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m a t t e r  w a v e  i n t e r f e r o m e t r y
Young’s double slit with electrons... two-path quantum interferometry.

Figure credit: Simon Connell. http://psi.phys.wits.ac.za/teaching/connell/phys284/2005/lecture-02
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general  quantum interferometry
... pretty much any quantum mechanical process where multiple paths 
play a role.
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The Breit-Wigner phase of a wave function was obtained by measuring the interference between two
independent ionization paths of a molecule. The state of interest was present in only one of the paths,
thereby producing a phase shift in the observed signal. An analytical theory was used to determine the
phase of the wave function from the observable.

PACS numbers: 33.80.Rv, 32.80.Qk, 82.50.Fv

The relative phase of a wave function is the central in-
gredient in all quantum mechanical interference phenom-
ena. These include Fano line shapes [1], photofragment
and photoelectron angular distributions [2,3], atom inter-
ferometry [4], the sculpting of Rydberg wave packets [5],
and coherent control of atomic and molecular processes
[6,7]. In particular, the phases of continuum wave func-
tions play a central role in scattering theory. The fact that
it is the phase that carries the information about the scat-
tering dynamics is explicit in the form of the WKB wave
function and in inversion schemes used to extract potential
energy functions from spectroscopic data [8].

The phase of a scattering wave function is conveniently
separated into a dynamical and a geometric part by partial
wave analysis [8,9]. The former contains the signature
of the scattering potential, whereas the latter depends on
the molecular orientation and on the scattering direction.
Dynamical phases arise from long-range scattering effects
and/or short-range resonance effects. Long-range forces
advance (or retard) the partial waves which compose the
scattering wave function as compared with those of a free
particle, giving rise to positive (or negative) partial wave
phase shifts that vary slowly with energy, on the scale of
the de Broglie wavelength. Resonance effects arise from
the interference of a quasibound state with the continuum,
producing a change of p in the phase of the scattering
wave function as energy is scanned through resonance.
This phase change, known as a resonance or Breit-Wigner
phase, is readily understood by analogy to the classical
phase of a forced oscillator.

Although quantum state reconstruction of a wave packet
has been demonstrated in many experiments [10], very few
studies have determined the phase of a single stationary
quantum eigenstate. The relative phases of partial waves
of different helicities have been determined in vector cor-
relation experiments [11,12]. In another study, the relative
phases of the waves of a scattered electron were measured
in an angle-resolved coincidence experiment [13].

We report here the first direct measurement of the
Breit-Wigner phase of a predissociating molecule [14]. To
measure this phase we constructed what might be called

a “molecular interferometer,” depicted schematically in
Fig. 1. As in any interferometric measurement, two phase-
coherent pathways connect the initial and final points.
Variation of the relative phase of the two paths results
in modulation of the detected signal (vide infra). In our
molecular interferometer, the two pathways consist of
one- and three-photon excitation of a molecule to an
ionization continuum (Fig. 1a). The relative phase of the

FIG. 1. Illustration of a molecular interferometer. Panel (a)
shows that two competing quantum mechanical paths connecting
the same initial and final states produce a sinusoidal variation
of the product signal that depends on the relative phase of the
two paths. In panel (b) an additional phase source is introduced
at an intermediate (two-photon) level of the three-photon path.
This source could be, for example, a predissociating resonance.
The effect of this source is to produce a phase shift of d13 in
the signal.
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... pretty much any quantum mechanical process where multiple paths 
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wavefunction(s) via multiple ionization paths:

Pa
th

 1
1 

ph
ot

on
 io

ni
za

tio
n

Pa
th

 2
2 

ph
ot

on
 io

ni
za

tio
n



femtolab.ca

For example, the phase of free electron 
wavefunction(s).

Note - control via E-field phases
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Fig. 1 Scheme for 1 + 2 REMPI of potassium atoms by laser light
with an arbitrary state of polarization arising from superpositions of
left-handed EL(t) and right-handed ER(t) circularly polarized shaped
light propagating along the z-axis. Bold double-headed arrows indi-
cate the nonperturbative excitation of the one-photon p ↔ s transi-
tions. Perturbative two-photon ionization f ←← p via eight differ-
ent pathways through the virtual |d,m〉 states (indicated with dashed
lines) gives rise to free-electron wave packets with an energy above
the ionization potential (IP) and |f,m = ±3〉 and |f,m = ±1〉 sym-
metry. Coherent superposition of these continuum states can produce
electron probability distributions with (rotated) |f,m = 0〉 symmetry.
The rotation angle of the |f,m = 0〉 wave packet about the z-axis is
determined by the relative phases of EL(t) and ER(t) exemplified for
an alignment parallel to either the x- or y-axis (right panel). Ellipti-
cally polarized light produces superposition states as indicated in the
left panel. For convenience, the relative transition moments αl,m;l′,m′
are indicated for each transition. In this special case the two contribu-
tions to, e.g., c3,±1(ωe) are identical as indicated with the two black
bended arrows

where the subscript mod for modulated fields is suppressed
for better readability. Note that any instantaneous state of
polarization is described by this decomposition, provided
that the appropriate relative (time-dependent) phase between
these fields is taken into account.

2.2 Non-perturbative interaction in the neutral system

As the laser radiation propagates in the z-direction and the
light field is decomposed into two circularly polarized com-
ponents, only �m = ±1 transitions shown in Fig. 1 take
part in the light–matter interaction [48] (details of the ex-
citation scheme relevant to the experiment are shown in
Fig. 4). Therefore, nonperturbative excitation of the one-
photon transitions p+1 ↔ s and p−1 ↔ s (see bold double-
headed arrows in Fig. 1) is described by the time-dependent
Schrödinger equation

d

dt
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where �ΩL/R(t) = µL/R EL/R(t) and µL/R describe the
Rabi-frequencies and the dipole moments of the respec-
tive transitions, δ±1 the detunings of the |p,m = ±1〉
states with respect to the laser central frequency, and
{s(t),p+1(t),p−1(t)}T the state vector in terms of the corre-
sponding time-dependent amplitudes [11, 35, 38, 49]. Note
that in this simplified scheme the influence of the spin has
been ignored, because the fine structure splitting of the 4p-
state into 4p1/2- and 4p3/2-states of about 7 meV is small
compared to the laser bandwidth of about 60 meV Full Width
at Half Maximum (FWHM) for a 30 fs laser pulse. Here,
both detunings from the laser central frequency are taken
to be identical, i.e., δ+1 = δ−1. However, the form of the
Hamiltonian chosen in (3) is also applicable in the general
case of different detunings.

