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This online appendix contains some supplementary results that are referred to in the article. Sec-
tions 1 and 2 present the explicit expressions for some low order moments of folded and truncated
multivariate normal distributions, respectively. We refer the reader to the article for the notation

used here.

1 Folded Multivariate Normal: Explicit Expressions for Low Or-
der Moments

The recurrence relation for I?(p, X) in the article can be used to obtain explicit expressions for
the product moments of Y. In the following, we provide explicit expressions for E(Y*) up to the
fourth order, i.e., > 1 ; k; < 4. In our expressions, we assume o1 = --- = 0, = 1. This implies that
3 = R, where R = (p;;) is the correlation matrix of X, with p;; = 0y;/(0i0;). For the general
3 case, we just need to replace p; in our expressions with p;/0;, and then multiply the result by

U’f Looghn,
For univariate moments, Winkelbauer (2012) shows that
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where 1 F(a; b; z) is the confluent hypergeometric function. It follows that the first four moments

of Y; are
Hi

EY;) = perf | —= | +20(1;),

) = wert (1) + 20)
E(Y?) =1+ puf,
EOYP) = (3 + 12)erf <”) 4 220,
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E(Y') = 3464 + pf.

Using the recurrence relation of confluent hypergeometric functions, higher order moments of Y;

can be obtained using!

B(Y]) = (i + 2k = 3)E(Y}™?) = (k= 2)(k = 3) B (k> 4).

'Elandt (1961) expresses the higher order moments of Y; in terms of Fisher’s I; functions, and her expression
(Eq. 8) is less efficient than ours.



For bivariate moments, we define z.; = (1 — pijpy)/(1 — p?j)l/ 2 and use (5) in the article

repeatedly to obtain
I8 1y (i 1) i) = (it + pig) @2 (i s pig) + pid(17) @ (2i)
(1) ®(254) + (L= pii) b2 (i 1155 i),
18y 1y (s 1) ™5 pig) = LU+ 1)1t + 205180} P (s s pig) + (it + 2pig) (i) ®(25.4)
+ (14 1 + 7)o (1) @ (zio5) + (1 — pF) b2 (i, 15 i)
I 1y (s 1) pig) = {piei (3 + 113) + 3pig (1 + i) } ®a(piy 153 pis)
+ {2+ 1)+ Bpipij } (i) ®(25.0)
+ {17+ 3ui(L+ p3y) — 1ol } D)@ (i)
+ (24 15 + p3) (X — pF;) b pas 155 pig)
for i # j. Summing up these terms for the four quadrants, i.e., with (u;, 115, psj) in the above expres-

sions replaced by (i, —ftj, —pij), (—fis b, —piz), and (—ps, —pj, pij) in the other three quadrants,

we obtain for i # j
Zii
E(Y:Y;) = (pipej + pij)p2(hi, pgs pig) + 2pip(py) erf (\/%)

+ 2115 (pi) ert (%) +4(1 = p7;) b i, 15 i)

BY2Y) = {(1+ 125 + 25501} cx (%) 201+ 2+ 2)euy)

E(YPY;) = {pir (3 + 13) + 3pij (1 + 1) } papi, 1153 pi)

+2{(2+ )y + 3pijpi } ¢pi) erf <f}§>

+2{p} + 3pa(1+ piy) — g } d(py) exf (fé)
+ 424 i + P?j)(l - p?j)¢2(ﬂi7 143 Pig)s
B(Y?Y}) = B(XPXF) = (14 i) (1 + pF) + dpippij + 207,
where
p2(is pj3 pig) = 4Pa(pi, pg; pig) — 20 (i) — 20 (p5) + 1.
With the univariate and bivariate moments of Y available, the expected value and covariance

matrix of Y for the general 3 case are

E(Yi) = pierf (%) + 2099(/1:),



Var(Y;) = pii + 07 — E(Y;)?,
Cov(Y3,Y)) = (pipej + 0ij) {492 (fi, iy pij) — 2@ (1) — 2®(fa5) + 1}

+ 2o d(y) exf | L PIRT) 4o o) exf | L9 LUHE
V2(1 - p%)2 VE(L - p2)?

