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Appendix I. Technical Specification of the Forward Projection Model

A stochastic susceptible-exposed-infectious-removed ( compartmental model is to be applied here on a continuous time scale (Diekmann & Heesterbeek 2000; Isham 1988) where  stands for susceptible compartment,  stands for exposed compartment,  stands for infectious compartment which is the state when an infected cow is slaughtered or dead, rendered and fed back to cattle, and  is known as removed but here we use it as becoming a case so it will not cause infections once it is reported. The stochastic  model, which we call the forward model, is developed to describe the variability of the epidemic characteristics due to the uncertainty in the initial amount of infectivity introduced into the system resulting in the current observed epidemic, and the variability in the different components of that system. 
Heterogeneity in susceptibility to BSE and infectivity of cattle incubating BSE are well established characterization of this important prion disease, e.g. (Ferguson et al. 1997;Wells et al. 2007). Hence, the model divides the susceptible compartment  into six subpopulations  based on the following age groupings: 0-1 year old, 1-2 years old, and so on through 5 years old and above. The exposed compartment follows the same classifications,, each of which include new infections  and continuing infections  (. The infectious compartment  (which will be actually transformed into MBM, since infection is assumed to take place through oral route) is divided into twelve subgroups, , based on the level of infectivity in slaughtered or dead cattle due to progression of the disease. We will denote the number of cattle in each compartment by the same notation used to name the compartment. Let  be the size of subpopulation , so that is the size of the entire population and let  be the total number of infectious cattle (note that cattle are only infectious when they are culled and rendered). Further, let  be the number of newly infected cattle in compartment  due to a contact with an animal in. All of these variables depend on the year. Because of importation and exportation of cattle, the cattle population size is usually changing and is not in equilibrium.
While the intra-compartmental characteristics are not the same, the inter-compartmental characteristics are assumed to be homogenous. The mixing of susceptible animals with one of the classes  is also assumed to be homogeneous. In other words, if two susceptible animals in  are exposed to infectious material from, say, then they will be exposed to the same dose of infectivity; however, this is not the case if they are exposed to say  and  In the later situation they will both move to state  with two different  and  of the doses of  and  and the susceptibility probability  of  (see component 6). Here,  is dose-response probability function for the twelve doses and  is the susceptibility probability distribution for the six age groups. Upon infection, each animal will have random incubation period depending on the initial dose received from  and. The distribution of incubation period is derived from bioassay data, and is described by a log normal distribution with statistics depending on the initial dose (see component 8) (Wells et al. 2007). 
 The model is developed in discrete time, with a time-unit given of one year used to model the yearly number of new infections (incidence) and the cumulative number of infected cattle (prevalence). The model also estimates the number of cattle slaughtered for human consumption, and the level of infection of those cattle.
In contrast with other models, e.g. (Hagenaars et al. 2000), population dynamics is not described within the disease model. In the current forward model, two probability functions are used to identify the final destination of the cattle, given the initial stock provided by (Statistics Canada 2010). In other words, based on the time-to-exit probability function  (see component 7), we can project the time when cattle leave the system, by the probability  that a cow exists the cattle system in year  enters one of the three streams ( slaughtered,  death, or  exported) (see component 7). Since infected cattle have different dynamics than non-infected cattle, we introduce two probabilities: the probability of exiting the system before becoming a case (at the end of the incubation period), and the probability of becoming a case before exiting the system (see equations 6 and 7 below of component 8). Cases appear in compartment. Due to the use of discrete time we, discretize these probabilities in equations (8) and (9). 
