr( sup [€o(s) — Es(8)] > €) < (M?/e) (vQ R

v+ 2h>
SE[t,t+7]

n

Now let 7 be given. Take ~ small enough so that (M*/e?)y < Ln. With v thus chosen,

find ng large enough such that

M o Y+ 2hy
() (e 250 <

for n > ng. We then obtain (10), and so the proof is complete.
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Claim 2. The term &;(t) converges in probability to zero uniformly in ¢.

Proof: Define the event
G = {inf|g(x)| = {gmin and sup|g(z) — g"(z)| < 1}

Since ¢ converges uniformly in probability to ¢*, Pr(G¢) — 0. Thus, defining & () =
&1(H)1(G) where I(+) is an indicator function, it suffices to prove that sup, |£7(¢)| converges

in probability to zero. We have

o [P D@ @) Y L
g = (v [ PO e 10) Vi o alt: Xl
with
1 [t (z—y)\ §(z) — g*(z) A(z)
witn = {5 [ 5 (50) g g 19
Note that

|aa(t,y)| < MIG) sup |§(z) — g"(2)[Q(t,y) < MI(G)sup |g(z) — g*(z)|
By the same argument as used to prove tightness in the proof of Claim 1, we obtain
Ef(sup [EF ()| X] < MI(G) sup |g(x) — g* ()|

so that

Ef(sup €11 < ME[sup |g(x) — g" (x)[1(G)]

Since sup,, |§(z) — ¢*(x)|I(G) is uniformly bounded and converges in probability to zero,
it follows (see Van der Vaart, 2000, Section 2.5) that E[(sup, |5 (¢)|)*] — 0, which yields

the desired result.

Claim 3. The term E(t) converges in probability to zero uniformly in t.

15



Proof. Recall the expression for E(t):

&ll) = ‘ﬁ/ <g(j)>

Az - oo )
B \ﬁ/ <g x))[ wi(z){¢(Xio, B) — [¢(x, B) + &' (z, B) (= Xzo)]}]d

We can write
o () (2
:%2*/_111 Xio + vh € [0,4)) <AE 2152)

{o(Xio, B) — [0((Xio + vh, B) + ¢/ ((Xi0 + vh, B)vh} K (v)dv

> {¢( 305 ) [¢($,B) + ¢/($,B)($ — ng)]}dl‘:|

Now,
{6(Xi0, B) — [¢((Xio + vh, B) + ¢' (X0 + vh, B)vh}| < 3[|¢"]|ccv?h? = Mn™2v?
In addition, from (7) plus the assumption that g(z) is bounded below, we have
supg(a)~" < {inf g* (@) + Op(n™3+)} " = 0y(1)

So the integrand in the second line above is bounded by Mn~=2". This gives sup, |E2(t)| <

1
Mmn~?7%2 which tends to 0 since v > 1.

Claim 4. We have

sup
z€[0,7]

z/h

B vK (v)dv _1

Uw(l') ({im/h /h d ) h| = Op(nl 2)
v

In particular, since K is symmetric, so that f_ll vK (v)dv = 0, we have sup, 7 |Uy(z)| =
1

Op(nfé)-

16



Let K (v) = vK (v) and denote by G,,(y) the empirical distribution function of the X;q’s.

We then have

@) - Q@ =|; [ K (T5Y) (0 9, - 6}
=| [ & (*5Y) @50 - a6}

i}l ()

_1
< MG,y — Glloc = M, 2 (11)

This result, along with (7), implies that

sup Q(x) — BQ@)]|/4(x) = Op(n"2).

z€[0,7]

Next,

z/h
= h/ vK(v)g(z — hv)dv
(z—7)/h

xz/h z/h
= hg(x) /(x—T)/h vK (v)dv 4+ h/(I_T)/h K(v)[g(x — hv) — g(z)]dv

Now, |g(z — hv) — g(x)| < ||¢'||chv. Recall that h ~ n™ with v > %, we have

E[Q(z)] = hg(z) /( vK (v)dv + o(nI%)

z—7)/h

This result along with (7) lead to the desired conclusion.
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Claim 5. The quantity
Bi(a) = 3 wi(a)Ui(w){9(Xio,3) ~ [0, B) + ¢/ (2, B) (& — Xio)]
satisfies sup,¢(o -1 [ B1(z)| = Op(n ).
Proof. This result is proved using arguments similar to those used to prove (4)-(6) and

Claim 4.
Claim 6. inf,c( 1 C(x) > Mn;?

