Supplementary material

Proof of Property 2.1

Following Domowitz and White (1982), we made assumptions as follows:

Assumption 1. Sequence ¢(y;, ), = 1,---, N are continuous functions of 9 for Vy,; € Q and
measurable functions of y; for each ¥ € ©, where © is a compact subset of a finite-dimensional Eu-
clidean space.

Assumption 2. Therandom vectors{Y; } are either ¢-mixing, with ¢(m) of sizer,/(2r; —1),r1 >
1; or a-mixing, with a(m) of sizery /(ry — 1),71 > 1 (Domowitz and White, 1982).
Assumption 3. Sequence g(y;, ) is dominated by uniformly (r; 4 o)-integrable functions, r; >

1,0< o< 1y
Assumption 4. G (49) has a unique maximum .
Assumption 5. ¢(y;, ) is continuously differentiable of order 2 for .
Assumption 6. {g;(yi,ﬂ)Q} are dominated by uniformly rs-integrable functions, where ro >
Assumption 7. Define Q, y = var[N~1/2 Zj:ﬁl g'(yi,¥0)]. Assume there exists a positive
definite matrix Q such that )\TQmN)\ —ATQ)\ — 0as N — oo for any rea non-zero vector \.
Assumption 8. {g;’k(yi, 1)} are dominated by uniformly r; + e-integrable functions, where 0 <
0 < 11,95 (i, 9) = 0%g(yi, 9) /09,00y,
Assumption 9. For al N sufficiently large, thematrix Gy (9) = 1/NSN | E[g” (y:, 9)] has constant
rank in some open e-neighborhood of 9 .
We can strengthen slightly the memory requirements of Assumption 2 to allow the application of
Theorem 2.6 of Domowitz and White (1982).
Assumption 2'. Assumption 2 holds, and either ¢(m) is of size ro/(r2 — 1) or a(m) is of size
max(ry/(r1 — 1),7m2/(ra — 1)], 71,72 > 1.
Under Assumptions 1 — 4, g(y,, ) satisfies conditions of Theorem 2.5 of Domowitz and White
(1982), then, we have
N
‘Nl Z [g(yla 19) - E(g(yla 19))]‘ - 07 a.s.
=1
Furthermore, apply Theorem 2.2 of Domowitz and White (1982), Property 2.1(a) can be proved.
Under assumptions2’, 5, 8 and 9, g;-'k, (yi, ) setisfies conditions of Theorem 2.5 of Domowitz and
White (1982), therefore,

N
‘N_l > gk Wi 9) — Eg. (i, 19))]’ —0,a.s.

i=1



Thus, |Gy (y,9) — Gy (9)| — 0,a.s. From 9y — ¥y a.s., by the result in Theorem 2.3 in Do-
mowitz and White (1982), we have |Gy (y, ) — Gy (90)| — 0, a.s., where 9 is between 9 v and 9.
Under assumptions 2', 5, 6 and 7, according to Theorem 2.6 in Domowitz and White (1982), we get

VNG (y,90) - N(0,Qy), where Q = Qu.n = var(VNG/\(y,90)). Applying mean-value
argument analogous (2.6) Property 2.1(b) is proved.