+4oioi (1 — pi;) b2 (fia, iy pi) — E(Y;) E(Y5).

For trivariate moments, we define z;.;5 = (2i.k — pijrzjk)/(1 — pfj,k)lm, where p;ij.r = (pij —
pikpjk)/{(l—pgk)(l—p?k)}1/2. Let ft = (4, b, pii;) ™ and R be a 3 by 3 submatrix of R that consists
of the (i, j, k)th rows and columns of R. Applying (5) in the article repeatedly, we obtain

1631,1,1)(117 R) = (pipjpon + tipjk + pipir + prpi;) 3(p; R)
+ (ke + pijpir + i) P(pi) P2(25.4, 2k-i3 Pjk-i)
+ (Wittk + pijpjk + pir) (1) P2(2ig, 2k-5; Pik-5)
+ (it + pikpik + pij) S (kk) P2(Ziks 2.k Pijik)
+ (1 = p5) b2 (1, 1k i) P (2ijic)
+ 115 (1 = pl) b2 (tais s pjie) @ (2.1
+ (L = p25) b2 (i 1153 pi ) (20.55) + | R|os(fa; R),

Iy 1y (i, R) = {(1+ 1) (i + pj) + 205 (1pir + 2ukpi) + 2pijpin } @3 (f; R)
+ {wi(pgur + pik) + 205 pi + 20k pi5 YO (1) P25, 2845 Pjk-i)
+ 20i(pir + pijosie) + (L + 13 + p35) — wips; o) Yo (1) P2 (2, 253 Pitej)
+ {20i(pij + pirpie) + (L + 15 + o) — bwpipin) YO (ki) P2 (Ziks 2ok Pijik)
+ (pitin + 2pi + pijpjn) (1 — p3) b2 iy 15 pig) @ (21.ij)
+ (g + 2pij + pirpie) (1 — i) b2 (i, bk pire) ®(25.i1)
+ (14 1 + 03 + pi) (1 = 1) D2 (15, s k) P (2i5)
+ i Rl¢s(f1; R),

where ¢, j, k are distinct positive integers. Summing up these terms over 8 different values of

(s, Xs) and after simplification, we obtain for distinct positive integers i, j, k,

E(Y;Y;Yy) = (mapjpon + pipjk + 1jpic + 1rpiz)03(His 1, (ks Pij» Piks Pik)

+ 2(pj i + pijpik + pik) P(1s)D2(25.4, 2keis Pjkei)



+ 2(pipur + pijpik + pin) (1) 02205, Zhejs Pik-5)
+ 2(pipg + pinpix + pij) O )p2(Zik Zjks Pijk)

2 . Zi-jk
+ 4pi(1 = pj) P2 (1, ps pjic) exf (\/5)
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= 8®3 i |5 e 1 pik — 4Do (i, s pij) — 4Po(pis pir; pik)
Mk pik Pk 1

— Ao (1, pk; pjk) + 2 (i) + 29 (1) + 2@ (px) — 1.
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For the fourth order product moment, we define z;.jx = (2i.k1 — pijri2jk)/ (1 — p?]lkl) , where

pijkt = (pija — piwipie) /{1 = p) (1 = p2 )MV Let o = (i, g, pi, )™ and R be a 4 by 4
submatrix of R that consists of the (i, 7, k,)th rows and columns of R. Applying (5) in the article

repeatedly to obtain [ Ell 11 1)(;1, R) and then summing up the expression for 16 different values of

(pns, Xs), we obtain for distinct positive integers i, j, k, [,

E(Y;Y;YRY1) = (pafhgpiaepin + pifh prt ~+ filikpjr + Wil Pk ~+ Mg Hapil + 1 Bapik + Bkiipig
+ pijprl + pikpit + papik)palft, R)
+ 2{ ;e + i (picpir + prt) + w(pijpa + pit) + a(pijpir + pik)
— WipijPikPit O (1i)D3(Zjis Zheis 2145 Pikeis Pili> Phl-i)
+ 2{papiu + 1i(pjrpji + pri) + ti(pijeg + pi) + 1u(pijpie + pir)
— 1iPij PPt} (145 )P3(Zig, Zh-j» 2155 Pik-js Pil-js Phl-5)
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+ 2{pipej i + pi(pixprr + pji) + 1i(pikprs + pa) + pipje + pij)
— WkPik Pk PPk )P3(Ziks Zjkes 21K Pijoks Pil-k Pjlk)

