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Varun’s fitting (determining the alignment)

a axis is in the plane of the page. Fig 5.1(b) shows the same angles in the molecular frame,

where χ becomes the azimuthal angle of the laser polarization vector. Since the Wigner

functions Dj
m,k(θ, φ, χ) are an irreducible representation on the rotation group SO(3)52 the

angle dependent ion yield can be expanded as

S(θ, χ) =
∑
j,k

Cj,kD
j
0,k(θ, χ), (5.1)

where m = 0 reflects the cylindrical symmetry about the Z axis in the lab frame, and

equivalently the absence of a third angle in the molecular frame. We may therefore consider

our task as measurement of the coefficients Cj,k. We can qualitatively investigate how these

coefficients relate to the physics of photionzation.

In the experiments that follow we use laser pulses with a significantly lower photon

energy than the ionization potential (I.P.) of the molecule, but intense enough to result in

ionization via the absorption of multiple photons. In general the differential ionization rate

for multiphoton ionization for a molecule aligned at Ω = {θ, χ} in an initial state |i〉 to a

final state |f〉 emitting an electron in with momentum k = kk̂ is given by a sum over all

squared n-photon ionization amplitudes92,93,

dW

dΩdk̂
= 2π

∞∑
n=n0

|Akn(Ω, k̂)|2kn

Akn =
1

T

∫ T

0

(〈f |V |i〉)tdt, (5.2)

where V is the dipole potential felt by all electrons in the laser electric field, kn is the

momentum of the ionized electron after the absorption of n photons and the subscript t

indicates that everything in the brackets is time dependent. A number of approximation

are usually made to make calculations in strong fields tractable. In general the states |i〉

and |f〉 must be dressed by the time dependent field, however the initial state is usually

considered to be the field-free ground state of the neutral and the final state is considered to
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coefficients in Eq. 5.1

S(θ, χ) =
dW

dΩ̂
=

∑
j,k

Cj,kD
j
0,k(θ, χ),

Cj,k =
∑

l,m,λ,λ′

〈l,−m; l,m|j, 0〉 〈l,−λ; l, λ′|j, k〉Al,λAl,λ′dl,m, (5.5)

where dl,m =
∫
|Fl,m(R)|2R2dR. The Dj

m,k originate solely from rotations between the

molecular and lab frames. From the CG coefficients we see the values of j and k are

determined by l and λ, both of which are, in turn, determined by the symmetry of the

valence electron orbital. The structure of S(θ, χ) should therefore reflect the symmetry of

the valance orbital from which the electron is ionized. The relative strengths of the Cj,k are

determined by the square of the radial wave function, which in the tunneling approximation

represents the tunneling rate from a particular orbital. Also, since only the square of the

lth basis function appears in the expression the yield measurement contains no information

about the relative phase between l and l′ components, or partial waves.

Now that we have a general idea of the meaning of S(θ, χ), we must develop a measure-

ment from which we can extract the Cj,k. We find that measuring the delay dependent ion

yield from a rationally excited molecular gas facilitates this extraction.

5.2 Measuring the coefficients

In the experiment we use a nonresonant pump beam to excite a rotational wave packet in

a molecular gas, and measure the ion yield with a time delayed probe pulse. To extract the

Cj,k we need to understand the connection between S(θ, χ) and the measurement. S(θ, χ)

represents the probability that a molecule aligned at {θ, χ} will be ionized. However, in

the experiment the probe pulse ionizes a molecular gas in which the probability density of
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at {θ, χ} at delay t is given by ρ(θ, χ, t)S(θ, χ). Integrating this over all angles gives the ion

yield as a function of time delay,

S(t) =

∫
ρ(θ, χ, t)S(θ, χ) sin θdθdχ =

∑
jk

Cj,k

∫
ρ(θ, χ, t)Dj

0k sin θdθdχ =
∑
jk

Cj,k

〈
Dj

0k

〉
(t).