A number of demographic and epidemiological, and other parameters pertaining to the rendering industry and BSE control measures have been used in setting up the model. These parameters include: , the number of cattle within which the specified risk material (SRM) is mixed homogenously during rendering; , the log-reduction of infectivity during rendering in year , the amount of MBM resulting from rendering one cow; , the proportion of MBM fed to cattle (the remainder is used for other purposes such as feeding poultry, pigs, and pets, or as fertilizers); , the size of the feeding unit given to a cow; and , the feed ban compliance probability in year. 
The contact between and  in a given year  depends on the ratioin year  and the ratio in year. The response of that contact depends on and. The rendering practices in the year  affect the infectivity available in that year and so they affect the probability. Evidently, if there are units of infectious material in year ; where  is the total produced and imported meat and bone meal less the exported amount (assuming uniform input and output), then the new number of infections in each group  due to contacts with one of the infectious groups  () have a multinomial distribution with number of trials  and probabilities { Here,  is the number of trials that did not result in infection with corresponding probability . 
In year, the new number of infections in compartment  is given by  and the cumulative number of infections in the same group is given by The number of new infections due to the ingestion of an infectious unit in year  from, or , will either appear as a case when it reaches the end of the incubation period in the same or the following years if it was not slaughtered, dead or exported before that time. The number is projected forwardly into the future using a multinomial distribution. Moreover, we determine the number of animals that exit the herd at each time, to each stream, and whether rendered or not by a multinomial distribution with probabilities 
, , .
Here,  is the age of the cow in ,  the actual dose in level ,  is the probability that a cow exiting the herd in year t will go to one of the streams (slaughter-death-exportation), denoted by (, , and ), and  is the probability of rendering a cow from stream , . Also  is the probability of a cow that was infected in the age  due to a dose of  is exiting the herd in  before reaching the end of the incubation period and  is the probability of becoming a case before it exits the herd (see component 7 and 8 for more explanation).
The amount of infectivity depends on what stage the rendered cow is in with the respect to the end of the incubation period. As mentioned above, we use twelve states  to identify the level of infectivity in a cow exiting the herd into the slaughter or the dead stream. The probability that it would have reached the end of the incubation period in the period  since that it lived to time  is given by  (see component 8). Thus we find the level of infection at exit using a multinomial distribution of the total number of animals exiting at age  due to inoculation with dose  and probabilities) given by equation (10). 
Every year a number of exposed animals are imported from other countries to join the domestic population. It is assumed here that those imported cattle are newly infected. Since the challenging dose that caused their infection is totally unknown, a discrete uniform distribution is used to model the initial dose that caused their infection to be one of the 12 pre-assigned doses. The number of newly infected imported cattle from one specific country can be modeled by a binomial distribution with number of trials given by the total number of imported cattle from that country and probability of success given by the prevalence in that age group in that country’s herd in the year of importation , or .   
The amount of imported contaminated  is found by transforming the amount of  produced from cattle into heads of animals by. Then using the overall prevalence  of BSE in the source of origin country the likely number of infected equivalent cattle is modeled by a binomial distribution and then transform it back to MBM by multiplying it by. On the other hand, the amount of exported contaminated  is modeled using a beta-distribution with mean given by the ratio of the total exported MBM times the total contaminated MBM to the total locally produced MBM, or and non-informative uniformly distributed variance. Therefore, the remaining MBM for local usage is the net. Note that in all of the above calculations the MBM quantities are produced from cattle.   
We put the model in a set of stochastic recursive equations:
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where  is the size of subpopulation , so that, ,  is the probability of a cow that was infected in the age  due to a dose of  is exiting the herd in  before reaching the end of the incubation period,  is the probability of becoming a case before it exits the herd, 
, ,  and
	