Proof- We have

Clz) = 3 wile)Ul (@) — §(2)U(z)?

i

Denote the first term by é(x) By an argument similar to that used in the proof of

Claim 4, we have sup, |C(z) — E[C(z)]| = Op(n, (G )) In addition, we have

o) / K | 12+ o)
(z—T7)/h

For x € Z, we get

BlC(2)] = [g(m) / 1 ng(v)dv} B+ O(h¥)

-1

and Claim 4 implies that sup,c7 Uy (7)? = Op(n~1). This yields the desired conclusion
for x € Z. For x € B, the above developments in conjunction with Claim 4 and (7) lead

to

z/h e/h v)dv ’
c<m>{g<x> e g (I}Z/Z’”’ dv) ]h2+op<h2>

18



with the o, uniform in x. Since, by definition,

z/h
@ =@ [ K

a—7)/h
we get
C(z) = w(w)g(z)h® + op(h?)
with .
w(z) = o E@dvJG oK 0)d
f(i/hf)/h v)dv f(i/—hf)/h (v)dv

If we consider x = ch for ¢ € [0,1], we have (for h < 17) w(z) = Var(k|x > —c), where &
is a random variable with density K. This quantity is strictly positive for every ¢ € [0, 1],
since for every c the region {v > —c} has positive mass under the density K. It is clear
that Var(k|x > —c) is continuous in ¢, and so its minimum over [0, 1] is attained for some

€ [0,1], and, as just argued, Var(k|k > —c*) is strictly positive. The same argument
can be made for x = 7 —ch, ¢ € [0, 1]. We thus find that minge(g pjujr—n,- w(2) is strictly
positive. From this result, along with the fact that g(z) > gmin, the desired conclusion

follows.

Claim 7. The term &3(t) converges in probability to zero uniformly in ¢.

Proof: Let us write E(t) = E31(t) — E32(t) with

Exn(t \ﬁ/ (Bl(x)>)\(a:)dx

Exa(t) = \/rr 22 (2@ 3 (2)dz
/ (C(x)
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Regarding &31(t) we have

b= [ ()] (3

_ ‘\/%Z / 11 [z(xm ok e [0, (m) A(Xio + zw>] VK (v)dv

721,4’,;
= Op(”l ?) = Op(l)

SUPge(0,7] |Bl (SL‘)|
<
B Mh\/ﬁl[ inf e, Clz)

using the results of Claims 5 and 6 and the fact that v > 1. Regarding &35(t), using

Claims 4 and 6 we have

SUPze(0,7] Uw (x)Q
insz[O,T] C(l’)

|Es2(t)| < [ [\/nﬁ /0 tA(x))\(x)dx} = 0,(1) [\/nﬁ /0 tA(x))\(:z)das}

and the bracketed term is 0,(1) by the argument used in the proof of Claim 3.

Claim 8. The term &,(t) converges in probability to zero uniformly in ¢.

Proof: Let us write E4(t) = E41(t) + E42(t) with

= /N ] T 2 D(x) xr)axr = L *Oé ; ;
e =i [ 0ulo (G ) Mede = 3 el X

C(x)
_ 7 o2 (PO de — LS, A
o) = Vi [ Oulel® gy ) A = 3 eute X,
where
o l r—y Uw(5)2 SUPgec1 Uw($)2
az(ty) = h/[o,th< h > Cla A(x)d“’SM{ infoez O(2) }

)
N e Ouls? o [5uen Uul@)? o
3(t’y)‘h/[o,ﬂmBK< i) Sy e < M S O 1y € 0 20 U207

By the argument used to prove tightness in the proof of Claim 1, we obtain

E[sup En()!X] < M [Sﬂpezw]

te[0,7] infzez C(x)
w 4 sup,ep Uu(2)?] (N(2h) + (N(7) = N(r — 2h))\?
E[te[O?T] Ealt) 4] < M [ inf,ep C(2) ] ( n >
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By Claims 4 and 6, we have

SUPgzez U (33)2 —142v SUPgzeB Uy (x)Q
_— = —_— = 1
inf,ez C(x) Op(n ) infzep C(7) %)

We can now use arguments similar to those in the proof of Claim 2 to show that

P P
Supsefo,7) [€21(t)| = 0 and supycpo - [E42(t)] = 0.
Claim 9. The term &;(t) converges in probability to zero uniformly in ¢.

Proof: The proof is the same as that of Claim 8, except that we replace as(t,y) by

and similarly with as(t,y).
1

Claim 10. sup,¢(o 7] |p(x) — ¢(x, B)| = Op(n1_5+y)

Proof: By integration by parts arguments similar to the one used to prove (11), we can

show that

1.,

sup| D()| = Op(ny 27)

N[

)
)

sup|A(@)| = Op(ny

N

sup [H(z)| = Op(n,

Using these results and the results of the preceding claims, we can easily verify that each

of the terms in (8) converges uniformly in probability to 0.