2.3 Perturbative two-photon ionization

2.3.1 Angular part

Since the dipole moments for neutral-to-ionic transitions are
generally much weaker compared to, for instance, the potas-
sium D-line, two-photon ionization from the two p-states is
treated by time-dependent perturbation theory. The descrip-
tion based on �m = ±1 transitions as outlined above will
also be used to describe two-photon ionization. However,
especially for REMPI with linearly polarized pulses, it is
more natural to switch into the atomic frame [50] and de-
scribe the interaction by �m = 0 transitions in the atomic
frame, as if a hypothetical laser pulse propagated along a di-
rection in the x–y-plane. This amounts to rotating the actual
|f,m = 0〉 wave function by 90◦ about the y-axis and sub-
sequently by an arbitrary angle about the z-axis. Although
both the f ←← p and p ←← p two-photon transitions
are allowed from selection rules, the contributions from the
free-electron wave packets with |p,m = ±1〉 symmetry are
hardly visible in the experimental observations (see Sect. 4).
Therefore, we consider two-photon ionization f ←← p via
the eight different pathways through the virtual |d,m〉 states
as indicated in Figs. 1 and 4 giving rise to free-electron wave
packets with |f,m = ±3〉 and |f,m = ±1〉 symmetry. Co-
herent superposition of these continuum states can produce
electron probability distributions with |f,m = 0〉 symmetry
in the atomic frame. The |f,m = 0〉 wave packet is aligned
in the x–y-plane, and its rotation angle about the z-axis is
determined by the relative phases of EL(t) and ER(t). Ex-
amples for two such states aligned parallel to either the x- or
y-axis are shown in the right inset to Fig. 1. Elliptically po-
larized light produces highly structured superposition states
with additional features as indicated in the left inset.

For quantitative description, the relative transition mo-
ments due to the angular part of the wave functions

αl,m;l′,m′ = ε̂L/R · 〈l,m|x̂|l′,m′〉 (4)
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photoionizat ion interferometry
Photoionization is an interferometric process, in which multiple paths 
can contribute to the final continuum photoelectron state.
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Although there are other factors, this illustrates why the PAD is so sensitive to 
the phase shifts - it is the interference due to these phase shifts which primarily 
determines the shape of the PAD.

phase-sensitive photoelectron metrology
Need a phase-sensitive observable... photoelectron angular 
distributions (PADs) are angle-resolved photoelectron interferograms.

ψe=Y00+Y20e
-iη
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phase-sensitive photoelectron metrology
Need a phase-sensitive observable... photoelectron angular 
distributions (PADs) are angle-resolved photoelectron interferograms.

s+p(m=0)+d(m=1) waves, as a function of relative phase.

ψe=Y00+Y10e
-iη+Y21e

-3iη
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d = 〈Ψ+; ψe|µ̂.E|Ψi〉

I(θ, φ) = 〈Ψ+; ψe|µ̂.E|Ψi〉〈Ψi|µ̂.E|Ψ+; ψe〉

I(θ, φ) = |〈Ψ+; ψe|µ̂.E|Ψi〉|2

〈Ψf |µ̂.E|Ψi〉 ≡ 〈ψe|µ̂.E|Ψi〉

µ.E ∝ r.z = rC1
0 (θ, φ)

µ.E = eEr

√
4π

3
Y1,0(θ, φ)

|Ψi〉 = χnl′(r)|l′m′〉

|Ψf 〉 = 4π
∑
l,m

ile−iδlY ∗
lm(k̂)Ylm(r̂)χkl(r) =

∑
l,m

AlmYlm(r̂)χkl(r) =
∑
l,m

Almχkl(r)|lm〉

〈Ψf |rY10(r̂)|Ψi〉 =
∑
l,m

Alm〈χkl(r)|r|χnl′(r)〉〈lm|Y10(r̂)|l′m′〉

〈χkl(r)|r|χnl′(r)〉 =
ˆ

χ∗
kl(r)rχnl′(r)dr = rl

Final state
Ion + electron

Initial state
Dipole operator and incident field

background - dipole matrix elements
Any measurement involving ionization projects the initial state 
wavefunction onto the ionization continuum - free electron + ion.

In the weak-field & dipole regime, this is described by the dipole matrix 
elements:

d = 〈Ψ+; ψe|µ̂.E|Ψi〉

I(θ, φ; E, t) = 〈Ψ+; ψe|µ̂.E|Ψi〉〈Ψi|µ̂.E|Ψ+; ψe〉

I(θ, φ; E, t) =
∑
L

∑
M

βLM (E, t)YLM (θ, φ)

|Ψi〉 = χnl′(r)|l′m′〉

|Ψf 〉 = 4π
∑
l,m

ile−iδlY ∗
lm(k̂)Ylm(r̂)χkl(r) =

∑
l,m

AlmYlm(r̂)χkl(r) =
∑
l,m

Almχkl(r)|lm〉

Observable - angle-resolved photoelectron flux:

d = 〈Ψ+; ψe|µ̂.E|Ψi〉

I(θ, φ; E, t) = 〈Ψ+; ψe|µ̂.E|Ψi〉〈Ψi|µ̂.E|Ψ+; ψe〉

I(θ, φ; E, t) =
∑
L

∑
M

βLM (E, t)YLM (θ, φ)

|Ψi〉 = χnl′(r)|l′m′〉

|Ψf 〉 = 4π
∑
l,m

ile−iδlY ∗
lm(k̂)Ylm(r̂)χkl(r) =

∑
l,m

AlmYlm(r̂)χkl(r) =
∑
l,m

Almχkl(r)|lm〉
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 =ΣΣ γ  rlλ rl´λ´ cos(ηlλ – ηl´λ´)
 Y lλ  (θ ,φ ) Y l'λ ' 

*  (θ ,φ ) 
lλ l'λ'

background - dipole matrix elements

By writing all the wavefunctions as products of radial & angular 
(geometric) parts, the cross-section can be written as:

I(θ ,φ ;E,t) 

The summation shown here is over all angular momentum states of the 
free electron, hence the PAD is an (angular) interference pattern.

But... there may be many channels involved!
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so...?
Isn’t this just photoelectron spectroscopy?
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so...?
Isn’t this just photoelectron spectroscopy?
Absolutely... but with a focus on (quantitative) phase-sensitive metrology. 

Co
nt

ro
l

Measurement sophistication
(information content)

        Optimal methods for quantum metrology

Photoelectron
Spectroscopy

Time-resolved 
Photoelectron
Spectroscopy

High-harmonic
Spectroscopy

Time & angle-resolved 
Photoelectron
Spectroscopy

Optical spectroscopy
(linear)

Optical spectroscopy
(non-linear)

Angle-resolved
Photoelectron
Spectroscopy

Polarization multiplexed
Photoelectron
Spectroscopy

Source development

Pulse characterization

Active optics Rotational
wavepackets

Optical

Particle
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background - radial integrals
The geometric terms are analytic, so can be calculated directly, leaving only the radial 
integrals as unknowns.  How can we treat these?

 =ΣΣ γ  rlλ rl´λ´ cos(ηlλ – ηl´λ´)
 Y lλ  (θ ,φ ) Y l'λ ' 

*  (θ ,φ ) 
lλ l'λ'

I(θ ,φ ;E, t ) 

Ab initio (numerical) 
scattering calculation

Radial integrals ≡ scattering amplitudes & phases

Symmetry based modelling

Extract from experimental data

Quantitative methods

Qualitative methods
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recent examples

Bootstrapping to the Molecular Frame with Time-domain 
Photoionization Interferometry
Claude Marceau, Varun Makhija, Dominique Platzer, A. Yu. Naumov, P. B. 
Corkum, Albert Stolow, D. M. Villeneuve and Paul Hockett
Phys. Rev. Lett. (under review, 2017), 
arXiv 1701.08432 (https://arxiv.org/abs/1701.08432).

