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I. PHOTOIONIZATION MODEL

In the main text, a simplified formalism for the full angular interferograms, or photoelectron angular distributions
(PADs), resulting from an aligned molecular ensemble, as defined by the βL,M (t) parameters, is provided, viz.:
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In this formalism, as noted in the manuscript: all of the angular momentum coupling terms are denoted by γ, and can be
defined analytically; AK,−Q(t) are the ADMs, and Dα the symmetrized ionization matrix elements to be determined. All
other required quantum numbers are denoted α, and the coherent summation is obtained by summing over all possible
pairs of each quantum number.
The full formalism for the βL,M (t), following Underwood and Reid [1, 2], can be given as:
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In this form, as compared to the simplified form of eqn. 1, all terms subsumed into γα,α
′

K,Q are written in full, as are the
set of required quantum numbers α, and the summations over all possible pairs of quantum numbers denoted by; the
matrix elements Dα are written as DΓµ

hl (q). This formalism is also given in ref. [3], along with extended discussion - the
text below is reproduced here for reference, with additions in parentheses:

“The first line of equation 2 describes the polarization state of the ionizing radiation; the photon carries
1 unit of angular momentum with projection p onto the lab frame z-axis. For linearly polarized light aligned
with the laboratory frame z-axis p = 0, hence from the 3-j symbol P = 0, 2 and R = 0. The spherical tensor
components e−p describe the polarization and amplitude of the ionizing radiation, for the case of linearly
polarized light along the z-axis e−p = e0 = ez and the term eze

∗
z can be set to equal unity.

The second & third lines of equation 2 describe the convolution of the molecular frame with the aligned
axis distribution, P (θ, t), expressed as ADMs. The light field has molecular frame (MF) projection terms
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q. Terms in q = 0 thus represent ionizing light polarized along the MF axis, while q = ±1 terms represent
light polarized perpendicular to the MF axis. If the LF and MF are coincident then a single value of q = p
is selected, while an arbitrary rotation serves to mix terms in q as the LF polarization axis is projected onto
different MF axes. This mixing (and averaging), due to the ADMs, is described by the coupling of P and K
into the final multipole moments L.

The remaining lines of equation 2 deal with the photoelectron and “molecular” terms. Here (l, λ) represent
the photoelectron partial wave components [4, 5], with (orbital) angular momentum l, and MF projection
λ. The terms DΓµ∗

hl (q) represent the symmetrized radial components, with symmetrization coefficients bΓµhlλ,
of the (radial) dipole matrix elements for each symmetry-allowed continuum Γ [an irreducible representation
(IR) of the scattering system point-group [6]] [2, 7, 8],

DΓµ
hl (q) = 〈Ψ+; ψΓµ

hl, e|
∑
s

rsY1q(r̂s)|ψi〉 (3)

where the summation is over all electrons s. [Additionally, µ is the degeneracy index, and h an additional
index for states with the same (l, µ), see e.g. ref. [6, 9]] These matrix elements are complex, and may also
be written in the form DΓµ

hl = |DΓµ
hl |e−iη

Γµ
hl , where η is the total phase of the matrix element, often called

the scattering phase. The radial matrix elements and phases are the only part of equation 2 which are not
analytic functions and, in general, must be determined numerically [10, 11] or from experiment [12–14] for
quantitative understanding of a given system. Symmetry-based arguments can, however, provide a means of
determining which integrals are non-zero, hence which (l, λ) can appear in ψe. Such considerations therefore
allow for phenomenological, qualitative, or possibly semi-quantitative, treatments of photoionization for a
given molecule.

The effect of the averaging over a distribution of molecular axis directions is to lose sensitivity in the PADs.
In particular, the observed anisotropy in the LFPAD cannot be more than that arising from the coupling of
the probe photon to the aligned distribution of molecules, as can be seen from the 3-j term linking terms
P, K, L. This limits L to the range |P − K|...P + K in integer steps. For instance, if the alignment is
prepared by a single pump photon then a cos2 θ axis distribution is created, and the only non-zero alignment
parameters are A0,0 and A2,0. Because P = 0, 2 only, the alignment in this case would restrict βLM (t)
to terms with L = 0, 2, 4 (additionally, for cylindrically symmetric cases, M = −Q = 0). As the degree
of alignment increases higher-order cosK(θ) terms are required to describe the axis distribution and the LF
ensemble result approaches the true MF [1]. Higher order terms in equation 2 can be observed, hence more
information is present in the LFPAD and a greater sensitivity to any property which affects the PADs, e.g.
the evolution of the axis distribution itself, intermediate state dynamics in a pump-probe experiment, and so
on, may be obtained.”

