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ABSTRACT
This research develops two models to form a deployable gen-

eralized cylindrical surface whose directrix, the curve perpen-
dicular to the ruling lines of the generalized cylinder, is a convex
curve. The surfaces created from using these models can be actu-
ated from a flat state to the desired directrix curve using opposing
tip loads. Such surfaces have applications in deployable reflec-
tors and morphing wings. The first model, the continuous model,
varies the bending stiffness along the directrix to create surfaces
which can move from flat state to a desired generalized cylindri-
cal surface. The second model, the discrete model, creates an
approximate generalized cylindrical curved surface using a sys-
tem of rigid links joined by torsional springs of varying stiffness.
Compliant joints, such as the Lamina Emergent Torsion (LET)
joint, can function as the torsional springs in the actual con-
struction of these surfaces. The LET joint is suitable in this role
as the joint can be planar manufactured as part of a sheet, has
a relatively stable axis of rotation, and has geometry which can
be adjusted to a specifiable stiffness. Such systems can have ap-
plication in foldable and morphing aircraft and UAV wings, de-
ployable antennae and reflectors, and other applications where
a specific profile geometry is desired from a planar sheet.

A multidimensional optimization problem using finite ele-
ment analysis is designed to verify and extend the continuous
model by allowing the enforcement of constraints such as the
stress in the deployed state. Another multidimensional optimiza-

∗Address all correspondence to this author.

tion problem is defined to extend the discrete model by optimiz-
ing the geometry of the system of rigid links such that the number
of joints is specified and the profile error, the area between the
desired directrix and the system’s approximation of the desired
directrix, is minimized. Constraints can also be applied to the
rigid link lengths to ensure that the joints can be physically man-
ufactured.

The implementation of the two models and performance of
the optimization routines are demonstrated through the physical
construction of a deployable parabolic reflector and airfoil.

1 Introduction
The objective of this research is to present two models which

can be used to create deployable generalized cylindrical surfaces.
A generalized cylindrical surface is a surface that can be repre-
sented as an open generalized cylinder, one of three classes of
developable surfaces. A generalized cylinder is formed by trans-
lating a straight line, called the generator line, along a path in a
plane perpendicular to the generator line. The path is called the
directrix of the generalized cylinder. For example, a circular di-
rectrix would give rise to the common right circular cylinder. The
models in this research enable design of generalized developable
surfaces where the directrix is a convex curve that does not self-
intersect. Furthermore, these models are extended through opti-
mization techniques to include constraints on various parameters
to ensure the functionality and manufacturability of the surface.

Surfaces which can be controlled or predictably changed of-
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FIGURE 1. Continuous model for generating a generalized cylindri-
cal surface showing (a) the flat position and (b) the deployed position.

fer advantages in situations where a change in occupied space
or a dynamic response to an environment is desired. Origami
and origami-inspired mechanisms provide examples of surfaces
where a change from one state, perhaps a tightly compacted
state, to another state, a deployed state, is desired. Examples
of these include a deployable solar array [1], diameter-changing
origami wheel [2], and origami-based heart stent [3]. Morphing
wings and flight surfaces have also been investigated to create
structures which can be dynamically modified to achieve geome-
tries which perform well under varying environments or condi-
tions [4–8]. Deployable reflectors also use the principle of mor-
phing or changing surfaces to create the desired collection shape
while still having the ability to stow compactly [9–13].

2 Method
2.1 Continuous Model for Generalized Cylindrical De-

ployable Surfaces
This model achieves a desired generalized cylindrical sur-

face by continuously specifying the stiffness, or spring coeffi-
cient, along a directrix. Consider the surface shown in the flat
and deployed positions in Fig. 1 where s is the arc length along
the directrix, E(s) is Young’s modulus of the material as a func-
tion of arc length and I(s) is the moment of inertia of the cross
section as a function of arc length. Opposing tip loads, F , are
applied to the ends of the surface to form the deployed shape.
The surface’s stiffness is allowed to vary continuously along the
length of the directrix. Thus each generator line, a line perpen-
dicular to the directrix, has a constant stiffness but the stiffness
of one generator line can vary from the other generator lines.

