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1 Model

Notations.

e n nodes;
e 1,;; = vector (dimension d) of covariates for edge (i, j);
o 7Z; = (latent) class of node i;

e Y;; = edge between nodes 7 and j

Priors.

e (Proportions) m ~ D(e), where e is a vector with K components such that e, =

eo, Vk € {1,..., K};

e (Group specific constants) a € Mg k(R). In the following, we consider the vec
operator which stacks the column of a matrix into a vector. Thus, if A is the 2 x 2

matrix
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For the group specific parameter matrix «, we consider the prior distribution

AVGC —

IK2

pond

where Ix> denotes the K? x K? identity matrix and v is a parameter controlling the

p(avec|,y) :N(avec; 07

inverse variance;
o (Regression coefficients) 3 € R?. Again, we consider a Gaussian prior distribution
Iy
p(Bln) = N(8; 0, 5)

with I; the d x d identity matrix;



e v € RT. We consider a Gamma distribution p(y) = Gam(~; ao, by);

e 1 € R*. We consider a Gamma distribution p(n) = Gam(n; co, dp).

Model.
o (Z;)iid |m, Z; ~ M(1;7);
e (Y;;) independent |Z;, Z;, a, 5

2 Inference

2.1 Variational approximations

We aim at considering the integrated observed data log-likelihood, also called marginal

log-likelihood

log p(Y |K) = log {Z / p(Y|X. Z,a, ﬁ)p(ZlW)p(aIv)p(ﬁ|n)p(ﬁ)p(v)p(n)dﬂdadﬁdvdn} :
z
(1)
Unfortunately neither (1) nor the posterior distribution p(Z,m, «, 8,7,n|X) are tractable
and therefore we propose to rely on variational approximations for inference purposes. Let

us first consider the global variational decomposition
log p(Y[K) = L(q) + KL (¢(-)l[p(-|X)) -

Maximizing the functional £(-), which is a lower bound of log p(Y|K), with respect to the
distribution ¢(-), is equivalent to minimizing the Kullback-Leibler divergence between ¢(-)
and the unknown posterior distribution p(-|X). L£(-) is given by

p(X, Z,m o, B,7,m)
o Z,m,a,B,7,m)

‘C(Q) = Z/Q(Zaﬂaa757%77) IOg dﬂ-dadﬁd’}/dn
z
In order to maximize the lower bound, we assume that the distribution can be factorized

n

0(Z, 7, a,8,7,m) = a(m)a(@)q(B)a(v)a(n) [ [ ¢(Z:).

i=1



Unfortunately, £(-) is still intractable due to the logistic function in p(Y|X, Z, a, 8). Fol-

lowing the work of [1], a tractable lower bound is derived
W2, 8,8)p(Z,m a, B,7,m)

e =3 [t pmtog WG EEL RS S i,
where
logh(Z,a, 3,€) = Z {(YZ — 5)(ZiTaZj +x];8) +log g(&ij) — %

i£]
~ M) (Z]aZ; + a8 - €2) |
with &; € Rt and A(&;) = (9(&;) — 1/2) /(2¢;;). Please note that

log(Y'|K) > L(q) > L(g; ).

2.2 VBEM

In the following, we derive a variational Bayes expectation maximization (VBEM) algo-

rithm maximizing £(q; ).

2.2.1 q(n)
log q(m) = Ey [log p(Z]|7) + log p(7)] + cst
n K K
= Z Tir log Ty + Z(eo — 1) log 7y + cst
i=1 k=1 k=1
K n
= Z (eo + an - 1> log 71, + cst.
k=1 i=1
Therefore

q(m) = Dir(m; "),

where e} = ey + > T, VE € {1,..., K}.

2.2.2 q(v)

log q(7) = Eq [log p(a™“|y) + log p(7)] + cst
K2
=E, 5 logy — %(avec)Tavec} + (ap — 1) logy — boy + cst

K? 1 1
= (ap + 5 = 1)logy — ( bo + §Tr(5a) + §(m;eC)Tm§fC v + cst.



Therefore
Q(’Y> = Gam(’% ana bn)7

where a, = ag + KTQ and b, = by + 3Tr(Sa) + 5 (M) Tmye.

2 « «

2.2.3 q(n)

log q(n) = Eg [log p(B|n) + log p(n)] + cst.

The derivations of ¢(n) and ¢(v) are similar (see Section 2.2.2).

CI(??) = Gam(n; Cn,s dn)a

where ¢, = ¢o + § and d,, = do + §Tr(Ss) + mfmg.