Complete Photoionization Experiments via Ultrafast 
Coherent Control with Polarization Multiplexing
Hockett, P., Wollenhaupt, M., Lux, C., & Baumert, T. 
Physical Review Letters, 112(22), 223001 (2014). 
http://doi.org/10.1103/PhysRevLett.112.223001
arXiv 1403.3315 (https://arxiv.org/abs/1403.3315)

Z
X

Y

Angle-resolved RABBIT: theory and numerics
Paul Hockett
J. Phys. B (under review, 2017), 
arXiv 1703.08586 (https://arxiv.org/abs/1703.08586).
Authorea https://dx.doi.org/10.22541/au.149037518.89916908

Path 1 (s+d)

Path 2 (p+f)

(b) φ2 = 0(a) φ2 = -�/2

(c) φ2 = �/2(d) φ2 = �

Su
m

s

E

https://arxiv.org/abs/1701.08432
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multi-path atomic interferometry
Modelling the dynamics & ionization for this 3-photon process.

Rabi-cycling

1-photon absorption (virtual states)

Ionization (continuum states)

0

ħω

2ħω

3ħω

Photoelectron angular distributions from strong-field coherent electronic excitation 247

Fig. 1 Scheme for 1 + 2 REMPI of potassium atoms by laser light
with an arbitrary state of polarization arising from superpositions of
left-handed EL(t) and right-handed ER(t) circularly polarized shaped
light propagating along the z-axis. Bold double-headed arrows indi-
cate the nonperturbative excitation of the one-photon p ↔ s transi-
tions. Perturbative two-photon ionization f ←← p via eight differ-
ent pathways through the virtual |d,m〉 states (indicated with dashed
lines) gives rise to free-electron wave packets with an energy above
the ionization potential (IP) and |f,m = ±3〉 and |f,m = ±1〉 sym-
metry. Coherent superposition of these continuum states can produce
electron probability distributions with (rotated) |f,m = 0〉 symmetry.
The rotation angle of the |f,m = 0〉 wave packet about the z-axis is
determined by the relative phases of EL(t) and ER(t) exemplified for
an alignment parallel to either the x- or y-axis (right panel). Ellipti-
cally polarized light produces superposition states as indicated in the
left panel. For convenience, the relative transition moments αl,m;l′,m′
are indicated for each transition. In this special case the two contribu-
tions to, e.g., c3,±1(ωe) are identical as indicated with the two black
bended arrows

where the subscript mod for modulated fields is suppressed
for better readability. Note that any instantaneous state of
polarization is described by this decomposition, provided
that the appropriate relative (time-dependent) phase between
these fields is taken into account.

2.2 Non-perturbative interaction in the neutral system

As the laser radiation propagates in the z-direction and the
light field is decomposed into two circularly polarized com-
ponents, only �m = ±1 transitions shown in Fig. 1 take
part in the light–matter interaction [48] (details of the ex-
citation scheme relevant to the experiment are shown in
Fig. 4). Therefore, nonperturbative excitation of the one-
photon transitions p+1 ↔ s and p−1 ↔ s (see bold double-
headed arrows in Fig. 1) is described by the time-dependent
Schrödinger equation

d

dt




s(t)

p+1(t)

p−1(t)


 = i




0
Ω∗

L(t)

2
Ω∗

R(t)

2
ΩL(t)

2 δ+1 0
ΩR(t)

2 0 δ−1







s(t)

p+1(t)

p−1(t)


 , (3)

where �ΩL/R(t) = µL/R EL/R(t) and µL/R describe the
Rabi-frequencies and the dipole moments of the respec-
tive transitions, δ±1 the detunings of the |p,m = ±1〉
states with respect to the laser central frequency, and
{s(t),p+1(t),p−1(t)}T the state vector in terms of the corre-
sponding time-dependent amplitudes [11, 35, 38, 49]. Note
that in this simplified scheme the influence of the spin has
been ignored, because the fine structure splitting of the 4p-
state into 4p1/2- and 4p3/2-states of about 7 meV is small
compared to the laser bandwidth of about 60 meV Full Width
at Half Maximum (FWHM) for a 30 fs laser pulse. Here,
both detunings from the laser central frequency are taken
to be identical, i.e., δ+1 = δ−1. However, the form of the
Hamiltonian chosen in (3) is also applicable in the general
case of different detunings.

2.3 Perturbative two-photon ionization

2.3.1 Angular part

Since the dipole moments for neutral-to-ionic transitions are
generally much weaker compared to, for instance, the potas-
sium D-line, two-photon ionization from the two p-states is
treated by time-dependent perturbation theory. The descrip-
tion based on �m = ±1 transitions as outlined above will
also be used to describe two-photon ionization. However,
especially for REMPI with linearly polarized pulses, it is
more natural to switch into the atomic frame [50] and de-
scribe the interaction by �m = 0 transitions in the atomic
frame, as if a hypothetical laser pulse propagated along a di-
rection in the x–y-plane. This amounts to rotating the actual
|f,m = 0〉 wave function by 90◦ about the y-axis and sub-
sequently by an arbitrary angle about the z-axis. Although
both the f ←← p and p ←← p two-photon transitions
are allowed from selection rules, the contributions from the
free-electron wave packets with |p,m = ±1〉 symmetry are
hardly visible in the experimental observations (see Sect. 4).
Therefore, we consider two-photon ionization f ←← p via
the eight different pathways through the virtual |d,m〉 states
as indicated in Figs. 1 and 4 giving rise to free-electron wave
packets with |f,m = ±3〉 and |f,m = ±1〉 symmetry. Co-
herent superposition of these continuum states can produce
electron probability distributions with |f,m = 0〉 symmetry
in the atomic frame. The |f,m = 0〉 wave packet is aligned
in the x–y-plane, and its rotation angle about the z-axis is
determined by the relative phases of EL(t) and ER(t). Ex-
amples for two such states aligned parallel to either the x- or
y-axis are shown in the right inset to Fig. 1. Elliptically po-
larized light produces highly structured superposition states
with additional features as indicated in the left inset.

For quantitative description, the relative transition mo-
ments due to the angular part of the wave functions

αl,m;l′,m′ = ε̂L/R · 〈l,m|x̂|l′,m′〉 (4)

εRεL
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L vs R pathways to same final states.
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multi-path atomic interferometry
Experiments (Christian Lux)
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the lower panels of Fig. 11 in the fashion of [14]. Because
both partial spectra are truncated, the resulting sub-pulses
are much longer than the bandwidth-limited pulse. Shift-
ing the cusp at ωV away from the central frequency con-
trols the share for both partial spectra and hence the inten-
sity of the respective components. In Fig. 11 the projections
of the pulses onto the x–z-plane vanish indicating linear
polarization along the y-axis. The upper panels of Fig. 11
show PADs measured for such linearly polarized colored
double pulses with (a) ϕV (ω) = −200 fs · |ω − 2.44 fs−1|
and (b) ϕV (ω) = −200 fs · |ω − 2.36 fs−1|, respectively.
Since the central laser frequency in these experiments was
ω0 = 2.37 fs−1, Fig. 11(a) corresponds to a very weak blue-
detuned 135 fs pre-pulse followed by a strong red-detuned
50 fs post-pulse, whereas in Fig. 11(b) both pulses have ap-
proximately the same detunings, nearly the same intensity,
and identical pulse lengths of 80 fs. All pulse durations given
here are FWHM values resulting from 30 fs input pulses. As
a result, the PAD shown in (a) clearly contains the previously
discussed |f,m = 0� symmetry (cf. Fig. 9), while there is
no evidence for this feature in (b). Most strikingly, the an-
gular distribution of both PADs is different compared to the
bandwidth-limited case. From the discussion in Sect. 2.4.1 it
is expected that (weak- and strong-field) effects due to shap-
ing linearly polarized pulses show up in the radial distrib-
ution of the PADs and not in changes of the angular dis-
tribution. The observed drastic changes in the angular dis-
tribution are therefore indeed surprising. A refined model
to understand the detailed physical mechanism to gener-
ate PADs of the observed symmetries by linearly polarized
shaped pulses is currently developed and will be presented
in a forthcoming publication. As for the radial distribution,
an additional ring shows up in both PADs at Ekin ≈ 0.4 eV.
This feature was not observed in the PAD from unshaped
pulses (cf. Fig. 10).

