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1INTRODUCTION

What might mean “more than impossible”? For example, that could be what happens without
any cause or that physical change which occurs without any physical force (interaction) to act. Then,
the quantity of the equivalent physical force, which would cause the same effect, can serve as a
measure of the complex probability.

Quantum mechanics introduces those fluctuations, the physical actions of which are
commensurable with the Plank constant. They happen by themselves without any cause even in
principle. Those causeless changes are both instable and extremely improbable in the world perceived
by our senses immediately for the physical actions in it are much, much bigger than the Plank
constant.

Even more, quantum mechanics involves complex probabilities as forces explicitly as follows.
Any probability distribution may be represented by its characteristic function, which is its Fourier
transformation and thus a complex function sharing one and the same phase, i.e. a constant phase. If
two or more probability distributions do not overlap each other, their phases are orthogonal to each
other, and the common complex Hilbert space of all characteristic functions can be decomposed as
a tensor product of the Hilbert spaces corresponding to each characteristic function separately. If some
of them overlap each other, that decomposition is impossible. That case corresponds to a system of
entangled quantum subsystems and accordingly, entangled wave functions.

The overlap of probability distributions imposes a corresponding restriction of the degrees of
freedom in each space of events for the result in any of the overlapped spaces is transferred
automatically in all the rest of them. That restriction of the degrees of freedom can be considered as a
generalization of the physical concept of force (interaction) as to quantum mechanics. Indeed, any
force (interaction) in the sense of classical physics causes a special kind of restriction of the degrees of
freedom to a single one. Quantum force (interaction) also restricts, but to a more limited probability
distribution with less dispersion and entropy rather than to a single one new value.

Particularly, that consideration interprets negative probability as a particular case of complex
probability, which is what is immediately introduced.

The understanding of probability as a quantity, corresponding to the relation of part and
whole, needs to be generalized to be able to include complex values. For example, probability can be
thought as associable with the number of elementary permutations of two adjacent elements for a
given element of a limited series to reach its last element (i.e. its upper limit) and more especially, to
the ratio of that number to the corresponding number of those permutations as to the first element (i.e.
the lower limit) of the series. Then, the introduction of negative probability requires only the reversion
of the direction of elementary permutations from the upper limit to any element in the series.

The force can be represented in the above visualization by means of the “length” of an
elementary permutation of two elements arbitrary remoted from each other. Then the length is bigger,
the effective probability is bigger. The considered construction demonstrates that interpreting the
probability by the well-ordering of a series, one manages to introduce complex and negative
probability unambiguously as the transformation of that well-ordering at issue into others. Physical
force (interaction) is then the re-ordering from one order of things into another and thus it is closely
relative to complex probability.

The narrow purpose of the paper is to be introduced negative and complex probability relevant
to special and general relativity and thus to events in our usual perceptive world rather than to
microscopic or micro-energetic events studied by quantum mechanics (Section 3).

1



The prehistory and background (Section 2) include the generalization and utilization of
‘negative and complex probabilities’ in quantum mechanics and probability theory, and Section 4
compares their use in quantum mechanics and information, signal theory, probability theory, and in
special and general relativity.

2 NEGATIVE AND COMPLEXPROBABILITY IN QUANTUM MECHANICS, SYGNAL
THEORY, AND PROBABILITY THEORY

Negative probability appears in phase-space or statistically formulated quantum mechanics;
after quantum correlations, and a for wave-particle dualism.

Weyl's paper (1927) is historically first. He considered abstractly and mathematically
the transformation (Weyl 1927: 116-117) reversed to the Wigner (1932: 750) function. However Weyl
did not interpret the function P(x,p) as probability or that it could obtain negative values.

Ville (1948) was the first who reformulated the Wigner function from the argument of
a phase-space cell (space coordinates, momentum coordinates) to that of time — frequency (energy).
Cohen (1995) generalized the Wigner function in a way to include Wigner’s original formulation and
that of Ville.

One can link to Ville and Cohen a signal modification of Wigner’s phase-space reformulation
of quantum mechanics and further, to Kripke‘s (1975) conception that a properly logical notion of
truth can be introduced by infinite syntax. Feferman’s “reflexive closure” (1991) will help us to clear
up the syntactic “kernel” shared by two possible worlds (descriptions, theories). Wave function
interpreted semantically-syntactically describes one and the same, but in different ways in any possible
world. Thus, it represents a catalog of all possible descriptions or of all expectations about its behavior
(Schrodinger 1935 (49): 823-824).

The semantic-syntactic interpretation of von Neumann’s theorem (1932) about the absence of
hidden parameters in quantum mechanics corresponds to the “standard” quantum logic, the base of
which he founded in the same book (Neumann 1932). A semantic-syntactic interpretation of Bell’s
revision (Bell 1964; 1966), or in other words, defining the limits of validity for the foregoing theorem
would correspond rather to “holistic semantics” (Cattaneo, Chiara, Giuntini, Paoli 2009: 193).