2.2.4 ¢(Z)

log q(ZZ) = EZV,O(,B,W [log h(Zv Q, ﬁa 5) + 10gp(Z|7T)] + cst

“ 1
=E i apn [Z {(Yij — §)ZiTOéZj — A&;) ((Z]az;)? + QZJaZi%TjB)}

i#£]
+ Z Ziy log mg | + cst.
i=1
Note that K«
Ez, olZ]aZj] =Egz, o Z ZikQ
k.l
K K
= Zu {Z(ma)mﬂ}
k=1 =1
Furthermore

- \
Ez ol(Z]aZ;)’] = Ez,.q (Z Zikaklekl>
(2)

= EZj,a E Zik Ly Qg1 'lel'
X

Because all vectors Z; are sampled from a multinomial distribution with parameters (1, 7),

all terms ZiZ,,» = 0 for k # k' and Z2, = Zy, in (2). Therefore

(ZTaz;)* Z ZinatZ (3)



This leads to

k=1 =1
Finally
K K n 1 K n
logq(Z;) = Zz'k{ > (Mo Y <(Yij_§)_2)‘(£ij)xiijﬁ)le_z Eoulon] > A&
k=1 =1 i =1 i
K n 1 K n
+ ) (ma ) ((sz‘ —5) 2>\(€ji)x}imﬁ> it = > By lof] Y A&
I=1 i =1 oy
K
— w<26?)} + cst.
=1

Therefore

K
where ), 7 = 1 and

=1 J#i =1 J#i
K n 1 K
+ Z M)k Z ji 2) (sz’)%rimﬁ’) T — Z g [ Yik Z A&Gi)Ti
=1 VES =1 VES

2.2.5 ¢g(a™°)

log g(a**®) = Ez 5 [log h(Z, a, B, &) + log p(a¥*°|y)] + cst

n

1
—=Ezpy| ) {(Y%j — 5)ZlaZ; = N&;) <(Z[aZj)2 + QZJQZJ‘%Tﬂ) }
i
. %(avec) vee | 4 cst.

First note that
]EZi,Zj [ZJCKZJ] = TZ-TC(T]'

= (™) (r; @ 7)),



where ® denotes the Kronecker product. Moreover

)

Ez,.z,(Z]aZ;)’] = Ez, 2,

K
2

E ZikQy Zii

k.l

following (3). Therefore

EZZ-,Z ZOéZ E Tzkalejl

— (@V6C>TEZJ avec
where
[E}]] 0 AU 0
0 [EZQJ] 0 :
E’Lj = 0 [ ] 0 )
: 0 [] 0

and (EL), =0 for k # k" and (E.) = Ta7j for all kin {1,..., K}. Thus

n

log q(avec> _ (aveC)T Z <(Y;J — %) — 2)\(&]-)932]-7715) (Tj &® 7'1')

i

1
— E(avec) (b Iz + 22)\ &ij) ”> aV°® + cst.

i#j
Finally
q(avec> — N(avec vec S )
where
S;l_b—[[(2+22/\52] iJ
i#]
and

e — 5. Z ( —oN(Ey)] m5> (15 @ 73).

i#j

Please note that S, ! is a diagonal matrix and so is S,. Thus, ¢(a¥®) is in fact a product
of unidimensional distributions g(aj*). However, to limit the use of sums in the rest of the

paper, and to facilitate the comparison of g(a*°) and ¢(3), we keep these matrix notations.



2.2.6 q(p)

log q(B) =Bz [log h(Z, o, B,€) + log p(B|n)] + cst

- 2 n
— Ezan g {5 = 1/2)a1,8 = (&) ((@8)° + 22]aZ;al,8) | — 2678| + cst
i#£]
RS 1 . 1, | cn - \ .
= B Z ()/z — 5 —_ 2/\(&3)7—1 maTj)ZEij‘ — éﬂ d—]d + 2 Z (fij)xijxij 6 + cst.
i#j " i#j
Therefore

q(B) = N(B; mg, Sp),
where

L C -
Ss t= d—]d +2 Z A(&ij)wijzl;,
" i#j

and

“ 1
mg = SB Z (}fw — § — 2/\(§ij)TiTmaTj) Lij-
i#j

2.3 Derivation of the lower bound

E(Qa f) = EZ,W,%BWW [log h<Zv Oé, 67 5) + logp(Zv 7Ta Oé, /87 7) n)]_EZ,maﬁmn [lOg Q(Z) 7.‘—7 OZ, 67 77 77)]



‘C(q7 f) — Z {(Y;] — %)(EZ“Z],,O,[ZiTaZj] + Z'LEB[ﬂ]) + logg(é—’u) - %
i#]

— M&ij) (Ez, z,.0[(Z]aZ;)?) + 2Bz, 2, o Z] 0 Z;|x L Bs[ 5] 4+ B[ (2],8)%] — &) }

2

K
K
+ ZZ]EZ i) Ex[log m] — log Ce) + Z eo — 1)E,[log mx] — 710g(27r)
k=1

i=1 k=1
K? E d d
+ 2B logs] — EUE, (070 - @ log(2m) + T, log] -

—logI'(ag) + aglog by + (ag — 1)E, [log 7] — boE,[y] — log I'(co)

Bl 151

n K
+ cologdy + (co — 1)E, [log n] — ZEZ i) log i, + log C'(e™)