	



Let be the age of the cow at infection then the probability that it will be culled before becoming a case in  is 
	
	


and the probability that it will become a case before get culled in  is 
	
	


 for  . 
When we implemented this in the simulation we truncated the probabilities where so
and
where  is the complement of the cumulative distribution function of the incubation period (that is ) and  and  is the incubation period density function.
Model Components, Inputs and Data Assumptions

The major components of the model are illustrated in Figure 2. The following components give explanation of the previous description of the model and the input data for the Canadian BSE epidemic. 
1- The number of infected animals among the total number of imported cattle. The number of infected imported cattle from a given country is modeled by a binomial distribution with success probability given by the prevalence of BSE in the source country for each age group. Since each imported cow is just a random selection from the whole herd of the source of origin country and prevalence can be interpreted as the cow’s probability of being incubating the disease. If data about the cow’s age at importation was not available, then the cow is considered to be imported as a calf, and if the imported cattle are infected we assume that infection occurred same year of importation. 
The length of the incubation period and the infectivity load depend on the initial dose of BSE agent ingested by the cow. Since the initial infectious dose of imported cattle is unknown, then we assume that the dose was equally likely anyone of the twelve doses. The farming practices of those imported cattle are assumed to be the same as for domestic cattle. Therefore, imported cattle should have the same survival probabilities as the Canadian cattle. The infection prevalence of those cattle imported from the UK is derived from applying the best fit module C7 in the back-calculation method of (Ferguson et al. 1997). That is,
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where  is the prevalence of BSE-infection in the UK  cattle population in year  and age ,   is the hazard function in year  for age  via oral route,  is the survival probability by age  and  is the complement of the cumulative distribution function of the incubation period. Those functions can be found in (Ferguson et al. 1997). The result of applying the above formula is depicted in Figure A1.
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Figure A1: The BSE infection prevalence in the UK in period 1980-1990 and for ages 1-8 years old. 
The prevalence of infected animals among those imported from other European countries were obtained from (Donnelly et al. 2002). The numbers of imported cattle classified by age from the UK are obtained from the Canadian Food Inspection Agency (CFIA 2004).
2- The amount of infectivity in a cow. The central nervous system (CNS), distal ileum (DI) and the dorsal root ganglia (DRG) harbors more that 99% of the cattle infectivity (Kimura & Haritani 2008). The amount of infectivity in a cow estimated in grams, is calculated using the results of the bioassay done by (Arnold et al. 2009) where the titre of infectivity in the CNS increased  exponentially such that it doubles every 1.2 months in the final year of the incubation period. The titre of infectivity in the DI and the DRG were also calculated by interpolation of the amounts given in (Arnold et al. 2009). The infection profile was based on the temporal changes in the density of the agent in different tissues (Arnold et al. 2009;Espinosa et al. 2007) weighted by each tissue in cows body. The weight for these three tissues used in the current analysis is 1000 grams for the CNS, 800 grams for the DI and 30 grams for the DRG (SSC, 2000, (Cummins et al. 2002;SSC 2000). The total size in grams of infected tissues was calculated based on time elapses since infection (in months) (see Figure A2 for example) and the size of the ID50 (about .19 grams) obtained by the same bioassay’s results published in (Wells et al. 2007). 
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Figure A2: The total amount of infectivity in grams of an infected cow with 60-month incubation period.
Assuming that the mean infectivity in a clinical cattle brain follows that of the cow used in (Wells et al. 2007), the infectivity loads are discretized into twelve levels 0.36, 0.96, 4.73, 5.33, 6.21, 6.82, 9.38, 9.38, 600.86, 601.15, 605.56, and 607.07 grams according to the stage of infection. 
3- Rendering process. Rendering a cow results in an approximate amount of  kilograms of MBM (Sugiura et al. 2003). During rendering infected tissues from a cow are assumed to be dispersed homogenously in a number of cattle  in the grinding chamber of the rendering plant. Since we don’t model the rendering process explicitly we investigate the effect of different values of  on the output in the scenario analysis section. The titre of infectivity is assumed to be reduced by  log-reduction during rendering in year. 
In Canada, MBM containing specified risk material (SRM) and fallen stock prepared in batch and continuous rendering processes at conditions below the European Union standards of 133º C/20 minutes/3 bar. This standard was implemented in rendering facilities in Canada only in 2003. Those standards are expected to reduce infectivity up to 3.0 logs in the batch rendering and about 2.0 logs in the continuous rendering. Those log reduction values were based on the experiments conducted by (Schreuder et al. 1998).  According to (CFIA 2004), almost all the rendering facilities operates continuous rendering scheme, and due to the regulations applied to rendering processes after 2003, we assume that the log reduction in the infectivity is zero for the period up to 2003 and 2 log-reduction afterwards.   
The chances of rendering a slaughtered cow differs from dead ones since the later might be incinerated. Let  be the probability of rendering a slaughtered cow (stream=) or dead cow (stream=). It is guesstimated by experts that  and.  
4- The amount of contaminated MBM at a certain time. It is a combination of amount of MBM resulting from rendering of infected cattle and the amount of contaminated MBM imported from high risk countries. The first source comes initially from rendering of imported infected cattle and subsequently from rendering of locally infected cattle (as described in component 3 above). 
The first source of contaminated MBM, due to importation, is modeled by a binomial distribution with a number of trials given by the equivalent number of cattle to that amount of MBM (i.e., the amount of MBM divided by  kilograms) and probability of success given by the prevalence of BSE in the country of origin. The amount of infected imported MBM is then found by the number of equivalent infected cattle times  kg. 
