Appendix A: Mathematical derivations of the theoretical equations for the removal of invasive
plants and planting of natives for collective and independent management, and for the

penalty/subsidy policy instruments.

All variables used in the mathematical derivations below are either described here or in the main
published text.
Collective Optimization Problem

In the collective case, net benefits (benefits minus costs) from native and invasive plants
on property 1 and property 2 would be maximized simultaneously, subject to the ecological

constraints, where p represents the discount rate’, and Ky,;» Uy, are the shadow prices (marginal

products) of invasive and native plants.

max .f e Pt (By(x1¢) + By (x2¢) — Dy (1) — Do (y2¢) — Ch, (H1t) —Cy, (Hzt)
0

Hyt,Hzt,P1t.P2t

= Cp, (P1) =Cp, (P21)) (4.1)

s.t.

dx,

ar = G*1(X1¢, X2¢, V16> Y2r) + Pit

dx,

ar = G*2(Xy¢, X3¢, Y10, Var) + Poy

dy,

It = GV (X1¢) X2, Y16 Y2r) — Hie

dy,

It = GV2(X1¢, X3¢, Y1t» Y2r) — Hot

' p was used for the interest rate in place of r, which is typical in economic modeling, to avoid confusion with r
represented as the intrinsic growth rate.
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H® = By (x1¢) + Bo(x20) — D1(y1) — Do (¥2¢) — Ch, (Hye) — Ch, (Hye) — Cp, (Plt)_CpZ (P2t)
+ e, (G (X1, X260 Y16 Var) + Pre) + 1y, (G¥1 (16, X260, Y160 V2r) — Hie)
+ iy, (G*2(X1¢, X20, V1t Var) + Par)
+ 1y, (G¥2(X1¢, Xo1, Y10, Yar) — Hae) (A.2)

The maximum principle is given by:

dH® , ,
OH,, = _CH1 (Hip) — Uy, = 0= Uy, = _CHl(Hlt) (A.2a)
0H® ,
OHy, = —Cp,(Hy) — py, = 0= py,, = —Cf, (Hyp) (A.2b)
JdH®
9Py, = —Cp,(P1¢) + Uy, = 0=y, = Cp, (Py¢) (A.20)
dH®
ey _ (p— Gyt) — Bi(xy) — GY* — iy, Gy (A. 2e)
d #xl p 1 1 ll'l'xZ ‘Llyl ll'l'yz "
oy _ (p—Gy?) — B3y(x) — — Iy, G2 — py, G2 (A.2f)
d MXZ p 2 2 l’l’xl .'X,'z Myz I’l'yl .
Uy _ (p = G)}) + Di(y1) — iy, Gy G2 — Uy, G (A.29)
dt Hy \P Y1 11 M, GOy, = Hxy Uy, = Hy, by, =)
d‘UJ’Z _ ( GJ’Z) + D! ( ) — le — Gy1 (A Zh)
dt ll'lyz p 2 yz #xZ I’l'xl y2 ‘Llyl y2 "

Plugging (A.2a) — (A.24d) into (A.2e) — (A.2h) and rewriting gives:

dll ’ Vi ! !
d—zl = Cp, (P1t)(.0 le) By (x1) — Cp, (PZt)G;f + Ch, (Hlt)Ggll + Ch, (HZt)Gnglz (A.2ee)
dﬂ I ’ ’ /]

d;z = Cp, (Pzt)(P ze) B;(x2) — Cp, (P1t)G;C21 + Ch, (HZt)ngz + Cy, (H1t)G£]21 (A.2ff)
d‘Ll ! ! !

dr CHl(Hlt)(p 633/]11) + D1 (y1) — Cpl(Plt)G;cll - CPZ(PZt)ze + CH2 (HZt)G *(A.299)

McDermott et al. 2



dl'l ! ! ! ! !
— = ~Ci, (M2 (p = G37) + D3 (v2) = Cp,(Pa) Gy = Cp (PL)Gy + Cy, (Hy )Gy (A. 2hh)

We then time differentiated (4.2a) — (A. 2d) to give:

OHC _ ~Ci,(Hi)H; — fi,, =0= Hy = —L (A.2aa)

Oy 1 i, (Hr)

s g:t = —Cy,(Hy)Hy — 1y, =0 H, = —% (A.2bb)
g:ct =—Cp (Py)Pi+ iy, =0 P, = C;é;u) (A.2cc)
ZII;I; = —Cé’z(Pzt)Pz + iy, =0= P, = Cé,:l(J;Zt) : (A.2dd)

Plugging (A.2ee) — (A.2hh) into (A.2aa) — (A.2dd) produced time paths of invader removal

and native planting:

diy _ G () ) vy Ch PGy DiG) | Cr(PIGy! GGyl ) o

dt — Ci(H)™ 7 Cp(H) () Cy(H) G (Hy)

dH, _ Cy, ) ooy 4 Cp,(P)Gy?  Dy(y2) | Cp(POGy;  Cy, (H)Gy 40
Y2 ’

dt — Cj (H,) Cii (Hy)  Cli (Hy) ~ Cfi (Hy) Ci (Hy)

dPy _ Cp, (Py) (- 62) Cin, (HOGy  Bibe)  Cp (PG | Cify ()G 4.5
dt — Cp(P) Cr(P)  Cp(PD)  Cp(P) Cp, (Py)

