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Multi-dimensional Optimization of Quadrotor
Inversion

James Jackson, Nathan Usevitch, and Caleb Lystrup

Abstract—An increasing interest in quadrotor platforms has
led to several recent innovations to increase maneuverability
and control. There is current interest in developing quadrotors
capable of producing thrust when the propellers spin in both the
forward and reverse direction, enabling inverted maneuvers and
increased control authority. This study details the optimization
of a fixed-pitch propeller and airfoil shape capable of producing
lift in both the forward and reverse direction. As a test case, the
propeller that minimizes the time required to invert and rise to
the ceiling of a building is determined using several gradient-
based and gradient-free optimization schemes. Optimization of
control parameters during the completion of the maneuver is
also considered. A propeller optimized for producing thrust in
both directions is designed and detailed.

I. INTRODUCTION

Quadrotor unmanned aerial vehicles are finding increased
application in surveillance, commercial and recreational use.
Improvements in performance to quadrotor mobility will fur-
ther enable quadrotors to meet user needs. In order to increase
the maneuverability of these craft, past work has developed
quadrotors rotors that utilize a variable pitch mechanism to
allow the rotors to provide reverse thrust [1]. However, such
a system involves adding additional actuators to control the
pitch of the rotor blades, which means added weight, cost
and complexity. Recent developments in brushless DC motor
controllers allow for motors that can quickly reverse direction,
potentially allowing small quadrotor rotors to provide reverse
thrust without additional actuators. However, to the author’s
knowledge, fixed pitch propellers used for generating thrust
in both directions have not been formally studied. This study
will develop an airfoil shape, propeller profile, and optimum
control strategy to allow a mechanically simple quadrotor to
perform a maneuver that will require reverse thrust.

The design of a propeller for reverse thrust has two com-
peting objectives: thrust produced in the forward direction and
thrust produced in the reverse direction. The exact balance
between forward and reverse thrust capabilities will depend
primarily on the maneuver being performed. Instead of making
an arbitrary decision about this balance, the time to complete
a specified maneuver will be used as a unifying objective.

The maneuver to be optimized in this study will be a
quadrotor hovering stationary in a room, rising while inverting,
to reach a flat ceiling 10 feet above its initial elevation (See
Figure 1). Such a maneuver would be useful in placing a
quadrotor that could be used in various surveillance applica-
tions.

James Jackson, Nathan Usevitch, and Caleb Lystrup are with the Department
of Mechanical Engineering, Brigham Young University, Provo, UT, 84604

Fig. 1. Illustration of test case flip maneuver

Fig. 2. Standard 250 size racing quadrotor

The test case will be simulated with a standard 375g racing
quadrotor with a 250 mm rotor to rotor diagonal distance, a 3
cell Lithium-Polymer battery and a 5in diameter propeller with
3in pitch (see figure 2). This configuration has been chosen
due to its widespread acceptance among acrobatic quadrotor
operators as an optimum configuration for maneuvers similar
to those described in the test case.

II. MODEL DEFINITION

This optimization takes place in two steps: airfoil opti-
mization, then a control strategy optimization of the of the
quadrotor. During the airfoil optimization a Pareto front of
suitable airfoil shapes will be generated based on the two
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objectives of lift in the forwards and reverse direction. The
control strategy optimization will minimize the time to perform
the test case maneuver by using a dynamic model and varying
the motor actuation throughout the flight, the chord distribution
of the propeller, and which airfoil from the Pareto front is
selected.

A. Propeller Profile Optimization
The main component of the propeller design is determining

an airfoil shape that provides adequate thrust in both the for-
ward and reverse directions. The independent program XFOIL
was used to analyze the relative merit of various shapes [2].
As a general approach, the lift coefficient of the airfoil was
determined using XFOIL in the forward direction, then the
airfoil data was flipped both right to left and top to bottom and
XFOIL was used again to determine the lift coefficient in the
reverse direction. Initially, a NACA 4-Series parameterization
was used to describe the airfoil shape, but XFOIL failed to
converge to meaningful results of the lift and drag coefficients
when NACA 4 airfoils were run in reverse. Instead, the ge-
ometry of the airfoil was described using 8 Kulfan parameters
[3]. The two end condition parameters were used to enforce
a rounded leading and trailing edge of the propeller while
the other 6 of these parameters defined the contours of the
upper and lower surface independently and were left as design
variables. The 6-term vector {t} was used to describe these
6 parameters. While XFOIL failed to converge on some of
the designs when reversed, it performed well enough to gather
sufficient data to contribute to an optimized airfoil design.