+ 2{piptjpr + pilpjiprr + pik) + i (papr + pix) + k(papji + pij)
— PPkl yO()p3(Zit, Zjits 2kt Pijls Pik-ls Pik-1)

— 055) (it + pirpi + Pkt + pr) b2 (s 135 Pi P2 (Zheij, 2055 Prteiy)
1= p2) (it + pijpic + pjkprt + pir) b2 (tis biks pik)P2(2j.ikes Z1iks PjLeik)
1 — p3) (it + pijpic + pjiprt + pik) b2 (ks 1t pit)P2(2.i0s 2heits Pikeit)
1 — p3) (Wit + pijpjt + pikpi + pi) P21t 1is ik )P2(Zi-jks 205k} Pil-jk)
1 — p2) (pittr + pijpik + piprt + pir) 02 (1 11a: pj)P2(Zij1s Zhejts Pik-jt)
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where

pa(fs, R) = 1604 (f1; R) — 8®3(f1(1); R1) 1)) — 83(fu(2); Ry (2))
— 803(fuz) Ry (3)) — 8P3(fuay: Ry (a)) + 4@ (i, 1y pig) + 402 (i, 1ur; pie)
+ 4Qo (1, s pir) + 4P2 (g, puss pjie) + 4L2 (g5 pus pja) + AP (1w, puts prt)
—2®(pi) — 29 (pj) — 2@ (pr) — 2@ () + 1.

2 Truncated Multivariate Normal: Explicit Expressions for Low
Order Moments

Using our recurrence relation for F}!(a,b; u,¥), we present some low order product moments for

the lower truncated multivariate normal. For the upper truncated multivariate normal,

E(ZH) — (_1)2?:1 klE((_Z)n) _ (_1)2?:1 kiE((_X)n | X > —b).



Since =X ~ N(—p, ), we just need to replace g with —p and a with —b in the expression for
the product moment of a lower truncated multivariate normal, and then multiply the result by
(—1)Z?=1ki to obtain the product moment of an upper truncated multivariate normal.? In our
derivations, we assume o1 = --- = g, = 1, i.e., ¥ = R. The result for the general X case can be

obtained by replacing a; with a;/o;, p; with p;/o;, and multiplying the result by a’fl cooghn,

Let 7 = (n1,...,m,)" = o —a. When n = 1, Cohen (1951a) expresses E(Z*) using Fisher’s I},
functions, which is essentially equivalent to (6) in the article for the case of n = 1. However, we

can also use the recursion for Fkl(a, 00; 1, 1) to obtain the more efficient recursion

B = (2 + kB2 + SO s,

with the boundary condition E(Z") = 1. Using this recurrence relation, we obtain the first three

moments of Z as

B(Z) =+ e,
E(Z%) = 1+M2+W’
(4 + ap + a® + 2)6(n)

E(Z3) =3u+u + )

When n = 2, we use (5) and (6) in the article to obtain E(Z¥Z5?) for 1 < ki + ky < 3.

Specifically, we have

() P(wa.1) + p12d(n2) P(w1.2)
$o (01,123 p12)

(1 + a1)p(m)®(w21)
Do (n1,m2; p12)

p12{ (211 — pram2)p(m2) @ (w12) + (1 — piy)P2(m1, m2; pr12)}

Do (01, m2; p12)
(12 + p12a1)p(m) P (wa.1) + (11 + p12az) P(n2) P(w1.2)
Do (N1, m2; p12)

E(Zy) = 1 +

Y

E(Z}) =14 42 +

_l’_

I

E(Z12Z3) = pape + p12 +

(1 — piy)da(n1, m2; p12)
Do (m,m25 p12)
(nf + Bayp1 + 2)p(m) P(wa.1)
Do (M, m2; p12)