(5.7)

Fig. 5.2 is a depiction of the averaging with the probability densities calculated using the

TDSE as described in chapter 2 shown for three time delays. If S(t) and the
〈
Dj

0,k(t)
〉

are known the above equation is linear in the Cj,k and equivalent to the matrix equation

A · �x = �b, the column vector �b representing the measured data. The S(θ, χ) shown in

the Fig. 5.2 is extracted by solving eq 5.7 for Cj,k using the measured data for S(t) and

calculated
〈
Dj

0,k(t)
〉
for laser parameters estimated by fitting the data. The data therefore

also provides the probability distribution of molecular axesl.

In the following section we detail the experimental setup used to measure the data shown

in Fig. 5.2 as well as the numerical method used to solve Eq. 5.7. We also present addi-

tional data taken at different intensities for non-dissociative ionization, and measurements

of fragment yields for dissociative ionization occurring at higher intensities.

5.2.1 Experimental Setup, Data and Analysis

The KLS beam is split into a pump and probe arm using a 60/40 beam splitter (BS).

The probe beam is delayed using the same 2 ns delay stage as in previous chapters. The

beams are recombined co-linearly on a 2 inch diameter 50/50 BS and focused into the VMI

chamber with a 35 cm focusing lens. The pump beam is shrunk in diameter such that

the probe diameter is 1.6 times that of the pump. Ethylene (C2H4) molecules, cooled by

supersonic expansion from a high pressure jet (20% ethylene and balance helium at a total

pressure of 70 bar) skimmed into the VMI spectrometer, are rotationally excited by a single

non-ionizing pump pulse. The molecules are then ionized with a probe pulse that is delayed

with respect to the pump pulse by up to 50 ps. The intensity of the probe pulse is initially
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Notes from Varun’s thesis
Laser-induced rotational dynamics as a route to molecular frame measurements
http://krex.k-state.edu/dspace/handle/2097/18522

Measured time-dependent signal Calculated from rotational wavepacket simulations
Function of laser parameters & rotational temperature

Fitted



Varun’s fitting (determining the alignment)

Data - double-pulse alignment data, X-state H5



Varun’s fitting (determining the alignment)

The alignment is characterised by axis distribution moments (ADMs) defining the alignment in terms of spherical harmonic expansion coefficients.
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Paul’s fitting (determining the photoionization dynamics)

not allow forfield intensity effects. As such, it is not generally valid for strong-field ionization but, geometrically,
should still provide useful insight to angle-resolvedmeasurements at low computational cost.

2.4.1. One-photon ionization
The one-photon case has been extensively treated in the literature [28, 30, 39, 41].We recount here the salient
details, with a specific focus on the coupling of the observable to theAK,Q, then proceed to determine the
properties of specific types ofmeasurement and extend the formalism to theN-photon case.

The full photoelectron angular distribution can bemost generally expressed as amultipole expansion
(analogous to θ ϕP t( , , )discussed above, see equation (2)):

∑θ ϕ β θ ϕ=I t t Y( , , ) ( ) ( , ). (12)
L M

L M L M

,
, ,

Here the polar coordinates reference the LF, as defined by the probe pulse (seefigure 1(d)), inwhich the
photoelectron flux as a function of angle and time ismeasured6. The LF β t( )L M, can bewritten in terms of the
coherent square of the dipolematrix elements: for the ionization of an aligned ensemble, in the perturbative and
dipole approximations, and assuming that all time-dependence is contained in the axis distribution, the β t( )L M,

can bewritten as [28, 39]:
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Thefirst line of equation (13) describes the polarization state of the ionizing radiation; the photon carries 1
unit of angularmomentumwith projection p onto the lab frame z-axis. For linearly polarized light alignedwith
the LF z-axis p=0, hence from the 3-j symbolP=0, 2 andR=0. The spherical tensor components −e p describe
the polarization and amplitude of the ionizing radiation, for the case of linearly polarized light along the z-axis

= =−e e ep z0 and the term e ez z
* can be set to equal unity.