4.4 Polarization-shaping

For excitation with polarization-shaped laser pulses, we use
colored triple-pulse sequences. Analogous to the V -type
spectral phase function mentioned in the previous section,
these pulses are generated by dividing the spectrum into
three regions ω ∈ R = (−∞,ωV1), ω ∈ C = (ωV1 ,ωV2) and
ω ∈ B = (ωV2,∞), where R, C , and B refer to the red, cen-
tral, and blue parts of the spectrum, respectively. By apply-
ing a linear phase function to each of the spectral regions
according to

ϕU(ω) = τ · |ω − ωV1 | + τ · |ω − ωV2 |, (13)

it is possible to shift their temporal counterpart by twice
the respective time τ to produce colored triple-pulse se-
quences. However, similar to the V -shaped spectral phase,
in this U -shaped spectral phase, the three spectral regions

Fig. 12 Upper panels: measured PADs from excitation with polariza-
tion-shaped laser pulses of 8.0 µJ pulse energy. Three different lin-
ear phases are used to shift parts of the spectrum in time and create
colored triple pulses, while also the polarization of these three spec-
tral domains is changed. Lower panels: visualization of the polariza-
tion-shaped pulses: (a) the red-detuned pre-pulse is polarized along the
x-axis, the central frequency components are left-elliptically polarized
and the blue-detuned post-pulse is polarized along the y-axis, (b) the
red-detuned pre-pulse is polarized along the y-axis, the central fre-
quency components are left-elliptically polarized and the blue-detuned
post-pulse is right-elliptically polarized

are sharply truncated, and therefore, the corresponding tem-
poral slices are long and strongly overlapping. In order to
design polarization-shaped pulses, the red spectral region R
is advanced, the central spectral region C not shifted, and the
blue spectral region B retarded for both polarization com-
ponents. However, by adding absolute spectral phases with
opposite signs of ±π/4 to the phase of individual spectral
regions given by (13) for both polarization components, the
polarization of each spectral, and hence also each temporal
slice is either left or right circularly polarized. In the same
way, adding absolute spectral phases of 0 or ±π/2 yields
linearly polarized light along the y- or x-axis, respectively.
For instance, the pulse depicted in Fig. 12(a) starts with a
red-detuned pre-pulse linearly polarized along the x-axis,
develops then into a left-elliptically polarized slice at the
central-frequency to end up with a blue-detuned portion lin-
early polarized along the y-axis. The projections of the pulse
onto both the x–z-plane and the y–z-plane show nonvanish-
ing contributions, indicating polarization-shaping. In partic-
ular, the development from polarization along the x-axis, via
elliptical polarization into polarization along the y-axis is
visible in the projections. The pulse shown in Fig. 12(b) has
a red-detuned pre-pulse polarized along the y-axis, changes
to a left-elliptically polarized part, and concludes with a
blue-detuned right-elliptically polarized part. The sub-pulse

Control
Polarization-shaped pulses

254 M. Wollenhaupt et al.

Fig. 10 Measured photoelectron angular distributions. The energy cal-
ibration is shown in (a). Parametric plots of the electric field in the
x–y-plane indicate the polarization of the light pulses. The iso-
surfaces of the three-dimensional free-electron wave packets from
the simulation link the polarization properties of light to the ob-
served PADs—shown again as projection in the three-dimensional
plot. Upper panels: linearly polarized light rotated about the

z-axis by using a λ/2 plate whose optical axis is oriented at
angles of 0◦, 15◦, 30◦, and 45◦ with respect to the y-axis
(compare to the simulated PADs in Fig. 3(a)–(d)). Lower pan-
els: elliptically polarized light is produced by introducing a λ/4
plate with retardation axis oriented at 0◦, 15◦, 30◦, and 45◦
with respect to the y-axis (compare with the simulated PADs in
Fig. 3(f)–(h))

and reveal the underlying physical mechanisms to gener-
ate shaped electron wave packets. The PADs measured for
linearly polarized pulses with different angles of the polar-
ization vector in the x–y-plane are displayed in the upper

panels of Fig. 10. As seen in the parametric plots, the po-
larization vector of the linearly polarized light rotates about
the z-axis by 0, 30◦, 60◦, and 90◦. In the experiment this was
implemented by using an achromatic λ/2 plate with retarda-

Ellipticity

multi-path atomic interferometry
Experiments (Christian Lux)
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multi-path atomic interferometry
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Fig. 1 Scheme for 1 + 2 REMPI of potassium atoms by laser light
with an arbitrary state of polarization arising from superpositions of
left-handed EL(t) and right-handed ER(t) circularly polarized shaped
light propagating along the z-axis. Bold double-headed arrows indi-
cate the nonperturbative excitation of the one-photon p ↔ s transi-
tions. Perturbative two-photon ionization f ←← p via eight differ-
ent pathways through the virtual |d,m〉 states (indicated with dashed
lines) gives rise to free-electron wave packets with an energy above
the ionization potential (IP) and |f,m = ±3〉 and |f,m = ±1〉 sym-
metry. Coherent superposition of these continuum states can produce
electron probability distributions with (rotated) |f,m = 0〉 symmetry.
The rotation angle of the |f,m = 0〉 wave packet about the z-axis is
determined by the relative phases of EL(t) and ER(t) exemplified for
an alignment parallel to either the x- or y-axis (right panel). Ellipti-
cally polarized light produces superposition states as indicated in the
left panel. For convenience, the relative transition moments αl,m;l′,m′
are indicated for each transition. In this special case the two contribu-
tions to, e.g., c3,±1(ωe) are identical as indicated with the two black
bended arrows

where the subscript mod for modulated fields is suppressed
for better readability. Note that any instantaneous state of
polarization is described by this decomposition, provided
that the appropriate relative (time-dependent) phase between
these fields is taken into account.