Propeller thrust and torque was calculated using Glauert
blade element theory [4]. The chord length along the radius
of the propeller was described using the following quadratic
model:

−2(Ctip − Chub)
R(R− 2rCmax)

rCmax

where rCmax describes the radial location of the point on
the propeller with the longest chord length. In order to make
the problem solvable by desktop computers in a reasonable
amount of time, the problem was simplified by using the
following assumptions: first, the angle of attack was fixed at
4◦ to match propellers currently used by quadrotors of this
size, and second, the Reynolds Number was kept at a constant
value 3 × 106 which was found to be the average Reynolds
number seen by the propeller when running at full speed.

B. Dynamic Model
The quadrotor model shown in this study used standard

notation, where the body-fixed coordinate frame is defined with
the x-axis out the nose of the aircraft, the y-axis out the right
wing, and the z-axis down out of the belly of the aircraft,
where:

pn = the inertial north position of the quadrotor
pe = the inertial east position of the quadrotor
h = the altitude of the quadrotor
u = the body frame velocity in the x direction

v = the body frame velocity in the y direction
w = the body frame velocity in the z direction
φ = aircraft roll angle in radians
θ = aircraft pitch angle in radians
ψ = aircraft yaw angle in radians
p = roll rate
q = pitch rate
r = yaw rate

The full dynamic model of the quadrotor has been simplified
to allow for quicker simulation, reducing the normally six
degree of freedom model to three by constraining the model
to prevent pitching, yawing, and translation in the longitudinal
direction. The resulting equations of motion are shown below.
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ẇ

)
=

(
pw
−pv

)
+

(
g sinφ
g cosφ

)
+

1

m

(
0
−F

)
φ̇ = p
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The model shown above, as well as a PID feedback con-
troller for both roll and thrust loops, a method to determine
thrust and torque of propeller designs and methods to de-
termine when the quadrotor reached its objective state were
incorporated into a Simulink model. The four design variables
specific to the control strategy are the derivative gains for
both the thrust and roll control loops, kdT and kdφ and the
time in seconds from the start of the simulation to when
the quadrotor is commanded to roll and change altitude, thc
and tφc . The proportional gain values have been set at the
theoretical optimum for the system, and integral gain values
have been set to zero.

III. PROBLEM DEFINITION

The optimization problem consists of the following standard
formulation:

Optimize: J(x)
With Respect to x

Subject to c(x)

Where J(x) is the time required for the quadrotor to
complete the maneuver correctly, and x is defined as follows:

x =



thc
tφc
kdT
kdφ
Ctip
Chub
rCmax
{t}
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TABLE I. DYNAMIC PARAMETERS FOR OPTIMIZATION

Parameter Value
thc Time of Rise Command
tφc Time of Flip Command
kdT Control Damping
kdφ Control Damping

Where the parameters are described by Table I.
The constraint function, c(x), is defined to ensure that

the quadrotor has successful completed inverted perching
maneuver. The quadrotor must be within five degrees of a
full rotation by the end of the simulation and the absolute
velocity in the vertical direction, ḣ, must be less than 4.5
meters per second. Additionally, the torque produced by drag
on the propeller, Q cannot exceed the maximum torque of the
motors, and the blade thickness, p must be greater than 3% of
the chord length for structural reasons, and the chord length
cannot exceed 12cm. Finally, control gains must be constrained
against becoming negative and introducing positive feedback
which would render our model insolvable. In formulation, the
constraints are as follows:

c(x) =



175◦ < φf < 185◦

ḣf < 4.5
kdT > 0
kdφ > 0

QProp < Qmax
p({t})

C(x) ≤ 0.12


Due to the nature of Kulfan parametrization, the blade

thickness constraint is not straightforward, but is described in
the following formulation. This formulation also prevents the
airfoil geometry from crossing over itself, but only allows for
positive camber. Instead of creating more complicated non-
linear constraints, the symmetry of the parametrization can
instead be used to flip the airfoil to introduce negative camber.

p({t}) =


−0.15 < t1 < −0.05
−0.12 < t2 < 0.10
−0.15 < t3 < −0.05
0.05 < t4 < 0.15
0.00 < t5 < 0.12
0.05 < t6 < 0.15


The objective function J(x) is simply calculated as the

time the quadrotor takes to perform the maneuver correctly,
as reported by the Simulink model.

IV. RESULTS

A. Airfoil Shape
The lift and drag coefficients of an airfoil for a given

set of parameters were calculated using XFOIL. Because of
discretization error inherent to the panel method used by
XFOIL, and the fact that XFOIL occasionally did not converge
on solutions to airfoil inputs, gradient based methods did

not provide meaningful solutions. MATLAB’s multiobjective
genetic algorithm was used to produce a Pareto front with the
two objectives being lift in the forward direction and lift in the
reverse direction (See figure 3). The front was produced using
a population size of 100 individuals and after 30 generations.