In this notation, the molecular frame (MF) result is given as [1, 2]:
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In this case, most terms are identical to the LF result, but in the MF only a single polarization geometry is defined,
and terms related to the axis distribution AK,−Q(t) are not present. Instead, the second line of equation 4 describes the
rotation of the polarization vector into the molecular frame with the rotation matrix element DP

(q−q′),R, which rotates
the multipole P with projection term R in the LF into the MF with projection q− q′ by rotation through the Euler angles
(φ, θ, χ). In the MF, the geometric interferences resulting from different polarization geometries (i.e. different molecular
axis orientations) are not present, hence the rotational wavepacket does not play a role and there is no time-dependence.
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II. LIMITATIONS & GENERALIZATIONS

A. Theoretical limitations

In common with energy-domain complete experiments, the sign of the phases remains ambiguous for a cylindrically
symmetric geometry, and additional measurements which break the symmetry [7, 15], or provide additional kinetic energy
points [16] are required for disambiguation; alternatively, comparison with theory can be used to determine missing
channel relations [16–18]. The use of rotational wavepackets does, however, allow access to interferences between
different continua (q), which are not usually present in state-resolved measurements, thus the relative phase between
components in different continua is defined.
For heteronuclear symmetric tops, similar considerations apply - orientational information, i.e. up-down asymmetries,

which correspond to interferences between odd and even l, are generally inaccessible in cylindrically symmetric geomet-
ries. Again, symmetry breaking (via, e.g., polarization geometry) or additional information from theory can provide the
additional information required. Aspects of this have been explored for the bench-mark case of NO, with the use of
circularly polarized light [7, 15] and the determination of missing phases via theory [18]. Odd-even l interferences via
ionizing transitions of different photon order has also been explored for control [19, 20].
Most generally, for asymmetric tops, some additional terms are present in eqn. 2 (see ref. [2]); similarly, the rotational

wavepacket contains higher-dimensional moments (Q 6= 0 and S 6= 0, see ref. [2]). In this case, additional interferences
are present, and the sign of the phases and odd-even l interferences, should be retrievable in principle, although may in
practice be restricted by symmetry in specific cases. Orientational information (up-down asymmetries, corresponding to
interferences between odd and even l) should also be observable, although further work remains to fully investigate the
details in this case [21].
Finally, it is of note that the use of full time-series data making use of a rotational wavepacket, can be considered

(as herein) as essentially a ‘post-processing’ approach, in which one assumes that the experimental data contains the
necessary information content. In this case, the experiments may be regarded as general. Conversely, a ‘pre-processing’
approach can also be taken, in which one seeks to tailor the rotational wavepacket (or other experimentally-controllable
geometric aspects, such as polarization geometry and the breaking of cylindrical symmetry) for specific channels or cases.
In general, one might assume that a combination of these approaches will prove most successful: as indicated in the
preceding discussion, additional measurements may be required in order to obtain a certain level of completeness in the
retrieved matrix elements; for cases with high complexity, e.g. many matrix elements, high degrees of degeneracy, etc.,
or cases with relatively isotropic ionization dynamics, additional measurements may be required even for basic matrix
element determination. Again, related discussion and application of these concepts to specific cases can be found in the
existing literature, e.g. [7, 15–18, 22, 23].