To design a generalized cylindrical surface to deploy to a
specified convex directrix, the curvature of the desired curve
must match that curvature of the deployed surface at every point
as shown in Eq. 1 and Fig. 2.

κdesired (s) = κ (s) (1)
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FIGURE 2. Matching the curvature of a desired curve to the general-
ized cylindrical surface at every point.

The Bernoulli-Euler equation states that the curvature of the
surface is proportional to the bending moment applied to the sur-
face, that is

M = EIκ (2)

where E is Young’s modulus of the material, I is the moment
of inertia, and the curvature, κ = dθ/ds, is the change in angle
relative to the change in arc length along the curve..

Applying the Bernoulli-Euler equation to a the case where
the stiffness is allowed to vary continuously along the directrix
gives

M (s) = E (s) I (s)κ (s) (3)

where E(s) is Young’s modulus of the material, I(s) is the mo-
ment of inertia of the surface, and κ(s) is the curvature of surface,
each as a function of arc length.

Rearranging Eq. 3 implies that curvature can be specified by
modifying the modulus of the material, the moment of inertia, the
applied moment, or a combination of the three along the length
of the directrix of the surface. In this research a single material
with uniform material properties is used to construct the surface.
Likewise, the moment at each point is determined by opposing
tip loads, which could simulate a linear actuation force such as
a spring, and thus will not be intentionally modified to achieve
the matching curvature. Thus, for this work modification of the
moment of inertia will be the vehicle for varying the stiffness and
consequently curvature of the surface in the deployed state.

The moment caused by the tip loads at a point along the arc
length, M(s), can be found by balancing the forces as shown in
the free body diagram in Fig. 3 and expressed as

M (s) = Fy(s) (4)

where y(s) is the height of the deployed structure as a function
of arc length.
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FIGURE 3. Free body diagram of the continuous model used to find
the moment along the curve.

The desired curvature of the surface can be expressed in
terms of the loading, material properties, and geometry of the
surface using appropriate substitutions from Eq. 1, 3, and 4 as

κdesired(s) =
Fy(s)

E (s) I (s)
(5)

An example of using the continuous model to design a de-
ployable generalized cylindrical surface with variable stiffness
achieved by changing the moment of inertia will be shown here
to demonstrate the method. Consider the desired deployed direc-
trix of an inverted parabola that is described by the function

f (x) =−0.03(x−5)2 +0.75 (6)

over the domain x = [0,10]. This function is shown along with
physical prototypes in Fig. 4. Opposing tip loads, F , will be used
to actuate the surface and so Eq. 3 describes how the moment
load varies with arc length. The material of the surface will be
kept constant, resulting in a constant modulus, E. Furthermore,
a rectangular cross section will be enforced with a constant base,
b, and variable height, h(s), as a function of the arc length of
the directrix. The moment of inertia as a function of arc length is
then I = bh(s)3/12. Eq. 5 can be solved for h(s) with appropriate
substitutions as

h(s) =
�

12Fy(s)
bEκdesired (s)

�1/3
(7)

This equation can be evaluated by using the desired directrix
function, Eq. 6 to compute the desired curvature, κdesired(s), and
moment arm heights, y(s). The arc length formula shown in Eq.
8 can be used to relate the function in x to the arc length, s, for
the desired curvature and moment arm heights.

s =
� x

0

�
1+(dy/dx)2 dx (8)

Calculating h(s) with F = 2 lb, E = 400 ksi, and b = 0.115
inches, results in the variable height rectangular beam shown in
Fig. 4. The deployed state is also shown and correlates well to
the desired directrix parabolic shape.

FIGURE 4. Acrylic Model Using the Analytic Solution for the
parabola expressed by Eq. 6 in the flat and deployed positions.

2.2 Discrete Model for Generalized Cylindrical De-
ployable Surfaces

The discrete model for creating generalized cylindrical de-
ployable surfaces uses a system of rigid links joined by torsional
springs that is actuated from a flat state by opposing tip loads to
form a desired directrix in a deployed state. Similar to the con-
tinuous model the geometry of the desired directrix is used to
calculate the stiffness of the torsional springs between each rigid
link.