2.2 Non-perturbative interaction in the neutral system

As the laser radiation propagates in the z-direction and the
light field is decomposed into two circularly polarized com-
ponents, only �m = ±1 transitions shown in Fig. 1 take
part in the light–matter interaction [48] (details of the ex-
citation scheme relevant to the experiment are shown in
Fig. 4). Therefore, nonperturbative excitation of the one-
photon transitions p+1 ↔ s and p−1 ↔ s (see bold double-
headed arrows in Fig. 1) is described by the time-dependent
Schrödinger equation

d

dt




s(t)

p+1(t)

p−1(t)


 = i




0
Ω∗

L(t)

2
Ω∗

R(t)

2
ΩL(t)

2 δ+1 0
ΩR(t)

2 0 δ−1







s(t)

p+1(t)

p−1(t)


 , (3)

where �ΩL/R(t) = µL/R EL/R(t) and µL/R describe the
Rabi-frequencies and the dipole moments of the respec-
tive transitions, δ±1 the detunings of the |p,m = ±1〉
states with respect to the laser central frequency, and
{s(t),p+1(t),p−1(t)}T the state vector in terms of the corre-
sponding time-dependent amplitudes [11, 35, 38, 49]. Note
that in this simplified scheme the influence of the spin has
been ignored, because the fine structure splitting of the 4p-
state into 4p1/2- and 4p3/2-states of about 7 meV is small
compared to the laser bandwidth of about 60 meV Full Width
at Half Maximum (FWHM) for a 30 fs laser pulse. Here,
both detunings from the laser central frequency are taken
to be identical, i.e., δ+1 = δ−1. However, the form of the
Hamiltonian chosen in (3) is also applicable in the general
case of different detunings.

2.3 Perturbative two-photon ionization

2.3.1 Angular part

Since the dipole moments for neutral-to-ionic transitions are
generally much weaker compared to, for instance, the potas-
sium D-line, two-photon ionization from the two p-states is
treated by time-dependent perturbation theory. The descrip-
tion based on �m = ±1 transitions as outlined above will
also be used to describe two-photon ionization. However,
especially for REMPI with linearly polarized pulses, it is
more natural to switch into the atomic frame [50] and de-
scribe the interaction by �m = 0 transitions in the atomic
frame, as if a hypothetical laser pulse propagated along a di-
rection in the x–y-plane. This amounts to rotating the actual
|f,m = 0〉 wave function by 90◦ about the y-axis and sub-
sequently by an arbitrary angle about the z-axis. Although
both the f ←← p and p ←← p two-photon transitions
are allowed from selection rules, the contributions from the
free-electron wave packets with |p,m = ±1〉 symmetry are
hardly visible in the experimental observations (see Sect. 4).
Therefore, we consider two-photon ionization f ←← p via
the eight different pathways through the virtual |d,m〉 states
as indicated in Figs. 1 and 4 giving rise to free-electron wave
packets with |f,m = ±3〉 and |f,m = ±1〉 symmetry. Co-
herent superposition of these continuum states can produce
electron probability distributions with |f,m = 0〉 symmetry
in the atomic frame. The |f,m = 0〉 wave packet is aligned
in the x–y-plane, and its rotation angle about the z-axis is
determined by the relative phases of EL(t) and ER(t). Ex-
amples for two such states aligned parallel to either the x- or
y-axis are shown in the right inset to Fig. 1. Elliptically po-
larized light produces highly structured superposition states
with additional features as indicated in the left inset.

For quantitative description, the relative transition mo-
ments due to the angular part of the wave functions

αl,m;l′,m′ = ε̂L/R · 〈l,m|x̂|l′,m′〉 (4)
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We can (try) fitting the data to determine these.
Complete experiment with intra-pulse dynamics.

t

dlf mf
=

∑

li, mi

lv, mv

q, q′

Rlvlf (k)〈lfmf , 1q′|lvmv〉Rlilv (k)〈lvmv, 1q|limi〉
ˆ

Eq′(t)Eq(t)pmi
(t)dt

dk R(k)

I(θ, φ; k) =
∑

lf , mf

l
′

f , m
′

f

dlf mf
Ylf mf

(θ, φ)d∗
l
′
f
m

′
f

Y ∗
l
′
f
m

′
f

(θ, φ)

|lf , mf 〉
Rll

e−iηl il

βLM

I(θ, φ; k) =
∑
L,M

βLMYLM (θ, φ)

βLM

βLM =
∑
ll′

∑
λλ′

∑
mm′

(−1)m

√
(2l + 1)(2l′ + 1)(2L + 1)

4π

x

(
l l′ L
m −m′ M

) (
l l′ L
0 0 0

)
dlf mf

d∗
l
′
f
m

′
f

Rll

Rll

Rll Rll = |Rll|eiδll −π ≤ δll ≤ π
|Rll| ≥ 0 Rl1→l2 = R∗

l2→l1

τ = 60 fs φy = 0 φy = π/8, π/4
φy = π/2

Rabi-cycling
Intra-pulse population 

dynamics

2-photon ionization
Ionization dynamics

Laser field
Polarization dynamics 

(control)
Radial ionization matrix elements



femtolab.ca

extracting the ionization dynamics

Calculate population dynamics

Calculate ionization matrix elements dlfmf

Calculate observable I(θ,φ ;k)

Calculate 2D image & compare 
with experiment
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multi-path atomic interferometry

• Modelling as 1-photon Rabi-cycling (intra-
pulse dynamics), followed by 2-photon 
ionization, seems to be valid.

• 2D images provide a route to extraction of 
the ionization matrix elements (“complete 
photoionization experiment”).

• For potassium we determine a dominant 
f-wave, with significant p-wave contribution.

• We can now model the dynamics of 
polarization control.

•	 Fuller treatment of radial distributions to 
model, e.g., chirped laser pulse.

•	 3D data (tomographic measurements) 
should be more sensitive, and allow more 
robust	fitting.

Conclusions & future work
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ABSTRACT A method is proposed for detailed determination of
the temporal structure of XUV pulses. The method is especially
suited for diagnostics on attosecond pulses and pulse trains that
originate from temporal beating of various harmonics of an ul-
trashort laser pulse. A recent experiment already showed the
feasibility of this method when applied to long attosecond pulse
trains, where it measured the average pulse characteristics. Here
we argue that the same method is also suitable for determining
differences between the individual attosecond pulses in a short
train, or the properties of a single attosecond pulse.

PACS 32.80.Rn; 42.30.Rx

1 Measuring spectral phases

Spectral interferometry is one of the best methods
currently available for fully characterizing ultra-short optical
pulses. If it is known beforehand that an entire pulse does not
span more than a time interval T , that pulse is uniquely de-
termined from the knowledge of the amplitude and phase of
a set of frequency components spaced by Ω = 2π/T . The am-
plitude of these (or any other) frequency components can be
immediately obtained from the spectrum, and the difficulty
usually resides in obtaining the phases.

The optical technique known as SPIDER (spectral phase
interferometry for direct electric-field reconstruction) [1, 2]
determines these phases by measuring the interference be-
tween all pairs of frequencies ω, ω+Ω. To this end two
pulses are sent into a spectrometer, the frequency of one of
them shifted (‘sheared’) with respect to that of the other by
Ω in a way that conserves the original phase. The spectrally
resolved interference between these two pulses then reveals
their relative phases.

Short pulses in the optical domain usually have a band-
width that is small compared to their central frequency, and
the independent frequency components have to be spaced by
an interval that is only a small fraction of that bandwidth.
This makes it inconvenient to up-convert one of the pulses

✉ E-mail: muller@amolf.nl

and leave the other pulse unchanged, since the light required
for up-conversion by sum-frequency mixing would map in the
far or mid infrared. It is much preferable to up-convert both
pulses by mixing with an optical photon of slightly different,
precisely defined frequency. A convenient way to obtain the
narrow-band photons required for the up-conversion process
is by selecting different portions of a strongly chirped ver-
sion of the pulse under study. This pulse is guaranteed to have
enough bandwidth to generate a suitable spectral shear Ω.