The second and third lines of equation (13) describe the convolution of theMFwith the aligned axis
distribution, P(θ, t), expressed as ADMs. The lightfield hasMFprojection terms q. Terms in q=0 thus represent
ionizing light polarized along theMF axis, while = ±q 1 terms represent light polarized perpendicular to theMF
axis. If the LF andMF are coincident then a single value of q= p is selected, while an arbitrary rotation serves to
mix terms in q as the LF polarization axis is projected onto differentMF axis. Thismixing (and averaging), due to
the ADMs, is described by the coupling ofP andK into the finalmultipolemoments L.

The remaining lines of equation (13) deal with the photoelectron and ‘molecular’ terms.Here λl( , )
represent the photoelectron partial wave components [38, 47], with (orbital) angularmomentum l, andMF
projection λ. The terms ΓμD q( )hl represent the symmetrized radial components, with symmetrization coefficients

λ
Γμbhl (see appendix B), of the (radial) dipolematrix elements for each symmetry-allowed continuumΓ

[39, 48, 49],

∑Ψ ψ Ψ=Γμ Γμ+ ( )D q r Y r( ) ; ˆ , (14)hl hl
e

s

s q s
i,

1,

whereψ Γμ
hl

e, are the partial wave components of the photoelectronwavefunctionΨ e and the summation is over

all electrons s. Thesematrix elements are complex, andmay also bewritten in the form = ∣ ∣Γμ Γμ η− Γμ
D D ehl hl

i hl ,
where η is the total phase of thematrix element, often called the scattering phase. The radialmatrix elements and
phases are the only part of equation (13)which are not analytic functions and, in general,must be determined
numerically [50, 51] or from experiment [52–54] for quantitative understanding of a given system. Symmetry-
based arguments can, however, provide ameans of determiningwhich integrals are non-zero, hence which λl( , )
can appear inΨ e. Such considerations therefore allow for phenomenological, qualitative, or possibly semi-
quantitative, treatments of photoionization for a givenmolecule, and are discussed in appendix B.

6
Although omitted here, there is also an energy dependence to the dipolematrix elements and, hence, to the observable θ ϕI t( , , ).

8

New J. Phys. 17 (2015) 023069 PHockett

Use known ADMs to determine the unknown dipole matrix elements.  Everything else is angular momentum coupling and symmetry parameters;  
complicated, but analytical.

ADMs from Varun’s fit

Matrix elements to determine

Measured angular
parameters

See General phenomenology of ionization from aligned molecular ensembles (Hockett, NJP, 17 023069 2015) for details.



Paul’s fitting (determining the photoionization dynamics)

Inputs:
Data - Claude’s updated analysis August 2016
Alignment calculations - from Varun’s analysis, 29th August 2016, as per above details.

Basic method:
•	 Renormalize beta values (from Legendre polynomial to spherical harmonic expansion)
•	 Fitting to determine symmetrized matrix elements
•	 Statistical sampling of fitting hyperspace via multiple coarse fits with random start vectors (approx. 1 hour per fit)
•	 Bootstrapping fits via gradually adding additional data points and/or tightening tolerances (multiple hours per fit)
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Molecular frame reconstruction From the matrix elements determined the full MFPAD can be obtained...
(via another big eqn. similar to the above)

X-state, H5

ePS result 
(note energy slightly different)

Mol. frame 
polarization geometry

Determined from fit result

7.7 eV

Ionizing orbital
3σg



Summary document (Oct. 2017), for full details see:
Bootstrapping to the Molecular Frame with Time-domain Photoionization Interferometry
Marceau et. al. (2017)

Data and documents: https://doi.org/10.6084/m9.figshare.4480349
arXiv: https://arxiv.org/abs/1701.08432