B. Additional approximations

In the analysis presented herein, the ionization matrix elements are assumed to be constant over the energy range
spanned by each photoelectron band. This is implicit in the bootstrapping methodology implemented, which made use
of the data (sets of βLM (t)) extracted from the measurements for each observed photoelectron band. In this case, as
described in the main text, each band corresponds to a final electronic state. Essentially, this means that the retrieved
matrix elements are averaged over any underlying structures or dynamics, depending on both the photoionization physics,
the molecular properties and experimental time-scales involved. In general, for the ultrafast case in which the sudden
approximation holds, and starting from a system in a vibronically cold initial state (i.e. relatively localised in coordinate
space), it may be expected that this approximation is reasonable. Further detailed discussion on these points - and
possible reasons for a breakdown of these approximations - can be found in, e.g., ref. [3] (sect. 2.4 and references
therein), refs. [2, 24–26] for pump-probe type experiments, and ref. [8] for general discussion of the photoionization
dynamics. For N2, the expected range of variation of the matrix elements as a function of energy over a 1 eV range
can be found in the ePolyScat results (Sec. VII), which indicate small but insignificant changes in the MFPADs over
1 eV ranges over the bands of interest; see also ref. [27] for an exploration of the variation of the matrix elements in
vibrationally averaged cases, and ref. [28] which investigated multi-channel coupling effects theoretically, and suggests
that these types of effects (resulting in sharp resonant features as a function of energy) may be seen clearly near threshold
(< 5 eV).
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C. Experimental considerations

Experimentally, the bandwidths of the high harmonic pulses were approx. 0.1 eV (H5@23.3 eV) and 0.16 eV
(H7@32.6 eV), as measured using a time-of-flight spectrometer. The VMI instrument resolution under the experi-
mental focussing conditions was estimated to be 0.13 eV (@4.5 eV) and 0.18 eV (@7.5 eV). Under these conditions
vibrational bands could just be discerned in some measurements, but full vibrational resolution was not pursued further
in these experiments, and (as noted above) the photoionization matrix elements were assumed to be invariant to the
final energy and vibrational state over each band (or, at least, the retrieved results are final-state averaged). The good
agreement of the retrieved MFPADs (for the X and A-channels) with the ePolyScat results, indicate that any final
vibrational state and kinetic energy averaging does not have a significant effect on the analysis in this case (again, see
Sec. VII for data discussion).

Generally, to investigate any underlying band-structure within the rotational wavepacket pump-probe methodology, one
could potentially design/tune experiments to resolve features within each electronic band, by optimising spectrometer
conditions (VMI has a trade-off between dynamic range and resolution, see e.g. [14, 29, 30]) and/or utilising narrower-
bandwidth (i.e. longer) pulses, although this tuning is non-trivial for harmonic sources. There may be other means of
exploring changes in the PAD over the pulse bandwidth, e.g. shifting the central frequency of the light, or deliberately
preparing a vibrational wavepacket to investigate specific regions of the nuclear coordinate space [31, 32].

III. BOOTSTRAPPING METHODOLOGY

As discussed in the main text, we use herein a “bootstrapping” fitting approach, comprised of multiple steps which
allow for separation of the two sets of unknowns, and a way to gradually bootstrap to the complete MF results via
stages of analysis of increasing complexity. The nature of the fitting at each stage also provides a flexible methodology
which can be used to carefully sample the solution hyperspace in order to ensure unique results, and fit with variable
information content (experimental measurements) based on computational time and desired precision [33]. In all cases,
the underlying physics provides stringent limits on the form of the fitting functions, hence the fitting procedure at each
stage is expected to be somewhat reliable by construction. Further analysis of the results, including comparison with
experimental parameters, additional data not used in the analysis, and ab initio calculations all provide additional means
of cross-checking and verifying the extracted physical parameters.
In terms of information content, this bootstrapping procedure gradually increases both the experimental information

content - the number of geometric configurations of the photoionization interferometer - and the level of physical
information included (hence fitted/extracted) in the analysis. In the first step, ADMs are determined without the need
for accurate treatment of the ionization probe [34]; in the second step this information is used as part of the calculation to
determine the ionization dynamics. In the sub-steps to determine the ionization dynamics, the experimental information
content included in the analysis is gradually increased: the initial coarse steps in this procedure provide a base-line high
information content without the necessity for many temporal points via the selection of highly distinct molecular axis
distributions, while latter sub-steps allow for fine-tuning of the data by gradually coupling additional time-steps into the
analysis.