In Canada, the authors didn’t find reliable information about the amounts of imported and exported MBM that was made from cattle and so they were set to be zero in the model.
5- The number of contaminated feed units from MBM supplied to cattle. It is the total amount of contaminated MBM divided by the size of each feeding unit. However, not all of these units are fed to cattle in a given year. It depends on the feeding practices of MBM and the feed ban noncompliance and cross contamination. 
The proportion  of MBM fed to cattle is about 10% of the whole production in Canada (Morley, Chen, & Rheault 2003). Parameter  can carry the information about cross-contamination that used to happen when there was no feed ban as well as uncertainty. Cross-contamination is blamed for the cases born after the partial feed ban (called BAB) of 1997 in Canada and so cross- contamination is augmented into  (see also the remark at the end of this subsection). Since the BSE agent is also hard to deactivate we consider a pert distribution for  with minimum 10%, maximum 20% and mode 15% is employed, which is also allowed to change from year to year.
The feeding units were classified into twelve levels according to the infectivity load in the culled infected animals used to prepare these MBM units (varies according to the stage of incubation period). From item 2 above, the infectivity loads of the twelve levels are 0.36, 0.96, 4.73, 5.33, 6.21, 6.82, 9.38, 9.38, 600.86, 601.15, 605.56, and 607.07 grams. These are reduced by 75% (Paul Pozzi Plant manager of Alberta Processing Company 2009) due to rendering and are diluted in a number of cattle during rendering (see component 3) and the density (infectivity in carcass) is reduced due to the rendering log-reduction parameter. Therefore, each unit will cause infection with a probability according to the dose of BSE agent it contains. 
The available infectious units with each of the twelve levels are distributed randomly over the different age groups of the cattle population according to the weights of each age group using a multinomial distribution with probabilities given by those weights times probability of MBM being fed back to cattle. 
The number of units available to feed the cattle is also determined by the feed ban in place and the level of non-compliance (Canada implemented the ruminant to ruminant feed ban in 1997). This was implemented into the model by randomly selecting a number of units to be fed to cattle using a binomial distribution with probability given by one minus the probability of feed ban compliance (). The feed ban noncompliance at the feed mills carries also the cross contamination there. We used various rates of feed non-compliance as explained in the scenario analysis below. A 100% feed-ban noncompliance is set up when there is no such ban in place as before 1997 in Canada.
Remark. Since measuring , the cattle share of the total MBM (see above), and  (feed-ban compliance probability) carries lots of uncertainty due to lack of reliable sources and the year-to-year variability due to the changing practices and many other economic and natural factors we scaled down the actual probability that infectious material would reach cattle from  to  in order to be conservative, where  is the probability of cross-contamination. That is, for low  (like) and in the time after the feed ban of 1997, the probability  is less than  and so  is greater than (. In the above discussion, we call the whole term  by. 
6- Exposure and contact process. Each year a proportion of the infected rendered cattle add to the pool of infectious units (component 5 of the model) that are to be fed back to cattle. The number of infectious units for each level of infection distributed for the different subpopulations is modeled by a multinomial distribution with probabilities given by the proportion of each age group within the population. 
For each year and age-group, the number of infected cattle due to consumption of contaminated units is a function of the age-dependent susceptibility, the dose in the infectious units and the number of infectious units. The age-dependent susceptibility function is taken from the UK-best fit C7 found in (Ferguson et al. 1997). Based on the results of the dose attack rate study of (Wells et al. 2007) the dose response function was modeled using a log-logistic function and is given by
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where  is the dose in grams. See Figure A3. 
Let  be the number of infectious units allocated in year  to age group  and of dose  grams. Given  unculled infected animals in age group  from the previous year, the probability of  new infections is given by the sum of the product of the probability that  units will be randomly given to already infected animals times the probability that the  leftover units cause  infections where the sum index is . That is,
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where  is the herd size in year  of age group ,  and  are the number of (exposed) new infections and unculled infections in year  of age group and  is the product of the probability that a cow of age group  is susceptible and the probability of an infection due to ingesting a dose  after log-reduction due to the existing regulations in year  Here, units could be consumed by already infected cattle, but without extra effect. But since the number of units  is much smaller than the subpopulation size, simple approximation and manipulations lead to the new probability
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which is just a binomial distribution with  number of trials and probability .
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Figure A3: The dose-response function (Wells et al. 2007).
7- Time-to-exit probability function. We use the term “exit” (or “culled”) generically to mean going to one of the three streams: slaughter, death and exportation. The time-to-exit the herd is the time for a cow to get slaughtered, die or get exported. The probability function  of the time for a cow to exit the herd is derived from data provided by Statistics Canada for the period 1979-2009. The probability function of time-to-exit the herd, shown in Figure A4(a), is different than the survival function as it includes the time to the event of exportation. The historical probabilities of each stream (slaughter-death-exportation), or shortly (, , and ), are shown in Figure A5 (Statistics Canada 2010). Let us call this function  where  is the year and stream could be one of the three (, , or ).
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Figure A4: (a) Time-to-exit (culling, death and exportation) probability function  derived from data of (Statistics Canada 2010). (b) Comparison between the actual Canadian herd size and the size calculated based on the time-to-exit the herd shown in Figure 5(a) that was derived based on data given by (Statistics Canada 2010).


