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Introduction

In this supplementary material we provide the proofs of model identifiability and the the-

orems of the paper. We denote Pf =
∫
f(x)dP (x), Pnf = 1

n

∑n
i=1 f(Xi) and Gnf =

√
n(Pn−P )f . We use the symbol . to denote that the left hand side is bounded above by

a constant times the right hand side, & to denote that the left hand side is bounded below

by a constant times the right hand side, and ≍ to denote that both . and & apply. We

use |X| to denote the absolute value of X if X is a scalar, or the square-root of the largest

eigenvalue of XX⊤ if X is a vector or matrix.

Let K = {τ1, ..., τK} be a set of partition points of [0, 1] with max1<j≤K |τj − τj−1| =

O(K−1). Let S(K, p) denote the space of polynomial splines of order p ≥ 1 with the knots

sequence K as defined in the Definition 4.1 of Schumaker (1981). Let Kµ = {τ1, ..., τKµ} be a

set of partition points of [0, 1] with max1<j≤Kµ |τj−τj−1| = O(K−1
µ ); and Kψ = {t1, ..., tKψ}

denote a set of partition points of [a, b] with max1<j≤Kψ |tj − tj−1| = O(K−1
ψ ). Define

S(Kµ, pµ) and S(Kψ, pψ) similarly as S(K, p). For notation consistency, let Kβ = K and

pβ = p. Define Bβ = S(Kβ, pβ), and the sieve spaces Bµn = S(Kµ, pµ), Gψn = S(Kψ, pψ),
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and Θn = Ξ × Bβ × Gψn × Bµn × MK . The original parameter space is denoted as Θ =

Ξ× Bβ × Gψ × Bµ ×MK .

Working assumption for outcome-dependent follow-up

Following the idea of Lipsitz et al. (2002), we present a working assumption under which

we can ignore the possible outcome-dependent follow-up.

Let Dik = tik − ti,k−1, k = 2, ...,mi, be the time between follow-up times k − 1 and k,

and

Di = (Di2, ..., Di,mi).

We assume that the conditional distribution of Dik, given the observed history of longitudi-

nal outcomes yi, time-independent variable zi, and the survival data (ri, δi), depends only

on the previously observed longitudinal outcomes (yi1, ..., yi,k−1) and the time-independent

variable zi, i.e.,

f(Dik|Di2, ..., Di,k−1,yi, ri, δi, zi) = f(Dik|Di2, ..., Di,k−1, yi1, ..., yi,k−1, zi)

= f(Dik|yi1, ..., yi,k−1, zi),

for k = 2, ...,mi. For example, under this assumption, women with a history of fast dilation

on previous measurements (yi1, ..., yi,k−1) may be expected to have smaller values of Dik.

Although mi is also a random variable, its value is completely determined by Di and ri,

and thus can be neglected in the following discussion. The joint density function of the

observed data (Di,yi, ri, δi) for the ith invidual can be written as

f(Di,yi, ri, δi, zi) =

{
mi∏
k=2

f(Dik|yi1, ..., yi,k−1, zi)

}
f(yi, ri, δi|zi)f(zi).

We further assume that
{∏mi

k=2 f(Dik|yi1, ..., yi,k−1,zi)
}
and f(zi) are free of the parameters

of interest. Therefore, the joint likelihood function reduces to be f(yi, ri, δi|zi) which is the

likelihood function considered in Section 3.2.

Identifiability

Proof of identifiability is similar to that of Gervini and Gasser (2004). We need to prove

that if there exists (µ, gi) and (µ∗, g∗i ) satisfying the above assumptions, such that

µ(g−1
i (tij)) = µ∗(g∗−1

i (tij)) with probability 1, (1)
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then µ ≡ µ∗ and gi ≡ g∗i .

Suppose

τij = g−1
i (tij), i.e., tij = gi(τij).

Then if the equation (1) holds, we have

µ(τij) = µ∗(g∗−1
i (gi(τij))) with probability 1.

By the B-spline model assumption that gi(τ) = g(τ ;ui) with ui ranging from −∞ to ∞

with positive density, we have τij = g−1
i (tij) has a positive density function in (0, 1). Thus,

µ(τ) = µ∗(g∗−1
i (gi(τ))), ∀τ ∈ (0, 1).

By condition (C.7) in the main paper, the local extrema of µ are isolated points because

µ is piecewise monotone without flat areas. Further, since the left hand side does not depend

on i and by condition (C.7), the right hand side should not neither, i.e., there exists a fixed

function h(τ), such that

g∗−1
i (gi(τ)) = h(τ), i.e., gi(τ) = g∗i (h(τ)).