For the determination of the ionization dynamics, based on eqn. 2, multiple fits (approx. 100 independent fits for each
channel) with relatively low convergence criteria, and randomised seed values, were performed for a small sub-set of the
data around the alignment and anti-alignment features, making use of 11 experimental measurements (e.g. Fig. 1(b),
points marked ’x’). This allowed for a rapid search of the solution hyperspace (of dimensions given by the number of fit
parameters), and a means to check for the presence of multiple solution sets and local minima (see ref. [33] for further
details and discussion). Secondly, the best parameter set(s), were used to seed fits with tighter convergence criteria.
Thirdly, these results were tested against larger sub-sets of the data (Fig. 1, dashed lines), as an independent check for
physical consistency, then fine-tuned via fitting to these larger sub-sets if required (Fig. 1(a)).

In this case, the 11 sets of βL,M (t) used in the initial step of the analysis allowed for a relatively rapid fitting procedure,
taking around 30 minutes per fit in this case, using Matlab’s (R2015b) lsqcurvefit function, which implements a
Levenberg-Marquandt non-linear fitting routine, and running on a desktop machine based around a quad-core Intel Core
i5-750CPU. Coupling additional sets of data into the fitting procedure scaled the time required, and there is naturally a
balancing of computational time with accuracy, up to the point where the dataset is found to be sufficient to uniquely
determine the desired physical parameters. In this case, best fit parameters from the initial minimal fitting were eventually
fine-tuned with 89 distinct experimental datasets (with fits requiring many hours to run).
For the fitting, the partial wave expansion was truncated at lmax = 5. In the data, Lmax = 6 is observed, suggesting

that the lesser of Kmax or lmax=3; based on this observation, and the fact that Kmax = 6 from the linear fitting stage,
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this cut-off was assumed sufficient. Additionally, this cut-off is consistent with the ab initio results (ePolyScat) results,
which indicated that terms for l > 5 are negligible, with normalised magnitudes on the order of 10−5 or smaller.
Finally, it is also of note that the initial testing of the non-linear part of this analysis methodology was performed using

“synthetic” results. In this case, test sets of (arbitrary) matrix elements were used to generate synthetic aligned-frame
results (using a calculated rotational wavepacket), which were then analysed with the bootstrapping procedure (as per
the experimental results). In the test cases, a few sets of matrix elements were trialled, corresponding to different cases
(symmetry, relative magnitudes and phases). In all cases tested matrix element retrieval was reliable, which indicates
that there are no symmetry or l-dependent bugs/errors in the analysis code, and provides further confidence that the
experimentally retrieved results are reliable.

IV. FULL TIME-SERIES DATA AND FIT RESULTS

Figure 1 extends the presentation of the data and fit results shown in fig. 3 of the main article. In this case, all
three channels are shown, along with the full βL,M (t) experimental data and fit results. Note that these results show
full βL,M (t) values, normalized for a spherical harmonic expansion as given in eqn. 1 of the main article; this is distinct
from the results shown in fig. 2 of the main article, which are normalized βL(t) values, corresponding to an expansion in
Legendre polynomials.
As discussed in the main text, the wealth of data, and the high information content of S(θ, t), is clear. In this dataset,

the X-channel is particularly sensitive to the axis distribution, with significant changes in both the yields and angular
distributions, while the A-channel is much less sensitive and shows less dramatic variations in S(θ, t).

For the X-channel, two unique fit results (sets of matrix elements Dα) were obtained via statistical sampling at a
coarse level (11 temporal points over the revival features, 100 independent, randomly seeded fits), and then fine-tuned
via the bootstrapping methodology. In this case, additional temporal points (distinct sets of ADMs) were gradually
incorporated into the fitting, thereby increasing the information content of the fitting, until there was no significant
change in χ2. At each stage, the fitting was seeded by the previous best results, thereby fine-tuning the previously
determined matrix elements. This procedure eventually incorporated 89 temporal points, and led to a single best-fit
solution (6 complex-valued matrix elements, results as shown in fig. 1(a)). The full set of matrix elements determined
(inc. associated uncertainties) are given in the following section (table I).