The major limitation of SPIDER is that to measure pulses
that are far from their bandwidth limit, the spectral sampling
has to be rather dense (i.e. small Ω). To make a frequency
that is sufficiently constant over the (long) duration of the
original pulse, one has to chirp out the up-converting pulse
so far that it might not have enough intensity left. In cases
like this, however, only a small spectral shear is desired, so
that up-conversion can be done with a stronger pulse from
a stronger, narrower-band source, such as the pump laser of
a fiber-compressed pulse (cross-SPIDER or X-SPIDER) [3].

2 Frequency mixing through multi-photon
ionization
Implementing SPIDER in the vacuum ultraviolet

or soft-X-ray region (XUV) encounters several difficulties.
The only proven non-linear conversion involving XUV pho-
tons is ionization of a dilute gas of atoms [4, 5]. In contrast
to conventional techniques in the optical region, this process
does not result in photons, but in electrons. Despite this prac-
tical difference, the principle is otherwise exactly the same:
the frequency spectrum of the ionizing photons is transferred
to the energy spectrum of the photo-electrons. Instead of an
optical spectrometer, one needs an electron spectrometer to
extract the information.

The ionization process has the advantage that phase
matching is not an issue. Unlike photons, electrons originat-
ing from different atoms do not interfere, since the quantum
states they produce are in principle distinguishable by which
atom was left behind in an ionized state. As a consequence, the
process is also destructive in the sense that it irreversibly alters
the conversion medium, but gas is cheap and simply replaced
before the next shot. Another peculiarity of photo-ionization
as a non-linear process is that it adds an energy-dependent
phase to the phase of the XUV radiation in the conversion pro-
cess [6, 7]. This phase is rather small, and can be calculated

Muller, H. G. (2002). Reconstruction of attosecond harmonic beating by interfer-
ence of two-photon transitions. Applied Physics B: Lasers and Optics, 74, 17–21. 
http://doi.org/10.1007/s00340-002-0894-8
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(a)

(b)

(c)

Figure 4. Pump–probe schemes. (a) Traditional pump–probe
experiment with two pulses separated in time by τ . (b) Simultaneous
pump–probe experiment between a SAP and a few-cycle IR field.
(c) Simultaneous pump–probe experiment between an APT and a
monochromatic IR field. The narrow purple area represents the
attosecond XUV pulse envelope and the broader red area represents
the one of the probing laser pulse, while the dotted red lines indicate
the corresponding E-field.

1.2. Pump–probe schemes for ultra-fast measurements

In this tutorial, we provide a theoretical background for the
temporal aspects of photoionization. The attosecond pulse
structure is shorter than the response time of any detector
or electronic device, but it is possible to obtain temporal
information about attosecond photoionization indirectly
by investigating coherent cross-correlation photoelectron
spectrograms between the attosecond pulse and a weak IR
laser probe. In figure 4, we present three different kinds of
cross-correlation techniques.

1.2.1. Traditional pump–probe experiment. A typical pump–
probe scheme is illustrated in figure 4(a). First, a pump pulse
is used to excite the system at time t = 0. A part of the
quantum mechanical wavefunction is then pumped from the
initial state to an excited wave packet: �(0)(0) → �(1)(0).
The system can then evolve in a field-free environment until
time t = τ , when the probe pulse interacts with the excited
wave packet, thus changing its state: �(1)(τ ) → �(2)(τ ).
In experiments, the modification of the wave packet leads
to the change of the observable quantities as a function of
the delay between the pump and the probe pulses. Temporal
information about the field-free propagation of the system,
e.g., a molecular vibration, can then be extracted in real time by
repeating the experiment systematically for different delays of
the probe pulse. In this way, the intermediate steps in chemical
reactions, the so-called transition states, have been investigated
in the framework of Zewail’s femtochemistry [47–50]. Clearly,

the intuitive interpretation of these experiments is limited by
the respective pulse durations. Using few-cycle optical-laser
fields to pump and probe the system is adequate to study
nuclear motion in molecular systems, typically occurring in
the femtosecond timescale. Coherent, attosecond XUV pump–
probe experiments, where attosecond pulses are used for both
pumping and probing, hold promise of observing the electron
dynamics in the attosecond timescale, but they are difficult
to implement experimentally due to the low probability for
absorbing two photons in the XUV range, where we assume
that at least one photon must be absorbed from both the
pump and the probe for a meaningful signal. We refer the
reader to [51] (and the references therein) for the state-of-
the-art experimental effort on XUV-pump and XUV-probe
experiments bordering the attosecond timescale. A different
kind of pump–probe experiment has been carried out using a
SAP as the pump and a few-cycle laser pulse as the probe, see,
e.g., [52], where the Fourier transform of the delay-dependent
spectrogram yields quantum beats, but also the interference
between direct and indirect pathways in the ionization.

1.2.2. Simultaneous pump–probe experiment using SAP:
‘streaking’. A more commonly used attosecond pump–
probe configuration is illustrated in figure 4(b), where the
pump and probe pulses overlap in time. In this situation,
it is not primarily the field-free system that is of interest,
but rather the temporal characterization of the pulses or the
evolution of the system in the presence of the two fields. The
pump pulse is an attosecond XUV pulse, while the probe
pulse is a longer (few femtosecond) IR-laser pulse. Strictly
speaking, this is a laser-assisted photoionization process,
where the system is simultaneously pumped and probed.
Sub-femtosecond temporal information can be gained by
repeating the experiment at different subcycle delays between
the attosecond pump pulse and the laser field oscillation of
the probe pulse. Clearly, it is essential that the two pulses
are phase locked and that the delay can be controlled with
sub-femtosecond precision.

Under these conditions, the system can absorb energy
simultaneously from the two fields, i.e. while it absorbs one
XUV photon, it is ‘dressed’ by the relatively intense IR probe
field. Accordingly, a non-perturbative approach is needed to
account for the effect of the probe. A simplified theory for
the influence of the probe pulse on the photoelectrons is
given by the streak-camera formalism [35]. This simplified
interpretation of the photoelectron distribution relies on
the use of the SFA, which is equivalent to assuming that
the photoelectron feels the instantaneous laser field, while the
Coulomb potential of the ionic core is neglected. According to
the SFA, the streaked electron-momentum distribution is then
shifted as

�p f (τ ) = �p0 − e�A(τ ), (5)

where �p0 is the unshifted, probe-free momentum, e > 0 is the
elementary charge and �A(τ ) is the probe-field vector potential
at the time of ionization. This concept of ‘instantaneous
streaking’ provides a simple map from time to momentum
of the streaked electrons, which is valid assuming that the
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(a) (b)

Figure 5. RABITT method. (a) Photoelectron spectrogram over photon energy and delay between the APT and the IR field. The offset in the
modulation of the SBs contains information about the attosecond pulses and the ionization process. (b) Schematic energy diagram over the
quantum paths leading to the same final energy in SB 2q. The experimental data were gathered from [56].

electron is free shortly after the ionization event, i.e. that it
either escapes from a short-range binding potential or is ejected
with a high velocity. In practice, the electron is not completely
free after the ionization event due to the remaining Coulomb
potential from the ion. Smirnova and co-workers found that the
simultaneous action of the long-range Coulomb potential and
the probing laser field can result in a small shift of the streaking
process [53], i.e. an uncertainty on the absolute delay in the
experiment. Until recently [45], these delays were considered
too small to be accessible in streaking experiments. The high-
level of accuracy that is required for attophysics remains a
challenge to theory, especially in the non-perturbative regime.

