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The layout of a 16-turbine VAWT farm is optimized to maximize power production
using a simple potential flow model. Both gradient-free and gradient-based methods are
used. Results showed that a certain alignment of counter-rotating turbines had a beneficial
effect despite the close spacing of the turbines. The average increase in productivity for
the turbine farm when compared with an equivalent number of isolated turbines was 22%.

I. Introduction

Wind energy is a very promising source of renewable energy for the future. Wind turbines can be classified
as either horizontal or vertical axis, designated as HAWT or VAWT respectively. HAWTs are more ubiquitous
because historically, the VAWT blade was less successful commercially. Despite substantial research efforts,
most commercial production ceased after 1990 and research funds dried up. Only recently has this begun
to change.3 Although HAWTs have a higher power coefficient,4 making them more desirable for the large
land tracts used by most power companies, there are certain applications where VAWTs could offer superior
performance. The compact structure of VAWTs compared to HAWTs allows for tighter packing in confined
areas. Tighter packing between VAWTs gives them the potential to achieve a higher power density than
HAWTs.1 Smaller, tighter-packed VAWT farms could also be more easily integrated into urban areas where
the demand for energy is high.2 Additionally, the ease of access to internal machinery, located at the base
of a VAWT, can greatly reduce the cost of installation and maintenance at offshore wind production sites.3

Since the feasibility of VAWT production has only recently been realized, the research on VAWTs is quite
shallow in relation to the research on HAWTs. In order to leverage the advantages of the VAWT in these
specific applications, there is a need for a greater understanding of the VAWTs unique characteristics.

Although research has increased in order to satisfy this need, understanding of the VAWT wake is still
developing. Predictions of VAWT farm performance have been limited in scope and accuracy as a result.
Without accurate models, it is difficult to optimize the design of individual turbines and turbine farm layouts.
For instance, researchers at the California Institute of Technology found that closely spaced turbines can
actually cause constructive interference when rotating in opposite directions.4 In this paper, Whittlesey et
al. report results from both experimental and theoretical research supporting the beneficial effects of closely
spaced counter-rotating VAWTs. Accounting for this positive interaction when optimizing the placement of
turbines in a wind farm could have a critical impact on the final design.

The purpose of this project was to optimize the layout of a 16-turbine VAWT farm using the fish-schooling
model from Whittlsey et al. While this model is very low-fidelity, it is much less computationally expensive
than other methods for analyzing a wind farm with several turbines and therefore more desirable for solving
optimization problems. The turbine positions and rotation directions were optimized to maximize power
production subject to minimum spacing constraints, a total area boundary constraint, and a distribution
of wind directions. The resultant optimal configurations provide insights concerning the validity of the
model. The analysis also explores the conditions necessary to achieve the beneficial effects of counter-rotating
turbines.
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II. Model

The model used to analyze the turbine farm was based on an analysis of fish school behavior. Fish in a
school swim in an energy-efficient formation that capitalizes on the counter-rotating vortices in the wake of
each fish. The researchers at Caltech theorized that the same potential flow model could be used to represent
counter-rotating turbines in a VAWT array. The model depicts each turbine as a point-vortex superimposed
over a dipole. Figure 1 shows a diagram of the geometric quantities used in the computational framework.
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Figure 1: In the potential flow model used for this optimization, each turbine is represented by a point
vortex superimposed on a dipole. A wake region extends 6 turbine diameters bilaterally at 20deg behind
each turbine. The velocity at any given point P is a combination of the effects of the freestream velocity,
point vortex, dipole, and wake region.

The turbine radius is R, and position of P is defined by the vector ~r, which is at an angle θ from the
freestream flow direction. The wake extends 6 turbine diameters downstream of a single turbine and extends
bilaterally at 20 degrees from the freestream flow direction. The velocity vector at a given point P in the
vicinity of a single turbine could thus be represented using the following equations:

~Vdipole = − µ

r2
[(cos2 θ1 − sin2 θ1)̂ı+ 2 sin θ1 cos θ1̂] (1)

~Vvortex =
Γ(ω̂ × ~r)

2πr2
(2)

~V (~r) = ~V∞ + ~Vdipole + ~Vvortex (3)