Note that the mean registration function, denoted by E[gi(τ)] = ν0(τ), is a strictly increas-

ing function as ensured by E(ui) = 0. We have

ν0(τ) = E[gi(τ)] = E[g∗i (h(τ))] = ν0(h(τ)),

i.e., h(τ) = τ. Therefore, we have proved that µ(τ) = µ∗(τ) and gi(τ) = g∗i (τ). 2

Proof of Theorem 1

Denote by Oi := (ri, δi, Zi,yi, ti) the ith observation. By the definition of θ̂n and model

assumptions about θ0, we have

θ̂n = arg max
θ∈Θn

Pn {ℓ(θ;Oi)} ,

θ0 = argmax
θ∈Θ

P {ℓ(θ;Oi)} .

The convergence rate of d(θ̂n,θ0) is obtained by applying Theorem 1 of Shen and Wong

(1994). We need to verify the following three conditions:
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A1. For some constants A1 > 0 and α1 > 0, and for all small ε > 0,

inf
{d(θ,θ0)≥ϵ,θ∈Θn}

P (ℓ(θ0)− ℓ(θ)) ≥ 2A1ϵ
2α1 .

A2. For some constants A2 > 0 and α2 > 0, and for all small ε > 0,

sup
{d(θ,θ0)≤ϵ,θ∈Θn}

var(ℓ(θ0)− ℓ(θ)) ≤ 2A2ϵ
2α2 .

A3. Let Fn = {ℓ(θ) − ℓ(πnθ0),θ ∈ Θn}, where πnθ0 is the projection of θ0 in Θn. For

some constants r0 <
1
2 and A3 > 0,

H(ϵ,Fn, ∥ · ∥∞) ≤ A3n
2r0ϵ−r

for all small ϵ > 0, where H(ϵ,Fn, ∥ · ∥∞) is the L∞-metric entropy of the space Fn,

i.e., exp(H(ϵ,Fn, ∥ · ∥∞)) is the number of ϵ-balls in the L∞-metric needed to cover

the space Fn.

The above three conditions are checked via the Fréchet derivatives of ℓ(θ;Oi), which

are calculated by the Gateaux derivatives. For any fixed β ∈ Bβ, µ ∈ Bµ and ψ ∈ Gψ, let

β∆, µ∆ and ψ∆ respectively be smooth curves in Bβ, Bµ and Gψ running through β, µ and

ψ at ∆ = 0. Define tangent spaces

Hβ =

{
hβ : hβ =

∂β∆
∂∆

∣∣∣
η=0

, β∆ ∈ Bβ
}
,

Hµ =

{
hµ : hµ =

∂µ∆
∂∆

∣∣∣
∆=0

, µ∆ ∈ Bµ
}
,

Hψ =

{
hψ : hψ =

∂ψ∆

∂∆

∣∣∣
∆=0

, ψ∆ ∈ Gψ
}
,

and Hθ = {hθ = (hξ, hβ, hψ, hµ,hΣ) ∈ Θ : ∥hξ∥, ∥hβ∥Σ0 , ∥hψ∥Λ0 , ∥hµ∥F0 , ∥hΣ∥ ≤ M0 <

∞}. The one-dimensional submodel along hθ = (hξ, hβ, hψ, hµ, hΣ) can be expressed as

θ∆ = θ+∆hθ = (ξ+∆hξ, β+∆hβ, ψ+∆hψ, µ+∆hµ,Σ+∆hΣ). The Gateaux derivatives

are then calculated by differentiating ℓ(θ∆;Oi) with respect to ∆ and letting ∆ = 0. Let α

and υ represent any two parameters in (ξ,Σ, β, µ, ψ). Denote by ℓ̇α(θ;Oi) and ℓ̈αυ(θ;Oi)

the first and second order derivatives of ℓ(θ;Oi), respectively.

By the definition of θ0 and model assumptions, we have P
{
ℓ̇(θ0;Oi)

}
= 0. For Con-

dition A1, given that all the second derivatives of ℓ(θ0;Oi) are continuous and uniformly
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bounded, the Taylor’s expansion gives

2 [P {ℓ(θ0;Oi)} − P {ℓ(θ;Oi)}]

= −P
{
(ξ − ξ0)

⊤ℓ̈ξξ(θ0;Oi)(ξ − ξ0) + ℓ̈ΣΣ(θ0;Oi)[Σ− Σ0,Σ− Σ0]

+ 2(ξ − ξ0)
⊤ℓ̈ξΣ(θ0;Oi)[Σ− Σ0] + 2(ξ − ξ0)

⊤ℓ̈ξµ(θ0;Oi)[µ(·)− µ0(·)]