X1

APy _Co(P) v, G (HGE B Ch (PG Ch (G
e T CpP) T T TGPy Gy G P

We can rewrite (4. 3) through (4. 6) in equilibrium. For simplicity, we have only rewritten

equations (4. 3) and (A. 5). We assumed an interior solution such that eradication has not

occurred.

dH, _C;ﬁ (PI)G;'? +D1(y1) — Cll’z (PZ)GJ)’? + Cfllz (HZ)GJJ’? (A.7)

0= = tm(th) = (-6
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dPy —Cir, (H1) Gyl + By (x1) + Cp, (P,) Gy — Cfy, (H3) G2

0=—+-= }I’l(Pl)= (p—le (4.8)

dt

Using equations (4. 7) and (A. 8), we calculated the fundamental equation of resource
economics, which defines the optimal collective steady state values for invasive and native plants
on property 1;

Di(y1) — Cp, (PG} — Cp, (P,) G2 + Cpy, (H)G,)?

— GYI + A.9
= i (H) “-2)
X1 Bi(x1) — Cllil (Hl)Ggll + CF’>2 (PZ)G;CIZ - CIIJZ (Hz)G,é,Vf
p=0G + - . (A.10)
Cp, (P1)

Steady state invasive plant abundance adjusts according to equation (A.9), which is
driven by the tradeoffs from removal. More specifically, in equilibrium removal will occur until
the discount rate (rate of return on investments elsewhere in the economy) equals the marginal
reduction in net growth rate plus a stock term. The stock term measures the avoided marginal
damages from the invasive plants (numerator) relative to the marginal cost of removal
(denominator). The numerator in the stock term reflects the combination of reduced future
damages from leaving fewer invasive plants on the property because fewer invasive plants leave
more room for natives and less spread to other properties. The reduction in future damages is
then discounted by the cost of removal. A larger stock term implies larger avoided damages,

which means the lower G;Cll has to be to balance the equation for any value of p, and invasive

plant abundance will fall. This resource equation is different relative to other resource equations
because the return from removal is the avoided loss due to invasive plants.

From equation (4. 10), optimal steady state native plant abundance has been reached
when the opportunity cost of managing the resource (the discount rate) equals the marginal

increase in net native growth rate plus a stock effect. The numerator in the stock term reflects the
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combination of future benefits of native plants because more natives can disperse to other
properties and prevent invasive plant spread/establishment. These benefits are then discounted by
the cost of planting natives (denominator). An increase in the stock effect reflects higher benefits
from native plants, which leads to an increase in planting efforts and larger native plant
abundance.
Independent Optimization Problem

In the independent case, individuals maximize their own net benefits, which produce two
optimization problems if we are looking at two landowners (i.e., properties). The net benefits are
maximized subject to the ecological constraints for invasive plants and native plants in each

individual property, where p represents the discount rate and p,,,, fi; are the shadow prices

(marginal products) of invasive and native plants.

max f e Pt (By(x1¢) — D1(y1¢) — Cy, (Hyp) —Cp, (Pyp))dt (4.11)
1tP1t Jy
S.t.

dx,

Tl G*1(X1¢, X260 Y16, V2e) + Pit

dy

d_tl = GY1(X1¢, X2t V1t Vor) — Hie

H® = B;(x1t) — D1(y1¢) — Cy, (Hy) — Cp, (Pe) + Uy, (G (X1¢) X260 Y16 Y2r) + P1p) +

ty, (G¥1(X1¢, X260, Yr6s V2r) — Hie) (A.12)
The maximum principle is given by:
0H¢ , ,
0H¢ , ,
9P = _CPl(Plt) t Uy, = 0= Hx, = CPl(Plt) (A.13b)
1t
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du ,
df = p, (p — Gx) — B1(x1) — py, G

d'ulﬁ
dt

= ”3& (,0 - 633111) + D{(yl) - 'uleJD/Cf'

Plugging (A.13a) — (A.13b) into (13¢) — (13d) and rewriting gives:

dl'l'xl
dt

= CP,’1 (Plt)(p - G;C:) - Bi('xl) + CI{Il (Hlt)Ggll

du I} ! !
d—;f,l = —Cyy,(Hi)(p = G3}) + D7) — Cp, (P1)Gy}!