For these equations, µ and Γ are the strength of the dipole and point vortex, respectively, and the
freestream velocity is ~V∞. The rotation direction is represented by ω̂. For multiple turbines the flow effects
from each turbine are summed at any given point in the flow field. For n turbines, the velocity field is given
by:

~V (~r) = ~V∞ +

n∑
k=1

~Vdipole(~rk) + ~Vvortex(~rk) (4)
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The velocity deficit in the wake, ξw, is governed by a beta probability density function (PDF) (alpha =
1, beta = 4) in the downstream direction and a normal PDF in the lateral direction. With the wake deficit

accounted for, the velocity vector is denoted ~V ∗ and becomes:

~V ∗(~r) = (1 − ξw(~r))~V (~r) (5)

The power produced by a single turbine is computed as a line integral along a contour of radius R
concentric with the turbine. The power is a multiple of the cube of the velocity tangent to this contour.

Pturbine =
ρR

2π

∮
( ~V ∗ · ŝ)3ds (6)

The integral was approximated as a trapezoidal sum of 50 subintervals. The total power was taken as
the sum of the power produced by each turbine.

Parray =

n∑
k=1

Pturbine (7)

The values used in the model were taken directly from the Whittlsey paper. They are tabulated below.

Parameter Value Units

R 0.75 m

V∞ 3 m/s

Γ 7.41 m2/s

µ 0.00 m3/s

Table 1

The velocity function originally was not continuously differentiable due to the exponential increase intro-
duced in the point vortex and dipole methods near the center of each turbine. Additionally, the wake deficit
coefficient added another source of discontinuity along the edge of the wake region. These non-differentiable
areas were smoothed out using cubic spline interpolation.

The windfarm layout was optimized using both gradient-free and gradient-based methods. The gradient-
based optimization was carried out with Matlab’s fmincon and the genetic algorithm came from Matlab’s
global optimization toolbox. First a 16 turbine array with eight counter-rotating pairs was optimized with a
single wind direction. Then, the turbine array optimization was improved to include a distribution of wind
directions taken from a wind rose.

III. Results

The description of the model in the Whittlesey paper had a certain level of ambiguity in its derivation.
It was important to ensure that the model used for this optimization was an accurate replication of its
predecessor. This was done by attempting to produce a similar set of figures to those found in the paper. A
side-by-side comparison of these plots can be found in Figure 2. It is obvious that the plots are not identical,
probably due to the slight differences in implementation and constants used. However, it is encouraging to
see that there are similar trends in the plots, suggesting that the newly produced model could have minima
at the same optimal configurations, even though the minimum value might not be the same. In any case,
this model is only being used for a case study, and it could be modified to fit the Whittlesey paper exactly
if more reliable results were needed.
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Figure 2: The model used for this optimization was based on another a derivation found in Whittlesey et al.
In order to check the accuracy of the replication, a figure found in the other paper was reproduced. Although
the reproduction (Figure 2a) does not completely match the original (Figure 2b), there are similar trends.
The differences are likely due to ambiguous parameters and lack of explicit implementation instructions.

The positive interference resulting from the optimum alignment of two counter-rotating turbines is easily
visualized in the two-turbine case. Figure 3 is a contour plot of the combined power produced by different
alignments of two turbines. A counter-clockwise (CCW) rotating turbine was fixed in the center of the plot
and a clockwise (CW) rotating turbine was moved to different locations in the field. It is easily apparent that
the optimum positioning of the second turbines is directly right of the first turbine, from the perspective of
the free-stream direction of the wind. At the minimum spacing of 1.5D, the combined power increases by a
factor of 1.45 for the optimum counter-rotating case when compared to the combined power of two isolated
turbines. This optimum can be seen visually in the two turbine case, but is much more difficult with more
turbines added and with a distribution of wind directions.
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Variation of combined power production with position (CCW fixed in center)
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Figure 3: This contour plot illustrates the positive interaction between two counter-rotating turbines when
the correct alignment is achieved. The contour levels show the combined power production of a CCW rotating
turbine fixed in the center and a CW rotating turbine positioned in different locations in the surrounding
field. There is an maximum power production when the flow between both turbines is in the same direction.