Other figures of time-to-exit function have been tried for sensitivity analysis.
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Figure A5: The proportion of cattle slaughtered, dead and exported every year  (Statistics Canada 2010).
8- Forward projection. The time till an infected cow exits the herd by time  (for any) before becoming a case given it was infected when it was  years old is given by
	
	       (6)


where  is the complement of the cumulative distribution function of the incubation period ( that is ) and  where  is the incubation period density function),  is the dose in the initial infectious unit. We use the prime symbol in  to denote the derivative of  with respect to. The probability of becoming a case by time  before exiting the herd given it was infected when it was  years old is given by
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By integration by parts, the sum of the two probabilities in equations (6) and (7) is given by . The last term approaches one as  goes to infinity, as it should be which makes the following discretization plausible.
Let be the age of the cow at infection then the probability that it will be culled before becoming a case in  is 
	

	           (8)


and the probability that it will become a case before get culled in  is 
	
	     (9)


 for  . 
When we implemented this in the simulation we truncated the probabilities where so
and Thus the number of the newly infected animals in year  and subpopulation  of age  due to ingestion of a dose , which is decided according to the infective compartment say  and year , (denoted by ) is randomly projected into the future (forwardly) as culled before becoming a case or as becoming a case before getting culled using a multinomial distribution with probabilities given by the equations in (8) and (9). 
Since the unit-time in the model is the year, among the cattle that were randomly determined to exit the herd before becoming a case in year, a number would have been slaughtered, dead or exported with probabilities given by , see Figure A5 (Statistics Canada 2010). These three numbers can be determined by a multinomial distribution with probabilities given by their respective proportions. 
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Figure A6: Illustration of the three-dimensional projection of infected cattle.
In order to determine the level of infection in each of the slaughtered and dead animals we further randomly project each of those  numbers into one of twelve possible levels. The first of which is the same year of slaughter-death is the last year of the incubation period. The projection of those cattle is done again using a multinomial distribution with conditional probabilities given as follows. Given a cow that exits at age, the probability that it would have reached the end of the incubation period in the period  if it lived enough is given by 
	
	       (10)



where  and  is the incubation period density function. But as will be seen next in this component the incubation period depends on the initial inoculated dose  so will  do and so it will be denoted by. Notice that in order to discretize the continuous time scale epidemic we had to make a number of approximations like we measure age of a cow in subpopulation  of the age  by the left boundary of the interval, i.e. by, and similarly done for times.
To complete this component, the incubation period density function  used in this model is modeled by a lognormal distribution with  and  where  is the dose in grams, based on bioassay results of (Arnold et al. 2009;Wells et al. 2007). Thus the mean incubation period is given by  months. 
The higher the dose the more probable a newly infected cow will appear as a case before being slaughtered or dead (Figure A7). 
As mentioned in component 1, imported cattle are modeled to have ingested one of twelve doses with equal probabilities and then be handled the same as the domestic cattle with respect to culling practices. Integrating out the doses derives both the probabilities of becoming a case before culling or death, and the probabilities of culling or death before becoming a case.
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[bookmark: OLE_LINK1][bookmark: OLE_LINK2]Figure A7: The probability that an infected calf exits (slaughtered, dead and exported) the herd in one of the years-to-come before becoming a case (dashed line) and the probability of becoming a case in one of the years-to-come before exiting the herd (solid line).  
 9. Atypical BSE as a source of infectivity. Atypical BSE is included in the forward projection model as a source of infection. This is done by adopting the way Harvard model (Cohen 2003) used the incidence of CJD to model the incidence of atypical BSE as Poisson distributed with rates 0, .01, .01, .01, .04, and 2.64 per million population within age groups 0-1, 1-2, 2-3, 3-4, 4-5, and 5 and above, respectively. We assume that atypical infection has the same incubation period and progression of infectivity of typical BSE.



Simulation Diagnostics
Cross-validation of the simulation output via visual inspection of the temporal trends in the mean number of newly infected cattle and mean cumulative number of infected cattle in the Canadian herd during the period 1980-2019 for scenario (AII, BII, CII) was carried out to provide evidence of convergence. In order to do this, the accepted 1,096 simulation runs (out of the amalgamated total of 50,000 runs) was divided into three overlapping parts (first half, middle half (interquartile interval), and second half): no visual distinction was observed among the three curves (see Figure A14 in appendix II). This indicates that additional simulation runs will not materially change the pattern of the epidemic, confirming convergence of the simulation algorithm. Similar diagnostics were conducted for the other scenarios.
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