=1 k=1

K

K? 1 1
Z E.[log 7] + —log(27r) §log|5a\ + i]EaK a¥) TS Ve
k=1
vec —1, vec 1 vec —1__ vec d 1
— B, [a"]TS, "myct + §(ma )TS, mYe + §log(27r) + 510g|5/3]

1 1
+ Es87S; " 8] — B[B]7S; 'ms + 5misSy mg +log T(an) — anlog b

— (an — DE,[logy] + by E,[7] + log I'(cn) — ¢ log dy, — (¢ — 1)Ey[log 7]

+ dnlEy 1],

(4)



where C(x) = ll:{kZ and I'(+) is the gamma function. The terms in E, [log~|, E,[log 1],
k=1

E.[log 7] and log(27) do simplify in (4) after the VBEM update step. This leads to

LG &)=Y {(Y;‘j - %)(Ezi,zj,a[Z{aZ ]+ 2] Es[B]) +log g(&ij) — %
i)

— A(&ij) (Ezi,zj,a[(ZiTaZj)2] + 2Bz, 2,0l 2] aZ;|x B8] + Egl(2];8)°]

Cp
— %)} —log Cle) — ﬁTr (So +mE(mY)T) — ﬁTr (5',3 + mgmg)

— log F(ao) + ag log bo — bOZ_n — log F(CO) + Co log do — docci—n

n

K
_szlogTzk—l—logC’( ")+ —log]S |+1Tr(S Y(Sa +mpe(miee)T)
k=

=1

1
1 vec - vec 1 1 - vec
S )T e + S log [S5] + ST (5 1<sg+mﬁ< )

1
— E(mgj'c)TSB_lmB +logI'(a,) — ay log b, + b " “ +logT(e,)

Cn
—cplogd, +d,—.
cp loga, + d

Moreover, note that
EZi,Zj,a[ZgOéZj} = TZ-TmaTj
= (mg)"(7; ® 7).
Using (3),

Ez z,0l(Z]aZ;)?] =Bz, 7,4

Z Ziney Zy

k,l

— ]Ea [(aVeC)TEijaVeC]

= Tt (BB 0™ ("))
= Tr (E£;;(Sa + m2(my)T)) .
Finally

10



Therefore

n

923 fiosaten) - &+ o L Tl | T(e)
L(g; &) = ;{1 g9(&ij) — = + M&j)é; }+1 8000 +1 8 Tay) +1 8 T(eo)

b d
+ aglog by + a,(1 — b—o —logb,) + cologdy + ¢, (1 — d—o —logd,)

n n

n K
1 1 1 vec -1, vec 1 —
+§log|5’a|—|—§log\55| _ZZTiklogTik_ﬁ(ma )TSalma _§m%sﬁlm5

i=1 k=1

+ (mr )Ty <Yz‘j - % - QA(fij)szjml?) (73 @7:)

i#j

. %Tr (( S MEG) By + o Ik = 5. )(s + mVeC(mveC)T))

G
S (Y - Do

i#]
— —Tr (( Z A(&ij)zix] Id — S§1> (Sg + mmn%)) )
i#j
Finally, since the term at the fourth line is exactly (m!*)7S;'m,, and after the VBEM
update step

n

o & C) | o Llan) 0 Tlen)
e ©) _;{logg(&j) #0606 | +10g S 10g 10 4 10g 1)

+ aplog by + a, (1 — 2—0 —logb,) + cologdy + ¢ (1 — ;Z—O —logd,)

n

K
1 1 1 vec - vec 1 -
+3 log |Sa| + §log |Ss| — E E Ti 10g Tig + é(ma TS mYee — 5m£551m5

i=1 k=1
b 300 - e
i#j

2.4 Local variational optimization

Keeping only the terms that do depend on &;; in (4), the lower bound is given by

L(q; &) = Z { log 9(&ij) — 6 (fw)( r(Eij(Sa + my(my)7)) + 277 maTJfE i
i#J

+ Tr(wyz];(Sp + mpemp)) — §j> } + cst.

11



The partial derivative of the lower bound with respect to §;; is

oL
0&ij

1 /
(q; &) = g(—=¢&;) — 5 A (&) (Tr(Eij(Sa +my(my))) + 27 maTjmpg
+ Tr(wia];(Ss + memp)) — 512]) + 2X(&i5)&i5
and

oL

5, (@ ©) = =X (6) (T By (Sa + mi(mir") + 21T marsafyms

+ Tyl (s + mam})) = €3). (5)
Finally, \(&;) is a strictly decreasing function for positive values of &; . Thus, \'(&;) # 0

and therefore if we set (5) to zero, we obtain

5 = Te(Ey(Sa + mi(mi)T) + 2rTmamjalymy + Tr(aisal, (S5 + mam})).

«

References

[1] T.S. Jaakkola and M.I. Jordan. Bayesian parameter estimation via variational methods.

Statistics and Computing, 10:25-37, 2000.

12