For the A and B-channels the data becomes increasingly noisy as the yields decrease, and also indicates much less
dramatic changes with the axis distribution. In these cases adequate fits were obtained at the coarse level (as indicated
in fig. 1(b) & (c)), and further bootstrapping was not explored in either case. For the A-channel three best fit parameter
sets were obtained (7 matrix elements), differing only in the perpendicular continuum waves. For the B-channel data a
single best fit parameter set was obtained (5 matrix elements), although four further parameter sets were within 1% of
the lowest χ2 obtained and differed in the parallel continuum. In these cases, additional data and/or cross-checks on the
determined matrix elements are therefore desirable to confirm their validity. In these cases, all sets of matrix elements
determined resulted in satisfactory fits to the time-series data, hence comparison with the data at different rotational
revivals was not a sufficiently stringent cross-check.
For the B-channel, the single lowest χ2 result was selected as the best result, with the proviso that this cannot be

determined to be unique. The resulting MF reconstruction was found to bear some resemblance to the ab initio results
(fig. 2), while the four alternative parameter sets yielded quite different MF reconstructions. In this case, data with
better S/N should yield a more definitive result, and reduce the uncertainties on the retrieved phases (table III).
For the A-channel, the best set of perpendicular matrix elements (q = ±1) were selected post-facto [16–18], by

comparison with ePolyScat results, again with the proviso that this requirement may be indicative of a non-unique result
set. In this case, the selected matrix elements yield MF results which compare well with the ab initio results. It is not
expected that better data would be sufficient to obtain a unique result in this case - the issue is rather that the βL,M (t)
for L > 0 are relatively insensitive to the axis distribution (fig. 1(b)), a consequence of the details of the ionization
matrix elements (see ref. [3] for general discussion on this issue). In this case, measurements with a different polarization
geometry may provide the required additional information, although the Π symmetry may still provide restrictions - see,
for instance, ref. [35], wherein limitations imposed by initial and final state symmetries in the related case of matrix
element retrieval from MFPADs are discussed.

V. PHOTOIONIZATION MATRIX ELEMENTS

Tables I-III list the unique DΓµ
hl (q) obtained for each photoionization channel. In each case, the retrieved elements are

broken down by irreducible representation (D∞h point group), and relevant indicies. In this case, the h index correlates
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with ±m states, and µ with degenerate components of the ionizing orbital. In all cases with q = ±1, the sign of the
contributing m terms are correlated or anti-correlated as indicated in the tables. In degenerate cases the full set of
symmetrized matrix elements for D∞h require additional elements, which are essentially transformations derived from
the minimal unique values listed here; these are also given where required. In all cases the lowest-order phase is chosen
as the reference phase (since absolute values cannot be obtained), and set to zero.

As discussed above, for the X and B-channels, unique sets of matrix elements were obtained, although other sets
within 1% of the best results were also obtained for the B-channel, suggesting the possibility of multiple solutions at
the coarse level of fitting employed. For the A-channel, two parameter sets were obtained, and the results shown here
correspond to the set which provided the MFPADs which most closely matched the ab initio MFPADs (i.e. selected by
post-hoc verification and corroboration). These matrix elements correspond to the results provided in the main article.

The matrix elements are normalized such that the sum of the squares over each continuum is unity, and phases are
defined on the interval −π ≥ arg(DΓµ

hl (q)) ≥ π (note that absolute signs are not defined in this case, hence switching the
sign of all phases produces the same PADs - see discussion in Sect. II above for details). Uncertainties in the parameters
are given in parentheses; these values were determined via curvature of the χ2 hyperspace along each dimension [36], an
extended discussion on this topic may be found in [33]. For the X-state, with the highest quality experimental data, the
results are generally good, with relatively small uncertainties for all parameters except for the phase of the f -wave (l = 3)
for m = ±1. In this, and similar cases (indicated in italics in tables I-III) this analysis indicated large uncertainties,
suggesting that the associated values are not well-defined by the data, although it is also of note that this analysis
treats each dimension independently and may lead to spurious results in certain cases [33]. For the B-state, where the
experimental data is noisy, this is expected. For the A-state, there is little dependence of βLM (t) on the alignment
observed for L > 0, and this has resulted in large uncertainties in the phases, although the magnitudes are well-defined;
in this case, the ionization dynamics - which involves a relatively isotropic πu ionizing orbital, with (x, y) orientation
undefined in the LF - may restrict the fidelity of the reconstruction for the q = ±1 case. Final-state averaging over the
larger energy-span of the band (relative to the X and B bands) may also contribute to the larger uncertainties here. More
work is required here to ascertain whether this is a fundamental limitation for this specific case, and whether this could
be alleviated by additional data (e.g. different align-pump polarization geometry) which provides distinct interferences,
thus additional phase sensitivity, in the observable AFPADs.

