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Increased access to data on downhole conditions has resulted in more research for drilling
automation. The BYU PRISM group has been studying the effects of a single multivariate
controller on maximizing the Rate of Penetration (ROP). For purposes of comparison, this
controller seeks to reflect the results that are seen in industry currently when the Rotary
Speed (RPM) controller and Bore Hole Pressure (BHP) controller operate independently
of one another. In this analysis, the elements of a single controller that only optimizes
ROP based on mechanical inputs are outlined. The separate components of the dynamic
optimization are explained and the layout of the simulation is mapped out. Results showing
the response of downhole conditions to surface inputs are analyzed.

Nomenclature

D Vertical Depth of Drilling, ft
gp Pore Pressure Gradient. lbm/gal
ρc Circulating Density, lbf/gal
W/db Weight per inch of Bit Diameter, lbf
W/dbt Threshold Weight per inch of Bit Diameter
h Tooth Wear Ratio
Fj Hydraulic Impact Force, lbf

I. Introduction

Historically, operators have only been able to make critical drilling decisions based on parameter values at
the surface. When a pressure spike occurs at the bottom of a well, the change in pressure will not be manifest
on the surface until up to 30 seconds later.7 In this period of time, pressure has fluctuated sufficiently to
cause damage to the well. However, the conditions at the bottom of a well are too extreme for most sensors
to survive and return relevant data to the surface.

Recent years have seen an increase in data transfer rates thanks to technology such as wired drill pipe.
This method is capable to provide up to 1000x the bandwidth of current data transmission when compared
to other sensors.9 These values are reflected in Figure 1. As data transfer rates within the drilling industry
increase, companies are dedicating more resources to utilizing the information. One of the most helpful
uses of this new found data is in the design and implementation of controllers that can quickly respond to
changing conditions at the bottom of the well.

One common practice in the industry today uses two separates controllers in the field; one that optimizes
the Rate of Penetration (ROP) and one that manages pressure changes at the bottom of the well, known as
Borehole Pressure (BHP).2 The PRISM group at BYU has been working on a comprehensive controller that
combines these two separate controllers into one multivariate controller that can simultaneously monitor
the pressure and the rate of penetration. Again, this is only made possible by the recent advances in data
transfer that can provide such a high volume of information. By combining these two controllers into one, it
is the hope of the PRISM group that even higher ROP can be achieved by including the interactions between
controllers that would otherwise be ignored.

The value of such a controller only comes into play when compared to current rate of penetration values.
Up to this point, the PRISM group has only compared their results to field data that has been provided by
the sponsor of the research. It is the purpose of this paper to lay out the details of an ROP controller that
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Figure 1. Development of Data Transmission Rates over Recent Years

resembles those used in the industry so that any results created by the multivariate controller can be easily
compared what will be generated here. By using the same parameter values as those used in the other BYU
research, these results can be compared immediately. In this paper, BHP will be treated as constant since
this controller would not be aware of those values in a field application.

II. Model

A. ROP Equations

In 1974, Young and Bourgoyne outlined an empirical model for estimating ROP that is widely used across
the industry.11 This model assumes the use of a roller-cone bit and contains many variables that have been
explained in the nomenclature section above.

dF

dt
= f1 · f2 · f3 · f4 · f5 · f6 · f7 · f8

f1 = exp(a1)

f2 = exp(a2 · (8000 −D)

f3 = exp(a3 ·D.69(gp − 9))

f4 = exp(a4 ·D(gp − ρc))

f5 = exp(a5 ∗ ln
W
db − W

db t

4 − W
db t

)

f6 = exp(a6 · ln(
N

100
))

f7 = exp(−a7h)

f8 = exp(a8 ·
Fj

1000
)

The values a1 through a8 are values that are derived from field data. The variables that will be ma-
nipulated in these controllers are the Weight on Bit (here seen as W) and Rotary Table Speed (here seen
as N). Maximizing the ROP then becomes the objective function that the controller will seek to optimize.
APMonitor, an optimization software in development at BYU, was used to optimize the values at each time
step using a combination of gradient-based methods to minimize the number of function calls.8 The details
behind which method was used at which time is internal to the APMonitor code.
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B. RPM Model

Once the values for the optimum ROP are determined, they are sent to slave controllers that determine
what surface values are necessary to tend towards these downhole values. As a dynamic problem, these
values are calculated at every time step and are updated according to the rate of change of these manipulated
variables.

The drill string is modeled as forty torsional springs with mass and damping in series.3 This results in
forty 2nd order differential equations that need to be solved in order to determine proper surface values. The
notations and equations are summarized in the graphics below.