Fig. 3. Pareto front of airfoil designs. (Designs in which XFOIL failed to
converge have been removed)

The Pareto front is approximately symmetric about a line
drawn at a 45 ◦ line from the origin. This is to be expected,
since the airfoil in the bottom right corner of the front should
be the same as an airfoil in the upper left corner, except
reversed. It also shows the inherent trade-off between lift in
the two direction.

To aid the gradient-based optimizer in getting data from
the Pareto front, the Pareto front was approximated using a
quadratic regression. This regression resulted in the following
expression:

CLr = −1.3024CL2
f + 0.4718CLf + 0.8581

with R2 = 0.9963.

B. Dynamic Model

The second stage of the optimization consists of the op-
timization of the time to complete the test case maneuver
by varying the airfoil selected from the Pareto front, the
propeller profile, and the control strategy and gains. Matlab’s
fmincon optimizer was used to find the optimum solution
based on gradients obtained through finite differencing. A SQP
algorithm was used to perform the optimization. Using a warm
start from a preliminary genetic algorithm optimization, the
optimum point was found when the predicted change in the
objective function fell below 1e-6 after 7 major iterations. The
optimum point found is as follows:
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x =



thc
tφc
kdT
kdφ
Ctip
Chub
rCmax


=



0.0000
0.4414
0.6499
0.0035
0.120
0.120
0


Which results in a time of t = 0.6737 seconds to perform the

maneuver. Of note, the optimized control routine commands
the flip more than halfway through the flight, meaning that for
the majority of the maneuver, the propellers operate in forward
thrust mode. The parameters used to generate the optimum
airfoil are shown below. With these parameters, the selected
airfoil slightly favors lift in the forward direction. The first
three parameters define the shape of the bottom of the airfoil,
and the remaining parameters control the top surface of the
airfoil.

x =


−0.11376
−0.01601
−0.14174
0.080196
0.000651
0.81966


The position of the selected airfoil is shown in figure 4.

Note that at the selected point, the forward lift coefficient
is higher than the reverse lift coefficient. The selected airfoil
appears to be very similar to a flat plate geometry, and is shown
in figure 5.

Fig. 4. Pareto Front of Airfoil Designs with optimum selection highlighted

Fig. 5. Airfoil design chosen by the optimizer

Another interesting result is found in the optimum chord
length parameters Ctip, Chub and rCmax . These parameters are
selected to maximize propeller area, and are at the upper bound
of the feasible region. This result should not be too surprising,
due to the fact that propeller efficiency was not incorporated
into the optimization, and the motors were assumed to have
infinite torque.

When compared with a flat plate in the same dynamic
model, the maneuver took t = 0.6820 seconds. This leads
to a 1.2% improvement over the flat plate, meaning that
improvement of this airfoil over a flat plate is at best marginal.

V. DISCUSSION

This study determined an airfoil shape, propeller profile and
control strategy that minimizes the time required for a standard
size quadrotor to perform an inverted maneuver. The results
do not show substantial differences between the chosen airfoil
and a flat plate in ability to produce both forward and reverse
lift. This result may be due to the nature of the maneuver,
in which the propeller spends relatively equivalent amounts
of the time providing both forward and reverse thrust. Given
another maneuver, or a requirement to remain in one position
longer than another, the optimum airfoil would most likely
shift along the Pareto front to a profile that more significantly
favors one direction over the other. It is also possible that
while optimization may not be able to substantially increase
lift, it might be able to substantially reduce drag and increase
operating efficiency of a propeller.

These results may be improved through careful analysis of
the assumptions inherent in the problem formulation. It was
assumed that the quadrotor motors could produce an infinite
amount of torque, and therefore the motor dynamics were not
taken into account. In reality, the dynamic model should incor-
porate some delay as they accelerate and decelerate rapidly to
reverse direction. If this were performed, the propeller profile
would likely result in a more traditional shape because there
would be some cost associated with maximizing area. Other
assumptions and approximations such as the three degree of
freedom dynamic model and constant Reynolds number across
the propeller could be removed which would increase the accu-
racy of the result. Future studies could also be performed using
a robust CFD analysis package such as STAR-CCM+ to avoid
the issues with convergence found in XFOIL and to provide
more insight into the characteristics of a reversible airfoil.
These modifications would introduce a large computational
requirement, but would provide better understanding of the
true optimum airfoil of reversible propellers.

VI. CONCLUSION

This method used to optimize propeller design and quadrotor
performance can be used to optimize propellers for fixed blade
quadrotor maneuvers, and can serve as a starting point for
more complicated analysis. Quadrotor users looking to im-
prove performance could utilize this method as a template for
performance optimization to customize their propeller designs.
This method, however, will need to be extended beyond its
current limitations in order to obtain substantial performance
enhancements beyond those realized by a flat plate.
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