For the single wind direction case, gradient-based optimization was performed starting from a few different
initial configurations. First, a grid-like arrangement of the turbines was optimized. The optimal solution
(Figure 4) shows that counter-rotating pairs of turbines were aligned. However, it was obvious that the
turbines were only moving small distances from their original positions. It was difficult for the optimizer to
move one turbine across the path of another turbine. Also, when other arrangements of turbines were tried,
the solutions were different, reinforcing the idea that the optimizer was unable to find a global solution for
this case. That being said, for the case displayed, the optimizer did converge on a more productive layout
after 1594 function calls. The optimal layout was 67% more productive than the initial layout and 15% more
productive than the same number of isolated turbines would have been.
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Velocity Contour Plot (m/s)
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(a) Initial configuration

Optimization of 16 counter-rotating turbines
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(b) Optimized configuration

Figure 4: A grid-like spacing of turbines was optimized to maximize the total array power production. The
gradient-based optimization caused CCW pairs to move closer together. The increase in power from (a) to
(b) was 67%.

Random initial configurations were tried with the gradient-based optimizer, but the results still did not
converge on a global optimum. The same pairing of counter-rotating turbines took place, but the optimized
layouts were very dependent on the initial conditions.

Finally, a genetic algorithm was used to generate a somewhat feasible global solution before running the
gradient-based optimization to finalize the optimum. The genetic algorithm produced the layout shown in
Figure 5a after 17,202 function calls. This layout is slightly different than the gradient-based optimum.
Nearly all of the turbines are spaced out around the boundary of the wind farm. The efficiency of this
layout is greatly affected by the wake zones and the resulting combined power is actually 23% lower than
the combined power of 16 isolated turbines. This layout was then re-optimized with the gradient-based
method to arrive at the layout depicted in Figure 5b. This solution eliminated much of the detrimental
effect of having some turbines within the wake zone of other turbines. While it still did not converge on
an optimal solution, this layout was 30% more productive than the combined power of 16 isolated turbines.
When compared with the gradient-based optimization of the grid layout, this optimization was 13% more
productive.
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Velocity Contour Plot (m/s)
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(a) GA optimized configuration

Optimization of 16 counter-rotating turbines
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(b) Post-GA optimized configuration

Figure 5: A genetic algorithm was used to create the contour plot on the left. The optimum layout from the
GA was then re-optimized using a gradient-based method to arrive at the layout on the right. This layout
was 30% more productive than 16 isolated turbines would have been.

Since the genetic algorithm was very expensive and did not converge on a more productive layout, a
gradient-based method with a grid-like initial configuration was used for the case of a distribution of wind
directions. For each iteration, the array power was computed for 12 different wind directions, as seen in
Figure 6. Each of these calculations was then weighted based on a random distribution of the frequency of
wind coming from each direction. The objective function for the optimizer was the weighted average of the
combined array power.

(a) Initial layout and wind distribution (b) Optimized layout for given wind distribution

Figure 6: The wind farm layout was optimized for a distribution of wind directions and frequencies. The
blue lines in the center of each plot indicate the relative frequency of the wind blowing in each of 12 different
directions. The optimizer arrived at a solution that was 39% more productive than the initial grid.

The optimizer did not converge on a global solution, but the power increased by 29% from the initial
to the final layout. Since there were two predominant wind directions, and a fair amount of wind from all
directions, the optimizer had a hard time moving the turbines into a ”wake-free” zone. Interestingly, most of
the turbines were moved out of the center of the field, possibly to try to maximize the separation distance.
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IV. Conclusion

The simple potential flow model used to represent the fluid dynamics of this problem does predict a
positive interaction between counter-rotating turbines. In every case, optimized layouts included counter-
rotating pairs that had been realigned to exploit that benefit. This strong occurrence of turbine pairing is due
to the strong effect of the point vortex, which may be exaggerated compared to the actual fluid dynamics of
the turbine. Future work will involve running CFD simulations in order to verify whether or not the benefit
really does exist.

Although the optimization results were not conclusive in finding a global optimum, the overall productiv-
ity of each layout was improved. Should future work validate the model to some degree of accuracy, it could
be a quick and simple method to obtain a preliminary optimized layout. There is also room for improving
the gradients, which would enable the optimizer to more rapidly converge to a better solution.

The results achieved in optimizing the wind farm layout were quite significant. On average, optimization
led to a 22% increase in productivity when compared with 16 isolated turbines. Acknowledging that this is
still very raw data and requires further analysis, it is nonetheless promising for future implementation.
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