+

E(Z7) =3 + i +

2Although analytically attainable, we do not report the results for the doubly truncated multivariate normal
distribution because the expressions of the product moments can be very lengthy.



n p12{3 + 3pF — 3propanz + pla (5 — 1)} (12) ®(w1.2)
Do (01, M2; p12)
" p12(1 = p3y)(2u1 + a1 — pr2m2)d2(n1, m2; p12)
Do (n1,m25 p12)
{(p1 + ar)pa + p12(2 + af) }o () @ (w2.1)
Do (11,12 p12)
Mtk 13 + 2p12az + pio(1 — agne) }o(n2) @ (w2)
Do (N1, M2; p12)
(1 — pfo) (11 + a1 + praaz)da(n1, n2; p12)
Po(n1,m2; p12)

i

E(ZZ5) = (1 + p3)p2 + 2p1opu1 +

_l’_

)

where w;.; = (i — pin;) /(1 — p) /2.

When n = 3, we again use (5) and (6) in the article to obtain E(Z* Z52 Z§3) for 1 < ky+ko+ks <
3. Specifically, we have

E(Zy) = p1 + q1 + p12q2 + p1393,

E(Z7) = 14 13 + (1 + a1)q1 + p12(2im — p1an2) gz + p1a(2im — p1anz)as
+ p12(1 — pia)hi + p13(1 — piz)ha + ghs,

E(Z1Z2) = pip2 + p12 + (p2 + pr2a1)q1 + (p1 + p12a2)qe

+ (paspin + pispz — pr3p2ans)qs + (1 — pia)ha + pas(1 — piz)he
+ p13(1 — pig)ha,

E(Z}) =31 + 43 + (nF + a1 + 2)q1 + pra{3 + 3u3 — 3p1apanz + pla(n3 — 1)}ao
+ p13{3 + 34 — Bpuapans + pia(ni — 1)}as

+ p12(1 = pio) (21 + a1 — prame)ha + p13(1 — pis)(2u1 + a1 — p13ns)ha
) — p12(3p13 — p12p123)w2.3
(1—p33)2
 p13(3p12 — 013P23)w3-2} - 9| R|¢3(n; R)
(1 - p3y)2 (1~ pBy)@a(m: R)’
E(Z3Zy) = (1 + )2 + 201201 + { (11 + a1)pa + p12(2 4+ )}

+ {39#1 + p23(piam + pians

+ {1+ 113 + 2p1aaapn + pia(1 — agn2) e
+ [p13{2p12 + p2(2p1 — pr1ams) } + pas{l — pTs + (w1 — prams)*}as

+ (1 — p2y) (1 + a1 + przaz)hy + (1 — p33){p2p13 + po3(u1 + a1 — p13ns) the

p13|R|p3(n; R)

+ {gaz + p13(1 — p33) (211 — p13ms) ths + By R)



E(Z12273) = pipaps + p2spin + pispe + piapis
+ {p2p3 + p12p13 + p23 + a1(p2p13 + H3pi2 — Mmp12e13) ta1
+ {11p3 + p12p23 + p13 + az(p1pe3 + H3p12 — M2p12023) } g2
+ {p1p2 + p13p2s + p12 + az(p1pes + pH2p13 — M3p13023) 143

+ (1= pTo) (13 + arpiz + azpas)hy + (1 — pi3) (k2 + arp12 + azpaz)hs
| Rlgs(n; R)

1—p? h
+ (1 — pa3) (11 + agpi2 + azpi3)hs + Dy(n: R)

where

9 = 2p12p13 — p23(pia + pi3);

)s
)s
)s

q1 = ¢(m)P2(wa.1, w315 p231)/P3(m; R
q2 = d(n2)Pa(w1.2,w3.2; p13.2)/P3(N; R
q3 = ¢(n3)Pa(w1.3, w2.3; p12.3)/P3(n; R
hi = ¢2(m1,m2; pr2) @ (w3.12)/ P3(m; R),
ha = ¢2(m, n3; p13) (wa.13)/ P3(m; R),

hs = ¢2(m2,13; p23) P(w1.23)/ P3(n; R),

and Wik = (wi~k - pij-kwj-k)/(l - p?j-k)l/Q'
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