When the generalization of the Wigner function “was subsequently realized” (Cohen 1966:
782; 1995: 136), it was also realized that an infinite syntax can be readily generated (Cohen 1989: 943;
2008: 260).

Groenewold (1946) offered a classically statistical interpretation of quantum mechanics,
however needing negative probabilities, quantizing phase space. The negative probabilities of some
states do appear, but they are easily interpreted physically by the regions of partial overlap between
orthogonal probabilistic distributions.

Moyal (1949) interpreted “quantum mechanics as a form of such a general statistical
dynamics”, in which “there is the possibility of ‘diffusion’ of the probability ‘fluid’, so that the
transformation with time of the probability distribution need not be deterministic in the classical
sense” (Moyal 1949: 99).

Pauli (2000: 71-72) also discussed the negative probabilities on the subject of Gupta-Bleurer’s
theory.

Einstein, Podolski, Rosen (1935) offered a “gedanken experiment”, in which negative
probability appears “effectively”, i.e. by the restriction of the degrees of freedom (DOF) of any
correlating quantum object, though not explicitly.

Neumann’s theorem (1932: 167-173) about the absence of hidden parameters in quantum
mechanics underlies both quantum correlation and quantum superposition as in Schrodinger “alive-
and-dead cat” (Schrddinger 1935 (48): 812).

Bell’s criticism (1966) about von Neumann’s theorem partly rediscovered Grete Hermann’s
objections (1935) independently revealing the connection between causality, quantum correlation, and
negative probability. Bell’s inequalities (1964) imply negative probabilities, too. Kochen and Specker



(1968) generalized Neumann’s theorem in a link to them, utilizing a phase-space and statistical
interpretation.

Negative probability for wave-particle dualism involves Einstein’s papers from
the “miraculous 1905 and might be discussed from the viewpoint of his “The principles of general
relativity” (1918). The Kochen-Specker theorem can serve as a bridge between negative probabilities
for wave-particle dualism and those for quantum correlations.

The concept of actual infinity also admits interpretation in terms of two-dimensional
probability for the relativity of ‘set’ after Skolem (1970: 138) and the axiom of choice. That approach
can be linked to Bartlett’s (1944) for introducing negative probability by means of the characteristic
function of random quantities and further, to Gleason’s theorem (1957) about the existence of measure
in Hilbert space.

Dirac (1942: 8) thought negative probability as effective rather than as real and likening it
to the “negative money” in a balance. The same understanding shared Feynman in an often cited
article (1991) as well as Bartlett (1944: 73). One the contrary, Mermin (1998) discussed negative
probability as a kind of substance.

The brief historical review might culminate in a few philosophical questions:

1. Whether is negative probability only a mathematical construction, or do there exist physical
objects of negative probability?

2. Whether are negative probability and pure relation (such a one which cannot be reduced
to predications) equivalent, expressing one and the same case in different ways?

3. Whether does negative probability imply the physical existence of probability?

4. Can probabilities interact immediately (i.e. without any physical interaction of the things,
phenomena, or events possessing those probabilities)?

5. Whether is the physical existing information deducible from the interaction of probabilities?

3 NEGATIVE AND COMPLEXPROBABILITY LINKED TO FORCES IN SPECIAL AND
GENERAL RELATIVITY

Meaning that negative and complex probabilities which have been already linked to physical
forces in quantum mechanics valid in the Plank scale, one should research that way for them
to be introduced in special and general relativity, which should be wvalid in both macroscopic and
microscopic (Planck) scale. This implies one to use only the kinematic formulation neglecting
the dynamical one for the latter involves mass and energy right distinguishing the scales from each
other practically! as the distances are unified as macroscopic according to the real apparatuses for
quantum phenomena.

Particularly, ‘force’ is defined per a unit of mass (energy), and therefore equated to
acceleration after kinematic consideration. ‘Reference frame’ is the key concept as it is properly
kinematic. Still one restriction is representability in terms of quantum information, and more
especially, by the concept of qubit. One needs it for the consistency and coherence of
the considerations in quantum mechanics (and information) and both special and general relativity

A qubit is defined as a|0) + §|1), where a and § are two complex numbers so that |a|? +
|12 =1, and |0),|1) are two orthogonal subspaces of the complex Hilbert space (abbreviated as
“cHs” further). For any two successive axes (ei"®,ei(m+Dw) of c¢Hs can be interpreted as
those |0), |1), cHs or any point in it can be represented as a series of qubits (Q,,), correspondingly
“empty” or “fulfilled” by the values (a,, 8, € Q).

Any qubit is isomorphic to a unit ball in the usual 3D Euclidean space if two points are chosen
in that ball: the one in the ball (including its surface, which is a unit sphere), and the other in
the surface. That isomorphism is both elementary and crucial for our consideration for it guarantees

1 Physical bodies with macroscopicmass would sharethe laws of quantum mechanics atalmostzero values of
absolutetemperature, too.



the equivalent transfer of negative and complex probabilities between quantum mechanics (the former,
“left side” of isomorphism) and both special and general relativity (the latter, “right side™).