1.2.3. Instantaneous pump–probe experiment using APT:
‘RABITT’. In figure 4(c), a train of ‘identical’ attosecond
pump pulses are probed with a monochromatic IR-field. This
scheme is often referred to as the RABITT method [31–33].
Provided that the probe pulses are weak and that the fields are
repeated periodically for many cycles, this scheme can provide
equivalent information as the streak-camera method described
above (figure 4(b)). We will discuss this equivalence in more
detail in section 5 in terms of photoelectron wave packets,
and we suggest that the interested reader should consult [54]
for a complete derivation in lowest-order perturbation theory.
Higher-order effects in the probe field have previously been
considered using the soft-photon approximation; see, e.g., [55].
In section 5.3, we will also discuss higher order probe-photon
processes and explain why these do not significantly alter the
phases and delays in laser-assisted photoionization.

The shared periodicity of the APT and the probe field
implies that the photoelectrons will appear on distinct energies
corresponding to the discrete numbers of absorbed photons.
In figure 5, we display a typical experimental photoelectron
spectrogram produced by laser-assisted APT ionizing Ar gas.

The advantages of the periodic time-structure of APT are
rather practical: first, it is less demanding experimentally to
produce APT and multi-cycle probe-fields, than SAP and few-
cycle probe fields. Second, the probe field can be weaker than
for streaking, thereby, causing less side-effects on the system,
e.g. induced polarization of the core or ionization. Third,
the signal is read out on zero-background, i.e. in energetic
regions where no initial photoelectrons appear. Finally, a
monochromatic probe field simplifies the analysis because it
leads to less spectral convolutions in the experimental signal,
as we shall discuss further in section 5.

In this setup, there is a phase-difference associated with
the instantaneous probing by the laser field, which can be
traced back to the phaseshift of the relevant two-photon matrix
elements. The probability of the sideband (SB) peak modulates
as

S2q = α + β cos
[
2ωτ − �φ2q − �θ2q

]
, (6)

where �φ2q = (φ2q+1−φ2q−1) is the phase difference between
the consecutive harmonics (2q + 1)ω and (2q − 1)ω; �θ2q

is an intrinsic atomic quantity, the so-called atomic phase,
associated with the difference of the phases of the transition
amplitudes associated with the distinct quantum paths leading
to the SB [32, 33]. The former phase is related to the arrival
time of the attosecond pulses τφ = �φ2q/(2ω), for frequencies
� ≈ 2qω. The atomic phases were studied in detail by Toma
and Muller already in 2002, using lowest order perturbation
theory, for photoionization from the 3p state in argon [57].
Further numerical work was performed by Mauritsson et al
using SAE effective potentials for helium, neon and argon
[58]. The latter two numerical calculations were made with
the intention of making calibration curves for attosecond
characterization tools, such as RABITT. Our aim in this tutorial
is to discuss the origin of this atomic phase in detail. We will
identify its fundamental physical components in terms of time
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(a) (b)

Figure 5. RABITT method. (a) Photoelectron spectrogram over photon energy and delay between the APT and the IR field. The offset in the
modulation of the SBs contains information about the attosecond pulses and the ionization process. (b) Schematic energy diagram over the
quantum paths leading to the same final energy in SB 2q. The experimental data were gathered from [56].

electron is free shortly after the ionization event, i.e. that it
either escapes from a short-range binding potential or is ejected
with a high velocity. In practice, the electron is not completely
free after the ionization event due to the remaining Coulomb
potential from the ion. Smirnova and co-workers found that the
simultaneous action of the long-range Coulomb potential and
the probing laser field can result in a small shift of the streaking
process [53], i.e. an uncertainty on the absolute delay in the
experiment. Until recently [45], these delays were considered
too small to be accessible in streaking experiments. The high-
level of accuracy that is required for attophysics remains a
challenge to theory, especially in the non-perturbative regime.

1.2.3. Instantaneous pump–probe experiment using APT:
‘RABITT’. In figure 4(c), a train of ‘identical’ attosecond
pump pulses are probed with a monochromatic IR-field. This
scheme is often referred to as the RABITT method [31–33].
Provided that the probe pulses are weak and that the fields are
repeated periodically for many cycles, this scheme can provide
equivalent information as the streak-camera method described
above (figure 4(b)). We will discuss this equivalence in more
detail in section 5 in terms of photoelectron wave packets,
and we suggest that the interested reader should consult [54]
for a complete derivation in lowest-order perturbation theory.
Higher-order effects in the probe field have previously been
considered using the soft-photon approximation; see, e.g., [55].
In section 5.3, we will also discuss higher order probe-photon
processes and explain why these do not significantly alter the
phases and delays in laser-assisted photoionization.

The shared periodicity of the APT and the probe field
implies that the photoelectrons will appear on distinct energies
corresponding to the discrete numbers of absorbed photons.
In figure 5, we display a typical experimental photoelectron
spectrogram produced by laser-assisted APT ionizing Ar gas.

The advantages of the periodic time-structure of APT are
rather practical: first, it is less demanding experimentally to
produce APT and multi-cycle probe-fields, than SAP and few-
cycle probe fields. Second, the probe field can be weaker than
for streaking, thereby, causing less side-effects on the system,
e.g. induced polarization of the core or ionization. Third,
the signal is read out on zero-background, i.e. in energetic
regions where no initial photoelectrons appear. Finally, a
monochromatic probe field simplifies the analysis because it
leads to less spectral convolutions in the experimental signal,
as we shall discuss further in section 5.

In this setup, there is a phase-difference associated with
the instantaneous probing by the laser field, which can be
traced back to the phaseshift of the relevant two-photon matrix
elements. The probability of the sideband (SB) peak modulates
as

S2q = α + β cos
[
2ωτ − �φ2q − �θ2q

]
, (6)

where �φ2q = (φ2q+1−φ2q−1) is the phase difference between
the consecutive harmonics (2q + 1)ω and (2q − 1)ω; �θ2q

is an intrinsic atomic quantity, the so-called atomic phase,
associated with the difference of the phases of the transition
amplitudes associated with the distinct quantum paths leading
to the SB [32, 33]. The former phase is related to the arrival
time of the attosecond pulses τφ = �φ2q/(2ω), for frequencies
� ≈ 2qω. The atomic phases were studied in detail by Toma
and Muller already in 2002, using lowest order perturbation
theory, for photoionization from the 3p state in argon [57].
Further numerical work was performed by Mauritsson et al
using SAE effective potentials for helium, neon and argon
[58]. The latter two numerical calculations were made with
the intention of making calibration curves for attosecond
characterization tools, such as RABITT. Our aim in this tutorial
is to discuss the origin of this atomic phase in detail. We will
identify its fundamental physical components in terms of time
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Realistic numerical model: 

• Bound-free (xuv) matrix elements from ePolyScat. 
http://www.chem.tamu.edu/rgroup/lucchese/ePolyScat.E3.manual/
manual.html

• Continuum-continuum (ir) matrix elements using Coulomb scattering 
solutions (cf. treatment by Dahlström et. al).

