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A Appendix

A.1 Proof of Proposition 1

Let us start by showing that:

logp(Y|Z,a, B) > log \/h(Z, e, B,€),

where £ is an n X n positive real matrix. We use the bound on the log-logistic function

introduced by [1] from Taylor expansions:

log g(z) > log g (6) + T* ~ A(€)(& ~ &), ¥(x, ) € R x RY, 1)

where A(§) = (g(&) — 1/2)/(2£). Note that (1) is an even function and therefore we can

consider only positive values of x without loss of generality. Since
logp(Yij| Zi, Zj, 0, B) = Yij(Z] aZj + iy B) +log (= Z] aZ; — 2, B),

then

ZJOéZj + ZL‘L@ + fz'j
2

log p(YijlZi, Zj, v, B) > Yij(Z] aZy + 2], B) + log g(&i5) —

= M) (Z]aZ; + 2p)” - &)

52]

1
NZlaZ;+}8) - 2L +logg &)

M&i)(Z]aZ; + 2];8)° = &).

= (Vi —

Note that for undirected networks, the matrix £ has to be symmetric, i.e. §; = &, Vi # J.
We then have

logp(Y|Z, o, B) = Zlogp il Zis Zj, . B).
1#]

Therefore

logp(Y|Z,a, B) > log \/h(Z,cx, 3,€).



Finally,

p(Y,Z, 7 o, B,7,n)
q(Z,m a,B,7,1m)
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Z/(J(Z,moz,ﬁ,%n) logp(Y|Z,Oé,6)p(Z,ma,ﬁ,%n)dﬁdadﬁdvdn
Z
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o(Z, 7, a,B,7,1m)log drdadfdydn
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h(Z7 a? /87 g)p(Z7 7T7 a? /87 ’y? 77)
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Q(Z, T, Q, 67 v, 77) log deO[dﬁd’YdT]

= Lr(q; §).
A.2 Proof of Proposition 2

1
log q(Zi) = Epvi o pr {5 log h(Z,av, B,€) + log p(Z|m)| + cst

1 1
=Ezvi o [5 Z {(Yz‘j - §)ZJOéZj — X&) ((Z]az;)? + 2ZiTaZiszj5)}

i#j
+ Z Zi log my | + cst.
i=1
Note that .
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k,l
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k,l
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K
=Bz Z ZikZig mioy  ZinZjy
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Because all vectors Z; are sampled from a multinomial distribution with parameters (1, 7),

all terms Zi,Z, = 0 for k # k" and Z2, = Zy, in (2). Therefore

(Z]aZ;)? sza,d - (3)

This leads to

K
Ez, o[(Z]aZ;)? Zsz{Z]EaM a?) Tﬂ}
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Finally

K n K
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IOg q(Z> Z sz{ Z(ma)kl§ Z ((K]_i) 2/\<52j)xz]m6)7—jl_z gl akl Z )‘ gz] Tj
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Since (Ma)r = (Ma)ik, Bay, (03] = Bay, [0di], Yij = Yii, w5 = 54, &5 = &5, then

K K n K n
1
logq(Z;) =>_ Zi { > (ma)w Y ((5@]’—5)—2)\(&1)%37”5)le—z Eogladi] D A(&j) i
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Therefore

K
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A.3 Proof of Proposition 3

log q(m) = Ey [logp(Z|r) + log p(m)] + cst
K

n K
:Z Tiklogﬂk-i-Z(eo— 1)log 7y + cst
i=1 k=1 k=1

Mw

(60 + Z Tike — 1) log 7. + cst.
k=1 i=1

Therefore

q(x) = Dir(r; "),

where e} =eq+ Y o T, Yk € {1,..., K}



A.4 Proof of Proposition 4

log ¢(8) = Ezay [%log h(Z,a, B,§) + logp(ﬁ\n)] + cst

n

= ]EZ,a,n

i

n

:ﬁT{%Z(Yw—% M) ma”)"””} “ﬁT{?’fﬁD §is)ij)

1#£] i#j
Therefore
q(B) = N(B; mg, Sg),
where
Sﬁ_l d [d + ZA g’b‘] 'IZ] z]?
i#]
and