Let L1, L2,...,Ln−1be the lengths of n− 1 rigid links in the
system. Let k1,k2,...,kn denote the stiffness of the torsion springs
between the rigid links as shown in Fig. 5(a). By placing the
rigid link system in the desired curved shape where all of the
endpoints of the rigid links lie upon the curve, the deployed link
angles θ1, θ2,..., θn as well as the deployed heights y1,y2,...,yn
can be determined as shown in Fig. 5(b).

With the system of rigid links in the desired curved shape
the moment at the i-th joint, Mi, can be expressed as

Mi = kiθi (9)

The free body diagram drawn for the i-th joint in Fig. 6 with
opposing tip loads, F , shows that the moment, Mi, can also be
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FIGURE 5. Discrete Model showing (a) a flat position and (b) an ac-
tuated position for a rigid link system of n = 3.
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FIGURE 6. Free-body diagram of the structure cut at the i-th joint

expressed as

Mi = Fyi (10)

By setting Eq. 9 and 10 equal to each other we can find
an expression for the stiffness of each torsion spring in terms of
known geometry

ki =
Fyi

θi
(11)

Lamina Emergent Torsion (LET) joints are one candidate to
implement with the discrete model. LET joints can be chained
together to form a series of torsion bars serving as the torsion
springs in the model. An example of the geometry of a LET joint
chain used in this research is detailed in Fig. 7 where four tor-
sion springs and five rigid links are shown. LET joints are well
suited to the discrete model as the joint can be planar manufac-
tured as part of a sheet, has a relatively stable axis of rotation at
the torsion bars, and has geometry which can be easily modified
to change the stiffness of the joint in a predictable way using a
spring model developed by Jacobsen et al. [14]. For example, the
length and width of the torsion bars can be changed to specify a
certain stiffness.
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FIGURE 7. A chain of LET joints with important dimensions shown
with the corresponding discrete model schematic shown below. This
chain has five rigid links and four torsion springs

3 Extension of Models Through Optimization
Multidimensional optimization can be used to expand both

models by allowing for the introduction of constraints to the de-
sign problem. For the continuous model a multidimensional op-
timization problem using finite element analysis is defined which
can verify the analytical model and extend the model to ac-
commodate constraints such as maximum stress in the deployed
shape. A multidimensional optimization problem is also defined
to extend the discrete model in a way that for a specified number
of rigid links the profile error, or error between the desired direc-
trix and actual directrix of the deployed surface, is minimized by
efficiently locating the positions of the torsion bars.

3.1 Extending the Continuous Model
While the continuous model allows for an analytic com-

putation of a deployable generalized cylindrical surface, con-
straints such as maximum allowable stress and deflection un-
der pressure loads or other combinations of loads are difficult
to incorporate into the model. Finite element analysis in con-
junction with a multidimensional optimization routine allow for
these constraints to be enforced in the design of the deployable
continuous generalized cylindrical surface.

Consider again the example where the height of a rectan-
gular cross section beam is allowed to vary to create a variable
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stiffness surface under a tip load. The beam can be approximated
in a finite element program using beam elements (ANSYS Beam
188) with linearly tapered sections between control points. Let
n be the number of control points used to create the beam model
with hi being the height of the rectangular cross section at the
control point for i = 1 to n as shown in Fig. 8. Displacement
boundary conditions are placed on the nodes at each end of the
beam to create the equivalent of a pinned-pinned condition. The
beam is then loaded in two steps. The first step applies a moment
to the beam to bias the surface towards one bending direction.
This is done because directly applying opposing tip loads results
in only axial compression of the beam as it is initially in a unsta-
ble, yet equilibrium condition. The second load step removes the
moment load, from the now biased shape, and applies opposing
tip loads to push the beam into its final deployed shape.