+ 2(ξ − ξ0)
⊤ℓ̈ξβ(θ0;Oi)[β − β0] + 2(ξ − ξ0)

⊤ℓ̈ξψ(θ0;Oi)[ψ − ψ0]

+ 2ℓ̈Σβ(θ0;Oi)[Σ− Σ0, β − β0] + 2ℓ̈Σµ(θ0;Oi)[Σ− Σ0, µ− µ]

+ 2ℓ̈Σψ(θ0;Oi)[Σ− Σ0, ψ − ψ0] + ℓ̈ββ(θ0;Oi)[β − β0, β − β0]

+ 2ℓ̈βµ(θ0;Oi)[β − β0, µ− µ0] + 2ℓ̈βψ(θ0;Oi)[β − β0, ψ − ψ0]

+ ℓ̈µµ(θ0;Oi)[µ− µ0, µ− µ0] + 2ℓ̈µψ(θ0;Oi)[µ− µ0, ψ − ψ0]
}

+ ℓ̈ψψ(θ0;Oi)[ψ − ψ0, ψ − ψ0] + o(d2(θ,θ0)).

By the fact of zero-mean for a score function, it is straightforward to verify that

P
{
ℓ̈ξξ(θ0;Oi)

}
= −P

{
ℓ̇ξ(θ0;Oi)ℓ̇ξ(θ0;Oi)

⊤
}
,

P
{
ℓ̈ξα(θ0;Oi)[hα]

}
= −P

{
ℓ̇ξ(θ0;Oi)ℓ̇α(θ0;Oi)[hα]

}
,

P
{
ℓ̈αυ(θ0;Oi)[hα, hυ]

}
= −P

{
ℓ̇α(θ0;Oi)[hα]ℓ̇υ(θ0;Oi)[hυ]

}
,

where α and υ represent any two parameters in (β, ψ, µ,Σ). Then it follows from direct

calculations that

2 [P {ℓ(θ0;Oi)} − P {ℓ(θ;Oi)}]

= P

{[
(ξ − ξ0)

⊤ℓ̇ξ(θ0;Oi) + ℓ̇β(θ0;Oi)[β − β0] + ℓ̇ψ(θ0;Oi)[ψ − ψ0]

+ ℓ̇µ(θ0;Oi)[µ− µ0] + ℓ̇Σ(θ0;Oi)[Σ− Σ0]
]2}

+ o(d2(θ,θ0)). (2)

Define

Ψ[θ − θ0] = P

{[
(ξ − ξ0)

⊤ℓ̇ξ(θ0;Oi) + ℓ̇β(θ0;Oi)[β − β0] + ℓ̇ψ(θ0;Oi)[ψ − ψ0]

+ ℓ̇µ(θ0;Oi)[µ− µ0] + ℓ̇Σ(θ0;Oi)[Σ− Σ0]
]2}

,

which is a real-valued functional operator on the tangent space Hθ endowed with the norm

∥h∥Θ =
{
∥hξ∥2 + ∥hβ∥2Σ0

+ ∥hψ∥2Λ0
+ ∥hµ∥2F0

+ ∥hΣ∥2
}1/2

,
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for h = (hξ, hβ, hψ, hµ,hΣ) ∈ Hθ.

We claim that there exist a constant A1 > 0, such that

Ψ[θ − θ0] ≥ A1d
2(θ,θ0), ∀θ ∈ Θ and d(θ,θ0) > 0,

i.e., the Conditon A1 is satisfied with α1 = 1 since Θn ⊂ Θ. Otherwise, we can find a

sequence θ[k] ∈ Θ, k = 1, 2, ..., where d(θ[k],θ0) > 0, such that

Ψ[θ[k] − θ0]
/
d2(θ[k],θ0) → 0, as k → ∞.

Define

h[k] = (θ[k] − θ0)/d(θ
[k],θ0) = (θ[k] − θ0)/∥θ[k] − θ0∥Θ.

We have ∥h[k]∥Θ ≡ 1 and Ψ[θ[k] − θ0]
/
d2(θ[k],θ0) = Ψ[h[k]]. It is equivalent to say that we

can find a sequence h[k] ∈ Hθ, k = 1, 2, ..., such that ∥h[k]∥Θ ≡ 1 and

Ψ[h[k]] → 0.

We can reach a contradiction if we can prove the following three statements:

[S1.1] {h : ∥h∥Θ ≡ 1} is a compact subset of Hθ;

[S1.2] Ψ[h] is a compact operator of h with respect to ∥ · ∥Θ norm;

[S1.3] Ψ[h] = 0 implies ∥h∥Θ = 0.