1< 1
mp = S5 > (Yij —3 " 2)\(§ij)ﬂTmaTj) Tij-
i

A.5 Proof of Proposition 5

log q(7) = Eq [log p(ar|y) +log p(7)] + cst

K K
1
=E, Z 5 log(y) — Z %aﬁl + (ag — 1) logy — boy + cst
k<l k<l

K
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= (ao + KB+ 1)logy — (bo + 52Eau[aiz]> v+ cst.

k<l

Therefore

q(v) = Gam(7; ay,by),

K(K+1

where a,, = ag + and b, = by + 5 qu o O]

A.6 Proof of Proposition 6
log q(n) = Eg [log p(B|n) + log p(n)] + cst
= Ep {g logn — gﬁTB} + (co — 1) logn — don + cst
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Therefore

9(77) = Gam(m Cn,y dn)a

where ¢, = ¢y + § and d,, = do + $Tr(Ss) + mfmg.

A.7 Proof of Proposition 7

1
logq(a) =Ezs., {5 log h(Z, v, B, &) + logp(alv)] + cst

n
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K
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We have ZlaZ; = Z,fl ZiwaZy and (Z]aZ;)?* = Zk:Kl Ziwia Zy = ZTAZ; (see Eq. 3)
with A the K x K matrix such that Ay = a2, Moreover, any expression of the form

(1/2) > %, cijZI BZ; where B is a symmetric K x K matrix and ¢;; = ¢;; can be written
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By exchanging the role of ¢ and j in the sum of the last term and since ¢;; = ¢;j;, we obtain
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Using (5) in (4) leads to

K n
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A.8 Proof of Proposition 8

Keeping only the terms that do depend on &;; in (7), the lower bound is given by

1 ¢ i T T
Lr(g: &) =3 > { log g(&j) — % - )\(&j)(Ezi,zj,a[(ZJaZj)Z} + 2Kz, 2,02 aZ;|x];Ep|f]
i#]

n K K
2
=5 { log 9(&ij) — %5 — A(&ij) ( D i o] + 2 Tari(ma)wrlmeg

k,l kil

+ Tr(zy2];(Ss + mpgmp)) — 5%) } + cst.
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The partial derivative of the lower bound with respect to §;; is

K K

oL 1 /
f(q; &) =9(=&y) — 5 —A (&j)(ZTikTﬂEakl (0] + 2 TaTi(ma)malymyg

ij k1 Kl

o+ Tr(za] (S5 + mamb)) — € ) + 2M(€)8,
and

8£ K K
851-( (g: &) = =A (&) ( Y T ] + 2 ) Titi(ma)wwlms

] k.l kil

+ Te(ayal (S5 + mamb)) — € ). (6)

ij

Finally, A\(&;) is a strictly decreasing function for positive values of &; . Thus, \'(&;) # 0

and therefore if we set (6) to zero, we obtain

K K
5= TaTiBaglon] + 2> mami(ma)uamg + Tr(zyal(Ss + mpm])).
k,l k,l

Note that &;; = ;.

A.9 Proof of Proposition 9

EK(Q; £) = EZ,W,CV,B,'ym |:10g V h<Za «, Ba 5) + logp(Z, ™, &, ﬁ7 e 77)] _EZ,W,Q,B,%n [lOg Q(Z> ™, 57 v 7])]



EK(q7 5) = — Z {(Y:L] — %)(EZi,Zj,a[ZZTOCZj] + mszB[ﬁD + logg(flj) - %
1#]
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where C(x) = gkz and I'(+) is the gamma function. The terms in E, [log~|, E,[log 1],
k=1

E.[log 7] and log(27) do simplify in (7) after the VBEM update step. This leads to

1

Lrlg: ©)=3) {(YU 3Bz, 2,0lZ10Z) + Tl B8] +log a(6) —
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Moreover, using (5), note that
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Using (3) and (5),
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Finally, since the terms at the fourth and fifth line correspond exactly to ) <l(ma)k,l( 2 ma)w,
and after the VBEM update step

n

1 &ij C(e) [(ay) NS
Li(q, &) == lo i j+)\ p }—i—lo + lo + log ——=
k(g © 2;{ g9(6) — L+ MEu)6h |+ 1o o) +log i +log [
bo dO
+ aplog by + a, (1 — b logb,,) + colog dy + ¢, (1 — T logd,)
1
+ = Zlog Yk + = log\Sgl ZZlelOgT’k+ Z Y(ma)i, — m;Sglmg
k<l i=1 k=1 k<l

+ mﬁ Z xw

i#]
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