The optimization problem can be defined as a minimization
of the profile error, the error between the desired directrix and the
deployed directrix at the control points, where the design vari-
ables are the heights of the cross sections at the control points.
The objective function to be minimized is defined as

J(h) = Pro f ileError =
n

∑
i=1

�
ydesired,i − yactual,i(h)

�2 (12)

where h is the vector of cross sectional heights at n control points,
ydesired,i is the desired height of the i-th node, and yactual(h) is the
actual height of the i-th node when the beam is actuated under tip
loading as a function of the design variables. The cross sectional
heights are required to stay within bounds defined as

lowerboundi ≤ hi ≤ upperboundi where (i = 1, ...,n) (13)

The bounds can be determined for each particular application by
examining manufacturing feasibility or space requirements. For
the applications in this research, engineering judgment based on
prior prototype manufacturing experience was used to estimate
appropriate upper and lower bounds. A yield stress constraint
can be imposed to prevent plastic deformation of the deployed
beam as

|σmax| ≤ σyield (14)

Other constraints can potentially be added to the optimiza-
tion problem such as a deflection constraint under a particular
loading condition, based on the needs of the problem at hand.

While this optimization problem can be solved using vari-
ous gradient or gradient free methods, a gradient-free method is

a useful method to obtain a reasonable preliminary solution and
then a gradient method is well-suited to refine the solution. This
multi-step approach is used to take advantage of the robust qual-
ity of the gradient-free method at the beginning of the optimiza-
tion procedure and then the faster convergence rate and increased
accuracy of a gradient method near the end of the procedure. A
gradient-free method allows for a robust solver as a penalty can
be added to the fitness of finite element models which fail to con-
verge, a common occurrence at the beginning of the optimization
procedure when the design space to be explored is still compar-
atively large. Once a reasonable solution is found the upper and
lower bounds imposed on the design variables are tightened such
that nearly all the finite element models in the now constricted
design space will converge when solved. At this point a gradient-
based method is used to refine the solution at a much faster con-
vergence rate than the gradient-free method.
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FIGURE 8. A rectangular beam formed from tapered sections with
five control points (i.e. n = 5) showing (a) hi, the cross section height at
each control point, (b) the cross sections at each control point, and (c)
the loading and boundary conditions with the deployed shape.

3.2 Extending the Discrete Model
Multidimensional optimization can be used to extend the

discrete model by allowing for the profile error, or error between
the desired directrix and the actual deployed directrix, to be min-
imized for a specified number of torsion springs, n, by efficiently
locating the position of the torsion springs. The design variables,
di where i = 1 to n, are the distances of the torsion springs from
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one end of the deployed surface as shown in Fig. 9. Constraints
can also be introduced such as the maximum angular rotation of
a torsional spring and the minimum or maximum lengths of the
rigid links. Once a mechanism is decided upon to serve as the
torsion spring, further constraints can be imposed to limit stress
or size of the mechanism.
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FIGURE 9. The design variables, di, are the x coordinate locations of
the torsional springs (three shown here), and objective to be minimized,
the profile error between the desired and actual surface, for the discrete
model.

To illustrate how the discrete model is extended through
optimization consider a rigid link system which uses n/2 LET
joints, that is n pairs of torsion bars, as torsion springs. Thus
the number of design variables for the optimization problem is n.
The objective function to be minimized is

J (d) = Pro f ile Error =
� L

0
(ydesired(x)− yactual(x))dx (15)

where yactual(x) is determined directly by the vector of design
variables, d.

Several constraints were added to ensure functionality and
the ability to be manufactured for the LET joint system. Each
link length, Li was required to be larger than a minimum rigid
link length, MinL.

Li ≥ MinL f or i = 1 . . .n+1 (16)

The highest stress in any LET joint,θi, which is a shear stress oc-
curring in the torsion legs, was constrained to be less than maxi-
mum shear stress, σs,max.

σi ≤ σs,max (17)

The length of a torsion leg in any LET joint, Lt,i, is constrained to
be under a maximum value, MaxLt and above a minimum value,

MinLt .

MinLt ≤ Lt,i ≤ MaxLt f or i = 1 . . .n (18)

A minimum width of the torsion leg in the LET joint, Minw, is
enforced.

