
Evolutionary	 forces	 affecting	 Synonymous	 variations	
in	plant	genomes	–	Text	S1		

Neutrality	and	direction	of	selection	indices	under	gBGC	or	SCU	

General	derivations	and	effect	of	polarization	errors	
Here,	we	derive	the	expectations	for	the	modified	neutrality	[1]	and	direction	of	

selection	 [2]	 indices	 under	 either	 gBGC	 or	 SCU.	 As	 there	 is	 no	 simple	 analytical	
expression	for	the	expected	number	of	SNPs	under	selection	in	a	sample	of	size	n,	we	use	
instead	the	expected	nucleotide	diversity.	We	thus	derive	analytical	expression	 for	 the	
following	indices:	
𝑁𝐼 = !!" !!"

!!" !!"
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!!"!!!"

	 	 (S1.2)	 	

where	𝜋!"	and	𝜋!"	are	the	nucleotide	diversity	due	to	of	W!S	and	S!W	mutations	and	
𝐷!"	and	𝐷!"the	number	of	W!S	and	S!W	substitutions,	 respectively.	 	We	note	F(B)	
the	 substitution	 rate	 per	 time	 unit,	 scaled	 by	 mutation	 rate,	 and	 H(B)	 the	 expected	
polymorphism	 level,	 scaled	 by	 neutral	 diversity	 (4Neu)	 for	 mutations	 experiencing	
gBGC/selection	of	intensity	B	=	4Neb	where	Ne	is	the	effective	population	size	and	b	the	
gBGC/selection	 coefficient.	 According	 to	 classical	 diffusion	 theory,	 F(B)	 and	H(B)	 are	
given	by:	
𝐹 𝐵 = !

!!!!!
		 (S1.3)	

and	
𝐻 𝐵 = !
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Expected	nucleotide	diversity	and	divergence	are	given	by:	
𝜋!" = 1− ϵ!" 𝜃𝐻 𝐵 + ϵ!"𝜅𝜃𝐻(−𝐵)		 	 (S1.5a)	
𝜋!! = 1− ϵ!" 𝜅𝜃𝐻 −𝐵 + ϵ!"𝜃𝐻(−𝐵)		 (S1.5b)	
where	𝜃 = (1− 𝑝!")4𝑁!𝑢!",	 	𝜅 =

!!!"
!!!!"

	with	𝑝!" 	being	GC	content	and	𝜆	the	mutational	

bias	towards	AT,	ϵ!"	and	ϵ!"	are	polarization	errors.	Similarly:	
𝜋!" = 1− ϵ!" 𝑑𝐹 𝐵 + ϵ!"𝜅𝑑𝐹(−𝐵)		 	 (S1.6a)	
𝜋!" = 1− ϵ!" 𝜅𝑑𝐹 −𝐵 + ϵ!"𝑑𝐹(−𝐵)			 (S1.6b)	
where	𝑑 = (1− 𝑝!")𝑢!"𝑡,	 t	 being	 the	divergence	 time.	Plugging	 (S1.5)	 and	 (S1.6)	 into	
(S1.1)	and	(S1.2)	we	obtain:	

𝑁𝐼 = (!!!!"!! !!!!" )(!!"!!!(!!!)!!"! ! !!((!!!) (!!"!!) !!!"!))
!! !!!!" !!"!" ! !!!!!! !!!!" !(!!(!!!)!!)!!"
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and	

𝐷𝑜𝑆 = !! !! ! ! !!!! !! !!"!!!" !
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which	reduce	to:	

𝑁𝐼 = !!!!!!!
!!!!!!

 	 	 (S1.7a)	



and	

𝐷𝑜𝑆 = !! !! ! ! !!!! !