Jiθ̈i = di( ˙θi−1 − θ̇i) + ki(θi−1 − θi) − di+1(θ̇i − ˙θi+1)ki+1(θi − θi+1) − µθ̇i

where Ji is the moment of inertia of the drill string section, θi is the angle of the top of the joint i, ki is the
stiffness coefficient of the joint, di is the damping coefficient of the joint, and µ is the wall friction coefficient.
For the two extremes where the drill string is attached to the bit and the top drive, the J, k, and d values
vary. Otherwise, the values are identical along the length of the entire drill string. The solution for these
differential equations was also found using APMonitor.

C. WOB Model

Just like the optimizer returned an optimum RPM value, an optimum WOB value was sent to a separate
slave controller that determines the necessary surface application. Within the industry, the change in the
WOB over time is modeled as a first order model with τ and gain values being determined empirically.5 The
values used in this simulation were derived from data provided by a drilling company in collaboration with
BYU. The first order equation can be written as shown below.

τ
d(WOBd(t))

dt
+WOBd = Kp ·WOBs(t)

where τ is the time constant of the response, WOBd is the weight on the bit downhole, Kp is the gain of
the system, and WOBs is the input weight applied on the surface.

D. Constraints

Since the variables that are in use are focused on mechanical response, the first set of constraints focuses
on ensuring that the material does not fail. Even though drill strings can be made with a variety of materials,
the value calculated in this simulation assumed 2 3

8 in diameter of grade G− 105 steel.
The WOB represents compression being applied on either side of the drill string. The friction between

the wall and the pipe reduces the impact of this force, but does provide an additional source of stress which
can be estimated using pressure vessel theory. The torque from the top drive then puts the drill string in
torsion as well.10 Von Mises’ stress analysis on the inside of the pipe wall is used to ensure that the total
stress is less than 96, 500 lbs. This is a value taken from a standard data sheet on drill string properties.
Based on the kinds of forces that an average drill string experiences, it seems to have a safety factor already
included. The trade-off between torsion and compression is summarized in Figure 2.

Another set of constraints is derived from the fluid mechanics of the mud surrounding the drill string. As
the RPM increases, the friction factor between the wall and the drill string also increases.1 The equations
governing this relationship are included below.

fa = a ·Reba + c ·Reω

where Rea is the Reynolds number in the axial direction and Reω is the Reynolds number along the surface
of the drill pipe. Values a, b, and c are determined from empirical data. Since the axial movement is small
compared to the rotation in this example. Only values for Reω were include in the constraints.

Reω =
2.025ρ ·RPM · (Do −Di)Di

µω

where Do and Di are the outer and inner diameters of the pipe, respectively, ρ is the mud density, and µ is
the friction coefficient between the mud and the drill string.
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The constraints that would eliminate stick slip and bit bounce are not considered in this model. However,
given the inefficiency that these are known to present, a controller that also took these problems into account
would be even more valuable. As mentioned earlier, this controller is meant to reflect field results as they
are now, and controllers that address stick slip and bit bounce are still a topic of extensive research.6

Figure 2. Trade-off between Torsion and Normal Force on the Drill-String

All of the elements of the model that have been explained are used to predict what the downhole response
will be to a step change in the independent variables. The constraints ensure that the optimizer doesn’t
break the drill string in the process of reaching certain ROP set points. Instead, the optimizer reaches the
set point as fast as possible while minimizing the overshoot.

III. Results

The results of the simulation are shown in Figure 3. As explained, the purpose of the optimization was
to reach a set point as quickly as possible without damaging the drill string. The simulation began at a set
point of 100 ft/hr. Then, halfway through the simulation, the set point was changed to 60 ft/hr. A change
in set point might represent a change in the rock formation or a gas influx that causes the controllers to
increase pressure management downhole.

Figure 3. ROP Optimization in response to different set points
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The response is slightly delayed as a result of the differential equations that govern the drill string.
However, once the drill begins to move, the set point is reached quickly in what looks like a first order
response. The large amount of noise in the actual response was a block included in the actual diagram to
simulate the inaccuracy that is inherent to drilling data. The response of the system to the lower set point
is much faster because the torsional springs that are used to model the drill string are now able to unload,
as opposed to the loading that had to occur during the initial rise.

IV. Discussion

The system was able to quickly respond to the changes in set point without overshooting. This is ideal
because overshoot will generally result in wear on the bit that reduces the efficiency of the drill. Looking at
the values of stress and friction during the transition, all constraints were met. The impact of vertical depth
change was ignored in the problem because the simulation only ran over a period of 50 seconds, which results
in only a few feet of drilling that would not significantly impact any of the parameters we have included in
the model.

This optimization problem has the potential for much more fine tuning by including more detail about
the fluid dynamics within the drill string and the interactions between the drill string and the wall. Though
this problem operated on the assumption of vertical drilling, the practice is still frequent enough to make
the results valuable to compare. The next step would be to see how the controller reacts when large pressure
fluctuation occurs. This is the time when accurate controlling is the most necessary and provides a good
frame work for future improvements.
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