Minw ≤ wi f or i = 1 . . .n (19)

Constraints are added to ensure the widths of the torsion bars of
the LET joints,wi, fit into the dimensions for the link lengths,Li,
while accounting for the kerf from constructing the LET joints.

w1 ≤ L1 − ker f
wi
2 + wi+1

2 ≤ Li − ker f f or i = 2 . . .n−1
wn ≤ Ln − ker f

(20)

The maximum deviation of the system from the desired curve,
MaxDev, is also added as a constraint.

max(ydesired − yactual)≤ MaxDev (21)

The last constraint is implemented as the objective function will
aggregate all of the profile error to one area where the curvature
of the desired function is the greatest, even if the distance from
the desired curve to the actual system becomes large. By impos-
ing a limit on the maximum distance the system can deviate from
the desired curve the minimum profile error is slightly increased,
but distributed more evenly throughout the system. To gain an
appropriate understanding of the range of this constraint the op-
timization can be performed with a large value for the maximum
distance such that the constraint is not binding. The constraint
can then be reduced until it reaches at the other extreme a value
which will cause the optimization problem to have no feasible
solution.

4 Results
The continuous and discrete models were implemented to

design deployable parabolic reflectors and the upper surface of a
deployable airfoil.

4.1 Continuous Model Implementation
The continuous model extended through optimization was

implemented using optimization packages in MATLAB 2014a
and ANSYS Mechanical APDL v15.0. The finite element pro-
gram ANSYS was used to obtain node locations of the final de-
ployed shape to compute the profile error as described by Eq. 12
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as well as to obtain a value for the maximum bending stress. A
particle swarm algorithm in MATLAB was used to initially find a
reasonable solution before switching to an interior-point gradient
method to improve the solution. For the gradient method finite
differencing was used to obtain the gradients for the objective
and constraints. Scaling was also implemented with the profile
error and constraints to bring all values on the order of one.

4.1.1 Continuous Model Deployable Parabolic Re-
flector A deployable parabolic reflector was designed with a
desired directrix described by Eq. 6 using a rectangular beam
with a variable cross sectional height. The parameters used with
the optimization are shown in Table 1. The material properties
correspond to those of titanium.

Parameter Value

Number of design variables (n) 10

Tip Load Force (F) 1 lb

Elastic Modulus (E) 16.5E6 psi

Poisson’s Ratio (ν) 0.29

thickness of panel (t) 1 in

Length of beam (L) 10 in

Lowerbound 0.01 in

Upperbound 0.07 in

σyield 160 ksi

TABLE 1. Optimization parameters for a deployable parabolic sur-
face using the continuous model with a tapered beam finite element
model.

The resulting values after the optimization are shown in Ta-
ble 2. A comparison of the desired shape, the optimized deployed
surfaces from the FEA model, and a constant cross section FEA
model under the same loading conditions are shown in Fig. 10.
As can be seen, the optimization routine optimized the profile to
closely match the desired parabolic reflector parabola.

4.1.2 Continuous Model Deployable Airfoil A de-
ployable top surface of the NACA 2215 airfoil with a ten inch
chord length was designed using a rectangular beam with a vari-
able cross sectional height. The parameters used with the opti-
mization are the same as those for the deployable parabolic re-
flector shown in Table 1.

CONSTANT CROSS SECTION

OPTIMIZED FINITE ELEMENT RESULT

PARABOLIC CURVE

FIGURE 10. Comparison of the desired directrix, the FEA result of
the optimized deployed surface, and the FEA result of a constant cross
section beam under the same loading conditions. Only half of the de-
sired directrix is shown because of symmetry.

The results after the optimization are shown in Table 3, and
a comparison of the optimized deployed surface and the desired
airfoil shape are shown in Fig. 11. Considerable error can be
seen near the leading edge of the airfoil between the surface and
the desired shape. This is due to the profile error only being
measured at each control point. This error can be minimized
by either computing the profile error at more locations along the
surface or increasing the number of control points.

OPTIMIZED FINITE ELEMENT RESULT

NACA 2215 PROFILE

FIGURE 11. Comparison of the FEA result of the optimized de-
ployed surface and the desired NACA 2215 airfoil shape.