We then time differentiated (A. 13a) — (A4.13b) to give:

OH® . . iy
=—C!! (Hy)H, — 1, =0=> H = ——2
oH,, H1( 10)Hy Hy, 1 CI,{,I(HU)
dH¢ . . 1
= —CH (PP +iy =0 P = — 2 _
aplt; Pl( 1t) 1 :uxl 1 C},); (Plt)

(A.13¢)

(A.13d)

(A.13cc)

(A.13dd)

(A.13aa)

(A.13bb)

Plugging (A.13cc) and (A.13dd) into (A. 13aa) and (A. 13bb) and which solving the

optimization problem from property 1 produces the following time paths for removal and

planting:

dH; _ Cp, (Hy) (o— ) Cp, (PG, Di(y)
dt  Cy (Hy) 71 Cy,(H)  Cp (Hy)

dP,  Cp,(P)
dt ~ Cp,(P)

(o i 4 G BIG)
N Y]

In equilibrium, we can rewrite (A. 14) and (4. 15) as,

Di(y1) — CF’>1 (Pl)G;Cll

dH,
0 =—=> CHl(Hl) s

dt (p - G;’ll)
dP, B;(x;) — Ciy, (H) G
0=——=>0Cp (P) = L L
dt > Cp, (Py) (o — G;cll

(A.14)

(A4.15)

(4.16)

(A4.17)
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Using equations (4. 16) and (A. 17) produces the fundamental equation of resource economics,

which defines the optimal independent steady state values for invasive and native plants on

property 1,
Di(y1) = Cp, PGy}
p=Gl+ — : (4.18)
r1 C]-[l (H1)
o Bilx) -Gl (HDGY (A.19)
X1 C[’71 (Pl) |

The steady state independent invasive plant abundance is determined from equation
(A.18), where the discount rate equals the avoided net growth rate of invasives plus a stock
effect. The stock effect measures the avoided marginal damages of invasive plants normalized
by removal costs. The avoided damages are smaller than the collective case, so we would expect
invasive plant abundance to fall, but less than the collective case.

From equation (A.19), the optimal native plant abundance has been reached when the
discount rate equals the growth rate of natives plus a stock term. The stock term captures the
marginal value of native population growth relative to planting costs. The benefits are smaller
than the collective case so we would expect planting and native abundance to be lower than the
collective case.

The above process for property 1 is repeated for property 2,

max f e Pt (By(xz) — Dy(y2¢) —Ch, (Hae) — Cp,(Pyp))dt (4.20)
262t 0
S.t.
dx, .
ar = G*2(X1¢, X3¢, Y16, Y2r) + Por
dy,
It = GV2(X1¢, X3¢, Y1tr Y2r) — Hot
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Solving the optimization problem from property 2 produces the following time paths for removal
and planting:

dH, _ Chy,(Hy) Cp,(P)Gy?  Djy(y2)

- " — G;? " " (A21)
A LG D oy R
dP, Cp. (P Ci. (H;)GY?  Bl(x

dt — Cp,(Py) Cp,(P)  Cp(Pp)
Economic Policy Instruments: penalty/subsidy
This section introduces policy instruments such that independent management’s removal

of invaders and planting of natives is equal to the collective scenario, where t; is the penalty on

property 1’s invasive plants and s; is a subsidy on property 1’s natives.

maxf e Pt (By(x1¢) — D1(y1¢) — Cy, (Hyp) — Cp, (Pre) + t1y1e + S1%1¢) (A.23)
0
s. t.
dx
d_t1 = G"1(x1, %2, ¥1,¥2) + Py
dy,

E = GY1(x1,X2,Y1:yz) - Hl

Solving the optimization problem from property 1 produces new time paths for removal and
planting:

dH; Chy, (Hy) Clgl(P1)G;11 _ Di(y1) + ty

Y1
Nl p— " " " (A 24)
dt  Cy,(Hy) ( ) Cy,(H)  Cy, (Hy)  Cp (Hy)
AP _ B GG B sy (4.25)
dt  Cp (Py) - Cr(P)  Cp(P) Cp(Py) '

Comparing equations (4. 24) and (A. 25) to equations (A. 3) and (4. 5), the penalty and subsidy
necessary to achieve the collective solution are:
— ! X2 / Y2
ty = Ch, (P)Gy? — G, (H))Gy
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s1 = Cp,(P)Gy? — Cpy, (H)Gy?

This process is repeated for property 2:

ma [ e (B,0x2) = Dy(07) = iy (H2) =y (P2) + 23, + 537)
0

S.t.
dx
d_t2 = G"2(x1, X2, Y1, Y2) + P,
dy
d_tz = GyZ(xl,xz,yl,yZ) - HZ

Solving the optimization problem from property 2 produces new time paths for removal and
planting:

dH, _Cy,(H) s Ch,(P2)G,? D) t,

- Y " " " (A 26)
dt  Cy,(Hp) ( V2 Ch,(Hz)  Cy,(Hz)  Cy,(Hp)
’ ’ Yy '
dFs _ Cry(Po) (p— G2+ Ch,(H2)Gx;  Bj(xz) 52 (A.27)

dt — Cp,(Py) Cp,(P2)  Cp,(P2)  Cpy(P2)

Comparing equations (A.26) and (A. 27) to equations (A.4) and (4. 6), the penalty and subsidy
necessary to achieve the collective solution are:
— ! X1 / V1
ty = Cp, (PG, — Cpy, (H1)Gy,

s, = Cp, (PG — Cpy, (H1) G
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