Finally, we present a result that is used in the Appendix of the paper to deal with the
first term of (3). The proof is identical to the proof that ¢(z) converges uniformly in

in probability to ¢(z, ).
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Claim 11. The term

n

Z ci(z)Z;Y;

=1

converges uniformly in x in probability to {(z) = E|[Z,;Y;| X0 = z].

22

(12)



C. Proof of term (IV), [1{6(u) — ¢(u, B)}{A(du,§) — A(du)}, is

asymptotically negligible

In this section, we provide the detailed proof of term (IV), fg{qAS(u) — ¢(u, B)HA(du, 5) -
A(du)}, is op(nfl/ 2), and thus asymptotically negligible. We cannot use an integration
by parts argument because we have not examined the asymptotic properties of the
derivative ¢/(t), so we take a different approach. Equation (2) gives a representation of
n'/2{A(t,0) — A(t,0)} as the sum of two martingale terms M () and Mo (t). We will
work with the term in (IV) arising from M, (¢); the argument for the term arising from
My(t) is similar.

We have
n M

n 2 M (t) = pln(t)/o p(s)ZZMij(ds)

i=1 j=1

where p(s) = [p1(s)h(s, A)]~!. From the definition of p; we can see that p;(s) is bounded
below, and Condition C1 implies that h(s,A) is bounded below. Thus p(s) is bounded
above by some quantity pmax. Now, an alternate martingale representation of dN;;(s) is
given by

dNZ'j(S) = }/ij(s))\(ﬂXio, 51'0, Zio)dt + dMJ(S)

with ]\Zj being a martingale with respect to the filtration 7;" = o(Xo, di0, Zio, Yi;(s), Nij(s),
S S t,j = 1, N ,m,z' = 1, ey TL) Letting g(s\XZ-O, (52‘0, ZZ()) = A(S|XZ'0, (5,‘0, ZZ(]) —

(s X0, 0i0), we can write

dMij(S) = Yij(S)Q(S’X@o, 51'0, Zio)ds + d]\A/fz](s)
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By the innovation theorem, E{Y;;(s)g(s| X0, di0, Zio)} = 0. Noting that

u n m n M
”1ﬂﬂﬁ@m)=n%KUXA/ﬂﬁE:EZN%ﬂBMU+n%ﬂ“ﬁ@ﬂ}j}jk%ﬂw%

i=1 j=1 i=1 j=1

we see that (IV) can be decomposed into the following terms:

t u 1 n M
Mo = [ @) = o) [ o) d 7= 30 Vis)alelXaos b Zods

i=1 j=1
M

Lot = [ pi(p)(G) — 6(w) § <= 30 3V wglul X dn. Za)  du

i=1 j=1
n M

ra(t) = [ @~ ot [ o9)§ 7= 30 dily(s) pdsda

i=1 j=1

n M

T = [ pip)G) - o) <= 303 diw

i=1 j=1

Consider first T'y. Let G(s) denote the term enclosed in curly brackets. This term is n'/?

times the sample average of the mean-zero r.v.’s Z]J\il Yi;(5)g(s|Xi0, 6i0, Zin). Conditions
C2 and C4 imply that g(s| X0, di0, Zio) is continuous as a function of s, and so it follows
from empirical process theory that G(s) converges to a Gaussian process, which implies
that ||G|| = Op(1). This fact, in conjunction with the fact that ||¢ — ¢|| —, 0 (Claim
10), easily yields the result that |I';||| =, 0. The term I'y can be dealt with in a similar
way. Now examining I'4(¢), then from the definition of d]\A/fij and the fact that ¢ is Fj-
measurable, it follows that I'4(¢) is a mean-zero martingale w.r.t. F;". The predictable

variation process is given by

Ty, T)(t) = /0291(U)2P(U)2(¢~>(U)—¢>(U))2 iZZ%(S)/\(S\Xio,&o,Zio) ds

~ 1
< 1ohalpillle — ol ;iji:j£:5QjC)A(W)(w,5w»ZZO)
i

By the uniform law of large numbers we have ||n=1%;5;Y;;()A(:| Xio0, Si0, Zio)|| = Op(1)

and we know already that ||¢ — ¢|| —, 0. So we get (I's,T4)(7) —, 0. By Andersen
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and Gill (1982, Theorem I.1.b.) (corollary of Lenglart’s inequality), this implies that

[Tall = 0.