Despite these issues in some cases, the comparison of the MFPADs with ab initio results validates the matrix elements
retrieved to some degree and suggests that the details, such as a significant l = 5 contribution for the X-channel, are
generally robust. Physically, the scattering dynamics is complicated, due to both the two-centre scatterer, and the shape
of the initial molecular orbital. In both cases, multiple l-waves are required, and atomic-like selection rules (∆l = ±1)
cannot be applied to the ionization event. For general discussion on these points in molecular photoionization see, for
example, refs. [8, 14, 37] and refs. therein; for N2 scattering specifically, see ref. [17] and ref. [27] for an investigation
of vibrational (bond-length) effects. Finally, it is of note that the axis distribution was found to contain significant terms
to Kmax = 6 (see online data repository), but these terms were generally small. Since this will mitigate the contribution
of higher l terms to the observable (via the limit L ≤ P +K, as discussed above, hence l due to the limit L ≤ l + l′),
the results may be under-defined for the l = 5 term, although this is not confirmed by our uncertainty analysis (which
gives relatively small uncertainties here).

Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµhlλ Relations
σu 0 1 1 1 0 0.53(2) 0* 1 -

3 0 0.41(2) 1.1(1) 1 -
5 0 0.49(2) 1.3(4) 1 -

πu ±1 1 1 1 ±1 0.19(3) -1.4(1) 1/
√

2 q : Dπuµ
hl (+1) = Dπuµ

hl (−1)

3 ±1 0.17(3) 0(1) 1/
√

2

5 ±1 0.30(2) -1.6(9) 1/
√

2

Table I. Symmetrized matrix elements, X2Σ+
g . The sum over all moduli squared are normalized to unity,

∑
|DΓµ

hl (q)/bΓµhlλ|
2 =

1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the �nal digit.
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Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµhlλ Relations
σg ±1 1 1,2 0 0 0.58(3) 0* 1/

√
2 q(µ = 1) : D

σg1

hl (+1) = D
σg1

hl (−1)

q(µ = 2) : D
σg2

hl (+1) = −Dσg2

hl (−1)

µ : D
σg2

hl (+1) = =[D
σg1

hl (+1)]− i<[D
σg1

hl (+1)]

2 0 0.23(6) 0.3(12) 1/
√

2

4 0 0.15(7) -0.5(9) 1/
√

2

δg ±1 1 1,2 2 ∓2 0.15(7) -0.5(2) 1/
√

2 q(µ = 1) : D
δg1

hl (+1) = D
δg1

hl (−1)

q(µ = 2) : D
δg2

hl (+1) = −Dδg2

hl (−1)

µ : D
δg2

hl (+1) = −=[D
δg1

hl (+1)] + i<[D
δg1

hl (+1)]

4 ∓2 0.22(6) -0.6(8) 1/
√

2

πg 0 1,2 1,2 2 ±1 0.15(5) -0.3(30) 1/
√

2 h(µ = 1) : D
πg1

1l (0) = D
πg1

2l (0)

h(µ = 2) : D
πg2

1l (0) = −Dπg2

2l (0)

µ : D
πg2

hl (0) = =[D
πg1

hl (0)]− i<[D
δg1

hl (0)]

4 ±1 0.05(9) 0.6(30) 1/
√

2

Table II. Symmetrized matrix elements, A2Πu. The sum over all moduli squared are normalized to unity,
∑
|DΓµ

hl (q)/bΓµhlλ|
2 =

1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the �nal digit.

Γ q h µ l m |DΓµ
hl (q)| arg(DΓµ

hl (q)) bΓµhlλ Relations
σg 0 1 1 0 0 0.08(21) 0* 1 -

2 0 0.19(9) -1.0(13) 1 -
4 0 0.65(4) -1.6(19) 1 -

πg ±1 1 1 2 ∓1 0.01(12) -3.5(35) 1/
√

2 q : Dπuµ
hl (+1) = Dπuµ

hl (−1)

4 ∓1 0.52(3) 0.4(13)

Table III. Symmetrized matrix elements, B2Σ+
u . The sum over all moduli squared are normalized to unity,∑

|DΓµ
hl (q)/bΓµhlλ|

2 = 1. * reference phase, set to zero. Values in parentheses indicate the uncertainty in the �nal digit.