Dahlström, J. M., L’Huillier, A., & Maquet, A. (2012). Introduction to attosecond 
delays in photoionization. Journal of Physics B: Atomic, Molecular and Optical 
Physics, 45(18), 183001. http://doi.org/10.1088/0953-4075/45/18/183001

http://www.chem.tamu.edu/rgroup/lucchese/ePolyScat.E3.manual/manual.html
http://www.chem.tamu.edu/rgroup/lucchese/ePolyScat.E3.manual/manual.html
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V M I  s i m u l a t i o n
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AR-RABBIT VMI simulation, and comparison with experiments (2 bands).

Experimental results - Hiromichi Niikura (Science, in press, 2017)
Model results also include calculated XUV phases - David Villeneuve, SFA calculations
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AR-RABBIT is a little bit complex, but is an information rich 
measurement...

It is suitable for both pulse and photoelectron metrology, and control.

Numerical modelling using established photoionization techniques 
reproduces the expected phenomena, and yields detailed understanding. 

The numerical modelling techniques are general (any atom or molecule).*

(Preliminary) comparisons with experimental results (Hiromichi Niikura**) 
look promising...

* although the method used here is expected to be poor at low (near threshold) photoelectron 
energies due to the form of the continuum-continuum functions. Strong field effects are neglected.

** Coherent Imaging of an Attosecond Electron Wave Packet, D M Villeneuve, P Hockett, M J J 
Vrakking and H Niikura, Science (in press, 2017)

s u m m a r y
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A R - R A B B I T  f o r  W i g n e r  d e l a y s
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For molecules the continuum phase, 
hence Wigner (photoionization) 
delay, is a complex function of energy 
and angle.

AR-RABBIT is one potential method 
for mapping this phase-dependence.

See:
Time delay in molecular photoionization
P Hockett, E Frumker, D M Villeneuve and P 
B Corkum, J. Phys. B: At. Mol. Opt. Phys. 49, 
095602, 2016.
http://dx.doi.org/10.1088/0953-4075/49/9/095602 
arXiv 1512.03788
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recent examples

Bootstrapping to the Molecular Frame with Time-domain 
Photoionization Interferometry
Claude Marceau, Varun Makhija, Dominique Platzer, A. Yu. Naumov, P. B. 
Corkum, Albert Stolow, D. M. Villeneuve and Paul Hockett
Phys. Rev. Lett. (under review, 2017), 
arXiv 1701.08432 (https://arxiv.org/abs/1701.08432).

Complete Photoionization Experiments via Ultrafast 
Coherent Control with Polarization Multiplexing
Hockett, P., Wollenhaupt, M., Lux, C., & Baumert, T. 
Physical Review Letters, 112(22), 223001 (2014). 
http://doi.org/10.1103/PhysRevLett.112.223001
arXiv 1403.3315 (https://arxiv.org/abs/1403.3315)

Z
X

Y

Angle-resolved RABBIT: theory and numerics
Paul Hockett
J. Phys. B (under review, 2017), 
arXiv 1703.08586 (https://arxiv.org/abs/1703.08586).
Authorea https://dx.doi.org/10.22541/au.149037518.89916908

Path 1 (s+d)

Path 2 (p+f)
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towards quant i tat ive imaging.. .
Experimental PADs combined with detailed analysis & theory offer the 
potential for a move beyond current phenomenological time-resolved 
imaging techniques by utilizing the photoelectron interferometer.
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towards quant i tat ive imaging.. .
Experimental PADs combined with detailed analysis & theory offer the 
potential for a move beyond current phenomenological time-resolved 
imaging techniques by utilizing the photoelectron interferometer.

To proceed, we can consider “maximum information” experimental 
measurements, which allow for determination of the partial waves as a 
function of time.

The examples discussed so far show some of this potential...
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towards quant i tat ive imaging.. .
One example is the use of impulsive alignment techniques (rotational 
wavepackets).

(a) X2Σ+
g (3σg

-1)

(b) A2Πu (1πu
-1)

(c) B2Σ+
u (2σu

-1)

Axis 
distribution

L=2

L=6

L=4

Expt.
Calc.
Fitx

Align-probe angle-
resolved measurements 
from N2 (hν=23.3eV).
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rotat ional  wavepacket interferometry

Fitting such data as a 
function of alignment 
can provide the 
ionization matrix 
elements and phases.

Essentially, the 
rotational wavepacket 
acts as a geometric 
contribution to the 
interferometer.

(a) X2Σ+
g (3σg

-1)

(b) A2Πu (1πu
-1)

(c) B2Σ+
u (2σu

-1)

Axis 
distribution

L=2

L=6

L=4

Expt.
Calc.
Fitx
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molecular f rame reconstruct ion

Bootstrapping to the Molecular Frame with Time-domain 
Photoionization Interferometry
Claude Marceau, Varun Makhija, Dominique Platzer, A. Yu. Naumov, P. B. 
Corkum, Albert Stolow, D. M. Villeneuve and Paul Hockett
Phys. Rev. Lett. (under review, 2017), 
arXiv 1701.08432 (https://arxiv.org/abs/1701.08432).
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For N2, this has been 
demonstrated for matrix element 
retrieval for three different final 
ion states, and verified via 
molecular frame reconstruction 
& comparison with theory 
(ePolyScat).

https://arxiv.org/abs/1701.08432
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quant i tat ive molecular dynamics
Most generally, we can look 
at the full βLM(E,t) spectra...

β2,0

β4,0

β6,0

Raw Conv

Full excited state molecular 
dynamics & observable 
calculations for CS2.
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quant i tat ive molecular dynamics
Most generally, we can look 
at the full βLM(E,t) spectra...

... and the underlying partial 
wave amplitudes and phases.

Full excited state molecular 
dynamics & observable 
calculations for CS2.
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quant i tat ive molecular dynamics
Most generally, we can look 
at the full βLM(E,t) spectra...

... and the underlying partial 
wave amplitudes and phases.

A set of align-pump-probe measurements would allow 
for determination of the partial waves (amplitudes & 
phases) at each pump-probe delay.
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towards quant i tat ive imaging.. .

Other examples of “maximum information” measurements include 
tomographic imaging, multi-path ionization schemes and complex 
light-matter interactions.

Quantum dynamical imaging 

The tools are now in place, we just need to use them!

Quantum Dynamical Imaging via Time-resolved Photoelectron Interferometry: 
Beyond a Phenomenological Imaging of Molecular Dynamics

P. Hockett (research proposal, 2013)
Available on Figshare, https://dx.doi.org/10.6084/m9.figshare.3580734
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w h e r e  a r e  w e

Web: 

NRC, 100 Sussex Drive, 
Ottawa, ON, Canada

femtolab.ca
We’re always interested in new 
collaborations and new directions...

If you have an idea, or work that 
could benefit from our expertise and 
facilities...

...please get in touch!
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arXiv:      http://arxiv.org/a/hockett_p_1.html
Figshare:  http://figshare.com/authors/Paul_Hockett/100955

Orcid:      http://orcid.org/0000-0001-9561-8433
Scholar:   https://scholar.google.ca/citations?user=e4FgTYMAAAAJ&hl=en

Web:       www.femtolab.ca

f o r  m o r e  i n f o r m a t i o n . . .

Coming soon:
Quantum Metrology with Photoelectrons [working title]
New book for the IOP Concise series, due 2018

Slides available via Figshare, DOI: 10.6084/m9.figshare.5049142

paul.hockett@nrc.ca