Indeed, a qubit, already as a unit ball with two points “recorded” in it, allows for another
interpretation as an inertial reference frame (ry,v), where the point (vector) within the ball
(a = ay,a,,0) corresponds to the zero of frame (rg = x¢,¥0,29) and that on its surface
(B = Bx,0,8,) to the speed of inertial frame (v = vy,vy,v,). The one-to-one mapping of
the components of a qubit and those of an inertial frame follows:

Xo = Clyto; Yo = Cayty; Zg = 0;
Uy = CPy; Uy = 0; v, =Py
The convention "z, = 0; v, = 0" means that the qubit is correspondingly oriented according

to the reference frame unambiguously. Any nonzero rotation of the unit ball would define a different
inertial frame. The parameter "t," is a conventionally chosen ordinary moment.

Further, the probability "p" associable with the inertial frame may be conventionally specified
as "p = |al?®" so that |a| corresponds to the module of wave function just as in the Max Born
interpretation of it. Indeed, then "v = |v| = |a|" or as “kinematic momentum” per a unit of mass
(energy) might be the “length” of an elementary permutation defined as above, and its change in time
would represent acceleration as “kinematic force”.

Further, the unity of ‘pure imaginary probability’ and ‘force’ as above allows of still one
interpretation of the relation of special and general relativity. The new interpretation is consistent to
the standard one, but different from it. According to the latter, the demarcation line between special
and general relativity is right the quantity of acceleration (a) of the studied reference frames: zero in
inertial reference frames (special relativity) and nonzero in noninertial reference (general relativity).
According to the new interpretation, one should complement that distinction by the identification of
any hypothetical superluminal inertial frame (rg,v:|v| =v > ¢) with just one certain noninertial
subluminal reference frame (rg,v,a: |v| = v <c¢). The hypothetical particles with superluminal
velocity were called “tachyons”. The new interpretation would add the identification of the tachyons
as accelerated subluminal particles.

Indeed, special relativity identifies the pure imaginary values of speed with those of a
reference frame moving with any superluminal relative wvelocity to an observer. The term
“superluminal”, which is a real value (Jv| = v > ¢), refers to the relative speed of a hypothetical
inertial reference frame to an observer in any usual, subluminal inertial reference frame. That observer
should register pure imaginary values as to the velocities in the other, observed reference frame.
According to the generally accepted model of special relativity in Minkowski space, time is purely
imaginary unlike distance, which is real. This implies for speed to be pure imaginary as time, and
acceleration to be real as distance.

Then, an observer in an inertial subluminal reference frame might not distinguish pure
imaginary values of velocity from accelerations in other reference frames for both superluminal
velocity and acceleration mean one and the same though expressed in two different kinds of terms:
correspondingly mathematical or physical. Acceleration being a quantity different from wvelocity
means a new dimension expressed physically. Superluminal velocity equated to pure imaginary
velocity according to special relativity means a new dimension expressed mathematically, namely that
of imaginary axis in relation to the real one.

Further, the accelerated inertial frames already according to general relativity implies a force
field indistinguishable from the gravitational one in turn represented by curving Minkowski space into
pseudo-Riemannian one. Any tensor associable with a point in pseudo-Riemannian space is
representable as the tensor product of vectors of Minkowski space as in its real as in its imaginary
domain. Particularly, the tensor of curvature in a point transforms a vector to another between the
imaginary and real domain.



Then, the formalism of general relativity is interpretable as presenting transformations within
both domains of Minkowski space separately or together unlike that of special relativity restricted only
to the one: that associated to the subluminal area usually identified with the imaginary cone (domain).
The pair of contra- and covariant 4-vectors as to pseudo-Riemannian space is isomorphic to that of
4-vectors in each of the real and imaginary domain as to Minkowski space.

4 THE PHILOSOPHICAL INTERPRETATION: THE UNITED NATURE OF FORCES AND
PROBABILITIES IN QUANTUM MECHANICS AND INFORMATION, SPECIAL AND
GENERAL RELATIVITY, AND PROBABILITY AND INFORMATION THEORY

The introduction of complex probabilities unifies forces and probabilities as two dimensions,
whether mathematically or physically interpreted, of one and the same nature, that of complex
probabilities. Then both “more than impossible” and even the “squire root of that more than
impossible” acquire a clear mathematical and physical meaning:

All physical forces (interactions) as in quantum mechanics (and therefore in the Standard
model) and in special or general relativity are a particular case of the generalized probabilities and
relative to the classical, one-dimensional probabilities. Furthermore, the two dimensional (or complex)
probabilities unify the subjective probabilities of the observer and the objective probabilities of the
observed; and even the one dimension might be ascribed to the former, the other dimension to the
latter. This allows of unifying further the concept of ‘observer’ in relativity and quantum mechanics.

In the final analysis, the border between the physical theories of quantum mechanics and those
of special and general relativity melts in probability and information theory turning out to underlie
both.
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