Regarding I'3(t), we have

n M
- u 1 N
T3]l < 7lpi1llé — oI Sup/ p(s) S —= > dM;(s) p ds
u /0 \/ﬁizljzl

Applying Andersen and Gill (1982, Theorem I.1.b) again, we find that the term in curly

brackets on the right side of the inequality is O,(1), and so ||I's]| —, 0.
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D. Efficiency comparison of the one-stage and two-stage es-

timators of A(-)

We simulated 1,000 datasets each with 3000 cases and controls, and one relative per case
or control. The correlation of failure times of family members was generated according
to the Clayton-Oakes model (i.e. the Gamma frailty distribution) with § = 3.0. Table
S1 shows the comparison of the one-stage estimator (3) and two-stage estimator (4)
of A(t) at selected ages ¢t = 40,50, 60,70, and 80. Both estimators show little bias;
however, the two-stage estimator has considerably smaller standard errors at all ages
than the one-stage estimator, suggesting the second stage can improve the efficiency

considerably.

Table S1: Comparison of the one-stage and two-stage estimators of A(t)

One-Stage Two-Stage

True Est SE Est SE

40 0.016 0.016 0.009 0.015 0.001

50  0.043 0.042 0.012 0.042 0.003

60 0.097 0.094 0.019 0.096 0.006

70 0.195 0.187 0.030 0.190 0.012

80 0.353 0.339 0.046 0.345 0.024
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E. Misspecification Effect of the Copula Function

We conducted a simulation study when the true copula distribution is inverse Gaus-
sian and positive stable and the fitting model is the Clayton-Oakes copula model (i.e.
Gamma frailty distribution) (Table S2 and S3). For each copula distribution, we consid-
ered two situations, roughly corresponding to moderate and strong dependences. This
was achieved by adjusting the parameters in the inverse Gaussian and positive stable dis-
tributions such that when it was fit by using the Clayton-Oakes model, the dependence
parameter was around 1 or 3 roughly. The dependence parameter in the Clayton-Oakes
model also possesses a desirable interpretation of constant cross ratio between paired

failure times (Oakes, 1989).

For each scenario we simulated 1,000 datasets each with 3000 cases and controls, and
one relative for each case or control. As a comparison, we also included the results
from the Nelson-Aalen estimator using the relatives’ only data without accounting for
the case-control sampling and the dependence between relatives and probands. It can
be seen that the naive Nelson-Aalen estimator is biased upward and as expected, the
bias becomes more substantial as the dependence is stronger. In contrast, the proposed
estimator is generally unbiased when the dependence is moderate. The bias increases
as the dependence becomes stronger; however, the bias is mostly less than 5% for both
inverse Gaussian and Positive Stable distributions. The bias becomes more noticeable
when at older age (e.g., 70 and 80 years old), probably because the dependence is
overestimated under the misspecified Clayton-Oakes model at late age. However, even

in this situation, the bias is 10-15% or less within true values.
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The coverage probabilities of 95% confidence intervals for the proposed estimator are
much better than the naive Nelson-Aalen estimator under all scenarios considered at
almost all ages. Here we define the confidence interval as providing successful coverage if
it overlaps with a window of +5% around the true values. The exception is when the age
is 80 years old and the true frailty distribution is positive stable with strong dependence.
This is because the positive stable induces a steep decreasing dependence function over
time, and when the dependence is strong, the strength of dependence decreases rapidly
and at age 80 it is nearly independent. As such, the naive Nelson-Aalen estimator that
assumes independence performs well, whereas the proposed estimator underestimates

the hazard function.
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F. Exploration of Bootstrap-based SE Estimates

For the real data analysis of the prostate cancer study, we increased the number of the
weighted bootstrap samples to 10,000 to evaluate the stability of the standard error
estimates. Figure S1 shows the histogram of bootstrap estimates of hazard function at
selected age 50, 60, 70, and 80 years old, as well as bootstrap estimates of birth cohort
and the dependence parameter. The distributions of these estimates are roughly normal
with slight skewness to right for A(50), showing that bootstrap-based standard deviation
estimator is likely to be a good approximation to true SE. We also evaluated the stability
of bootstrap SE estimates over 500, 1000, 2000, and 4000 (non-overlapping) bootstrap
samples (Table S4). It can be seen that there is very little variation across the number

of bootstrap samples.

Table S4: Standard deviations of bootstrap estimates of hazard function at selected ages,

birth cohort, and dependence parameter

# of Bootstrap Samples

500 1000 2000 4000

A(50) 0.001  0.001 0.001 0.001
A(60) 0.005 0.005 0.004 0.005
A(70) 0.015 0.015 0.014 0.015
A(80) 0.041  0.040 0.040 0.041

Birth Cohort  0.183  0.176  0.172  0.172

Dependence 0.358 0.359  0.354  0.357
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Figure S1: Histograms of bootstrap estimates of K(t) at t = 50,60,70, and 80, and

parameters for birth cohort and dependence.
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