4.2 Discrete Model Implementation
4.2.1 Discrete Model Deployable Parabolic Re-

flector The discrete model was also used to design a deploy-
able parabolic reflector with the same desired directrix as the
continuous model. An optimization problem was defined as de-
scribed in Section 3.2 with the parameters shown in Table 4. The
material properties correspond to sheet acrylic.

The resulting values after optimization are described in Ta-
ble 5. The optimized parabolic reflector was manufactured from
acrylic using a laser cutter and is shown in the flat and deployed
states is Fig. 12.

4.2.2 Discrete Model Deployable Airfoil A deploy-
able airfoil was designed using the discrete model with optimiza-
tion in a similar manner to the parabolic reflector. The desired di-
rectrix was chosen to be the top surface of a Clark Y airfoil with
10 inch chord length. The optimization parameters were similar
to those in Table 4. After the optimization was completed the
resulting LET joint pattern was laser cut in acrylic. The pattern
is shown in the flat and deployed state in Fig. 13. While the
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Parameter Value

Number of Torsion Springs (n) 10

Tip Load Force (F) 1 lb

Elastic Modulus (E) 400,000 psi

Poisson’s Ratio (v) 0.35

thickness of panel (t) 0.115 in

MinLt 2 in

MaxLt 6 in

Minw 1/16 in

ker f 1/64 in

σmax 9809 psi

MaxDev 0.00618 in

TABLE 4. Optimization Parameters for a deployable parabolic sur-
face using the discrete model with LET joints.

FIGURE 12. Deployable parabolic reflector designed with the dis-
crete model and made of acrylic, where (a) is the desired curve pro-
file with the undeflected prototype, (b) is a comparison control surface
made of equally spaced LET joints (note its inability to match the de-
sired parabolic curve when deployed), and (c) is the optimized LET
pattern results (note how well the deployed surface matches the desired
curve).

structure followed the desired directrix rather closely, some par-
asitic or unwanted motion occurred due to compression of the
LET joints by the tip loads.

FIGURE 13. Deployable top surface of a Clark Y airfoil designed
with the discrete model and made of acrylic, where (a) is the deployed
surface and (b) is a detail of the parasitic motion observed in the leading
edge.

5 Discussion
Through the creation of the finite-element and physical pro-

totypes several characteristics of both the continuous and discrete
models were illuminated. In this section trade-offs between the
geometry, material, and tip load actuation forces, how the profile
error was measured, and how the models can be implemented
into applications will be discussed.

For the continuous model implemented as a rectangular
beam with variable cross sectional height, the tip load force can
be scaled without affecting the maximum stress level or resulting
profile by changing the width of the beam. For both the con-
tinuous model using a variable height rectangular beam and the
discrete model with a chain of LET joints, if the geometry is pre-
served but the material is changed the tip force will be scaled
corresponding to the change in the modulus.

As was mentioned in the results section for the deployable
airfoil made from the continuous model, there was considerable
error between the desired directrix and deployed directrix at the
leading edge of the airfoil. This error was not reflected in the
measure of profile error as the profile error was measured at each
control point, and the desired curve and deployed curve matched
well at these points. This unaccounted error could be rectified
by letting the measure of profile error be determined from more
points than just the control points along the curve or by increas-
ing the number of control points. The authors would recommend
keeping the number of control points to a minimum and increas-
ing the number of points measured by the profile error calculation
to keep the solving time required for the optimization as small as
possible. In this manner, a more accurate error could be calcu-
lated at very little computational expense, as the final deployed
locations at many points are readily available in the finite element
model.

The profile error in the discrete model also pushed all of the
error between the desired and deployed directrix to the area of
greatest curvature of the desired directrix. This was corrected by
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placing a constraint on the maximum deviation between the de-
sired directrix and deployed directrix. Other measures of profile
error were investigated to achieve a better fit between the two di-
rectrices, yet none of these measures performed better than min-
imizing the area between the curves with a maximum deviation
constraint. Further investigation of suitable objective functions
to minimize for the discrete model can be carried out in future
work.