!!! ! ! ! ! ! ! ! !!!  ! ! !!!
	 	 (S1.7b)	

without	polarization	error.	
Simple	algebra	shows	that	NI	<	1	and	DoS	>	0	for	B	>	0,	NI	>	1	and	DoS	<	0	for	B	<	

0,	 and	NI	=	 1	 and	DoS	 =	 0	 for	B	 =	 0.	 They	 are	 thus	 appropriate	 statistics	 to	 infer	 the	
direction	of	selection.	Without	polarization	error,	NI	also	varies	monotonically	with	the	
intensity	of	gBGC/selection,	however	DoS	does	not	(for	the	analysis	of	the	standard	DoS	
index	see	also	[3]).	However,	as	far	as	B	is	small	DoS	and	NI	are	roughly	proportional	to	
B.	

As	polarization	errors	only	affect	DoS	by	a	multiplicative	factor	 1−  𝜖!" − 𝜖!" ,	
it	does	not	affect	it	sign,	as	far	as	𝜖!" + 𝜖!" < 1/2,	which	is	always	true	(except	if	errors	
are	 more	 frequent	 than	 under	 random	 polarization).	 The	 analysis	 of	 the	 effect	 of	
polarization	errors	on	NI	is	less	straightforward.	We	need	to	determine	the	sign	of	NI	–	
1:	

𝑁𝐼 − 1 = !! ! ! !!!!! ! !! !!"!!!" ! 
!! !!!!" !!"!" ! !!!!!! !!!!" !(!!(!!!)!!)!!"

 	 (S1.8)	 	

Noting	 that	 𝑒! 1− 𝜖!" + 𝜅𝜖!" > 0,	 1+ 𝐵 − 𝑒! > 0,	 and	 1+ 𝐵 − 1 𝑒! > 0,	 the	
denominator	 is	 always	 positive.	 As	 far	 as	𝜖!" + 𝜖!" < 1/2,	 the	 sign	 of	NI	 –	 1	 is	 thus	
determined	by	the	sign	of	 1+  2 𝐵 𝑒! − 𝑒! !  	which	 is	negative	 for	B	<	0	and	positive	
for	B	>	0.	As	for	DoS,	the	sign	of	NI	is	thus	not	affected	by	polarization	errors.	However,	
when	there	are	polarization	errors,	NI	does	not	 longer	vary	monotonously	with	B	 (for	
large	B),	as	illustrated	in	the	example	below	(Figure	S1.1).	Moreover,	because	they	tend	
to	homogenise	the	patterns	of	 the	two	kinds,	polarization	errors	reduce	the	departure	
from	neutrality,	making	both	tests	robust	to	these	errors	(see	Figure	S1.1).	

	
Figure	S1.1:	Neutrality	(NI)	and	direction	of	selection	(DoS)	indices	as	a	function	of	
B	without	(blue)	or	with	(purple	=	1%,	yellow	=	10%)	polarization	errors.	

Effect	of	a	change	in	gBGC/selection	intensity	
	 Eyre-Walker	 [4]	 showed	 that	changes	 in	effective	population	size	can	affect	 the	
standard	 McDonald-Kreitman	 test.	 Here	 we	 address	 this	 problem	 for	 the	 modified	
statistics.	For	clarity	we	only	present	the	effect	of	a	change	in	gBGC/selection	intensity	
on	NI	without	 polarization	 error	 but	 similar	 results	 can	 be	 also	 obtained	 for	DoS	 and	
including	 polarization	 errors.	 Consider	 that	 the	 effective	 population	 size	 and/or	 the	
gBGC/selection	intensity	have	changed	between	the	divergence	and	the	polymorphism	
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time	periods.	We	neglect	the	dynamics	during	the	transition	period	and	we	assume	two	
stationary	processes	with	ancestral	intensity	B0	and	recent	intensity	B1.	The	NI	index	is	
thus	given	by:	

𝑁𝐼 = !(!!)!(!!!)
!(!!!)!(!!!)

= 𝑒!!! !
!! !!!! !!
!!!!!!!!

 	 (S1.9)	

In	this	general	case	NI	=	1	when	𝐵! = ln (!
!! !!!! !!
!!!!!!!!

).	For	example,	NI	can	be	equal	to	1	

if	the	intensity	of	gBGC/selection	has	increased	in	recent	time,	which	is	the	case	for	pearl	
millet,	Pennisetum	glaucum	(see	main	text).	
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