VI. MOLECULAR FRAME RECONSTRUCTIONS

Figure 2 provides the full set of MF reconstructions, extending fig. 4 in the main manuscript. The reconstructed
MFPADs are obtained from eqn. 4, and the matrix elements obtained from the experimental data, as given in tables
I-III. The calculated MFPADs were obtained using ePolyScat [38, 39] to compute the ionization matrix elements, and
ePSproc for post-processing [40, 41]; full data can be obtained from the online repository. Note that, due to differences in
definitions, the ePolyScat matrix elements therein should not be compared directly to those defined by eqn. 4, although
the MFPADs obtained independently via the two different formalisms can be compared directly.

As noted in the main text, “the consistency between the ab initio and experimental reconstructions can be taken
as a good indicator that both methodologies are robust.” However, any differences are, of course, also of interest. In
particular, the difference in the lobes at close to 45◦ in the experiment reconstructions for the X-channel (fig. 2(a)),
which are more pronounced in the experimental reconstructions for both continua, does suggest some difference in the
higher-order terms obtained from experiment and the theoretical results. These correlate with terms L > 2, so contain
contributions from both l = 3 and l = 5 partial waves.
Physically, the scattering dynamics is complicated, due to both the two-centre scatterer, and the shape of the initial

molecular orbital. In both cases, multiple l-waves are required to describe the core region where the potential is non-
centrally-symmetric, and (l,m) states are mixed (i.e. l and m are not a good quantum numbers). Consequently,
atomic-like selection rules (∆l = ±1) cannot be applied and the scattering of the outgoing wave is, by definition, multi-
polar. Generally, for molecular scatterers, one expects a large range of l-waves to be present, although the details are
scatterer and energy specific; however, even in complex cases, lower l terms are expected to dominate, primarily due to
the small overlap between higher l bound and continuum components. In this case, it is of note that large high l terms
are observed for the X and B-channels, while smaller l are more significant for the A-channel. This observation is broadly
consistent with the forms of the ionizing molecular orbitals and the observed time-dependence - for the A-channel the
doubly-degenerate Π orbital, and subsequent AF photoionization dynamics, there is lower overall anisotropy than the
more ‘directional’ Σ states.
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However, the fact that the differences between the ab initio and experimental MFPADs indicate differences in the
higher-l terms suggests further work to investigate the scattering physics in more detail. In particular, experiments with
different information content could form part of a ‘pre-processing’ approach (sec. II) to investigate these higher-l terms,
and reduce the phase errors in some cases. For example, the preparation of axis distributions with higher K (K > 6)
would result in a higher sensitivity to higher l terms in the measurement (see eqn. 2). These types of considerations, in
the case of symmetric tops, are discussed in refs. [3, 22], for the most general case of an asymmetric top, work is ongoing
[21]. Further ab initio work considering the effects of both physical parameters (e.g. bond-length) and computational
methods (e.g. level of electronic structure theory) is also underway.

VII. DATA & CODE

As noted above, raw data and processing code is available online at https://dx.doi.org/10.6084/m9.figshare.4480349.
This repository is broadly in line with Open Science/TOP guidelines [42], and it is hoped that this provides a foundation
for other investigators to explore and build on the methodology presented herein.

This repository contains the following:

• XUV ionization time-series data, experimental data as shown in Fig. 1.

• ADM fitting and extraction, as shown in Fig. 2 of the main article.

• BLM fitting and matrix element extraction, fit results as shown in Fig. 1, and full matrix elements as given in
tables I-III.

• ePolyScat calculations, raw results and plots (e.g. as shown in Fig. 2), including dependence on kinetic energy
over 1 eV ranges. The raw results can be processed with ePSproc [40, 41].

• Data plotting codes.

• AFPAD code and fitting routines. Note that, although this code is, in principle, suitable for any AFPAD compu-
tation, it is currently not generalised to asymmetric top problems, nor compatible with ePolyScat matrix elements
due to differences in the definitions employed. Nonetheless, it is included here to provide a complete accounting
of the methodology used, and provide a resource for other investigators [43]. In the future, improved versions of
this code will be released. As detailed in the main text, work on improved fitting methodologies is in progress, and
integration with ePSproc codes [40, 41] is also planned.

The data and plotting codes are currently provided in Matlab/Octave format.
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