The continuous model allows for a more exact match be-
tween the desired curve and the deflected surface. However, it
should be noted that the nodal locations along the center of the
rectangular beam rather than the extreme upper surface of the
beam were used to compare achieved deflection to desired de-
flection for the applications in this research. Because of this, the
desired directrix will align with the neutral axis of the of the de-
flected optimized beam rather than along its extreme upper sur-
face. Depending on the application, this may not be a desirable
result (if, for example, it is critical for the upper edge of the de-
flected beam to match the directrix exactly, such as could be the
case with a deployed wing with a flexible skin over it). Depend-
ing on the needs of the designer, the optimization could be mod-
ified so that the upper surface is the surface used for computing
the profile error. Such a modification would be fairly simple to
implement in a finite element analysis program.

The discrete model constructed with chains of LET joints
results in a deployable surface that can function as the final sur-
face as well as a support structure underneath a flexible skin.
However, further studies need to be conducted to see how well
the deployed surface would behave under various loading con-
ditions, such as a distributed pressure load. Improved resistance
to pressure loading could be accomplished by adding a support
structure to the deployed surface.

6 Conclusion
Two models, the continuous and discrete models, have been

presented as novel ways to create generalized cylindrical deploy-
able surfaces with convex directrices. The continuous model
allows for variation in stiffness along the length of the beam
or surface such that the resulting curvature when the surface is
placed under a tip load matches that of a desired curve. This
model lends itself towards morphing ribs which could be cov-
ered with a flexible skin to achieve a surface. Multidimensional
optimization combined with finite element analysis was used to
extend the continuous model to apply constraints and bounds to
the model such as a maximum stress constraint. A discrete model
was also presented, with demonstration of the model using LET
joints as torsion springs. A multidimensional optimization model
was used to efficiently locate a particular number of LET joints
along the directrix to minimize the error between the desired and
actual directrix. Constraints were also enforced to ensure a man-
ufacturable geometry. The feasibility of the continuous model

was shown through the creation of FEA models which matched
desired curves or directrices under a particular loading condi-
tion. The discrete model was shown through the physical cre-
ation of a deployable parabolic reflector and deployable airfoil
surface. While both models show potential for advancing the
design of precise deployable surfaces, further investigation of
various loading conditions upon the deployed surfaces and re-
finement of how the profile error in the optimization procedure is
obtained is needed.
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Results from Continuous Model Optimization for a Parabolic Reflector

Height of Sections (in) h1 h2 h3 h4 h5 h6 h7 h8 h9 h10

0.0261 0.0636 0.0331 0.0645 0.0417 0.0502 0.0539 0.0414 0.0461 0.0397

Other Variables σmax ProfileError

22.9 ksi 1.70E-6

TABLE 2. Results from optimization of the continuous model for a deployable parabolic reflector.

Results from Continuous Model Optimization for NACA 2215 top surface

Height of Sections (in) h1 h2 h3 h4 h5 h6 h7 h8 h9 h10

0.0316 0.0227 0.0427 0.0418 0.0664 0.0545 0.0675 0.0583 0.0433 0.0292

Other Variables σmax Profile Error

53.7 ksi 1.52E-5

TABLE 3. Results from optimization of the continuous model with variable cross section heights for a deployable NACA 2215 airfoil top surface

Results from Discrete Model Optimization for a Parabolic Reflector

Horizontal Distances (in) d1 d2 d3 d4 d5 d6 d7 d8 d9 d10

0.91 1.819 2.729 3.638 4.546 5.454 6.362 7.271 8.181 9.090

Link Lengths (in) L1 L2 L3 L4 L5 L6 L7 L8 L9 L10 L11

0.942 0.931 0.921 0.914 0.910 0.909 0.910 0.915 0.921 0.930 0.942

Width (in) w1 w2 w3 w4 w5 w6 w7 w8 w9 w10

0.187 0.276 0.340 0.380 0.401 0.401 .380 .340 0.276 0.187

Torsion Leg Length (in) Lt,1 Lt,2 Lt,3 Lt,4 Lt,5 Lt,6 Lt,7 Lt,8 Lt,9 Lt,10

1 1 1 1 1 1 1 1 1 1

Other Variables MaxDev σmax

0.00618 in 3,820 psi

TABLE 5. Results from optimization of the discrete model with LET joints for a deployable parabolic reflector
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