Statement S1.1 implies that we can find a convergent subsequence of h[k], denoted by h[kl],

such that there exits h[0] ∈ {h : ∥h∥Θ ≡ 1} and liml→∞ ∥h[kl] −h[0]∥Θ = 0. Statement S1.2

implies that

Ψ[h[0]] = lim
l→∞

Ψ[h[kl]] = 0.

By statement S1.3, we have ∥h[0]∥Θ = 0 from which we reach the contradiction.

S1.1 is proved by Bolzano-Weierstrass Theorem. S1.2 is proved by noting that Ψ[h] maps

h into a finite-dimensional space, namely R, and that ψ(·), ψ̇(·), β(·) and µ(·) are uniformly

bounded. Now we verify S1.3. The equation Ψ[h] = 0 implies that, with probability 1,

h⊤
ξ ℓ̇ξ(θ0;Oi) + ℓ̇β(θ0;Oi)[hβ] + ℓ̇ψ(θ0;Oi)[hψ]

+ ℓ̇µ(θ0;Oi)[hµ] + ℓ̇Σ(θ0;Oi)[hΣ] = 0. (3)
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By definition, we have

ℓ(θ0;Oi) = log

∫
ui

fS(ri, δi|Zi,ui;θ[0]
S )fy(yi|ti,ui;θ[0]

y )fu(ui; Σ0)dui

= log

∫
ui

exp{ℓS(θ[0]
S ; ri, δi, Zi,ui) + ℓy(θ

[0]
y ;yi, ti,ui) + ℓu(Σ0;ui)}dui, (4)

where

ℓS(θ
[0]
S ; ri, δi, Zi,ui) = δi log λ0

(
H(ri − g(τ0;ui))−

∫ 1

0
g(τ ;ui)β(τ)dτ − ξ⊤Zi

)
− Λ0

(
H(ri − g(τ0;ui))−

∫ 1

0
g(τ ;ui)β(τ)dτ − ξ⊤Zi

)
= δiψ0

(
H(ri − g(τ0;ui))−

∫ 1

0
g(τ ;ui)β(τ)dτ − ξ⊤Zi

)
−
∫ b

a
I
(
s ≤ H(ri − g(τ0;ui))−

∫ 1

0
g(τ ;ui)β(τ)dτ − ξ⊤Zi

)
exp{ψ0(s)}ds,

ℓy(θy;yi, ti,ui) = −1

2
(yi − µ0{g−1(ti;ui)})⊤(yi − µ0{g−1(ti;ui)}),

ℓu(Σu;ui) = −1

2
log |Σ0| −

1

2
u⊤
i Σ

−1
0 ui.

For simplicity of notations, define r̃i = r̃i(θ
[0]
S ;ui) = H(ri− g(τ0;ui))−

∫ 1
0 g(τ ;ui)β(τ)dτ −

ξ⊤Zi, ℓS(θ
[0]
S ;ui) = ℓS(θ

[0]
S ; ri, δi, Zi,ui) and ℓy(θy;ui) = ℓy(θy;yi, ti,ui). It follows from

direct calculations that

ℓ̇(θ0;Oi) =

∫
ui

exp{ℓS(θ[0]
S ;ui) + ℓy(θy;ui) + ℓu(Σu;ui)} × {ℓ̇S + ℓ̇y + ℓ̇u}dui∫

ui
exp{ℓS(θ[0]

S ;ui) + ℓy(θy;ui) + ℓu(Σu;ui)}dui
, (5)

where

ℓ̇S,ξ(θ
[0]
S ;ui) = −Zi

[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]
,

ℓ̇S,β(θ
[0]
S ;ui)[hβ] = −

∫ 1

0
hβ(τ)g(τ ;ui)dτ

[
δiψ̇0(r̃i(θ

[0]
S ;ui))

−
∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]
,

ℓ̇S,ψ(θ
[0]
S ;ui)[hψ] = δihψ(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}hψ(s)ds,

ℓ̇y,µ(θy;ui)[hµ] = (yi − µ0{g−1(ti;ui)})⊤hµ(g−1(ti;ui)),

ℓ̇u,Σ(Σ0;ui)[hΣ] = −1

2
trace{(Σ−1

0 − Σ−1
0 uiu

⊤
i Σ

−1
0 )hΣ}.

7



For any function of ui denoted by f(ui), define Li{f} =
∫
ui

exp{ℓS(θ[0]
S ;ui) + ℓy(θy;ui) +

ℓu(Σu;ui)} × f(ui)dui. Then equation (3) can be written as

Li
{
h⊤
ξ ℓ̇S,ξ + ℓ̇S,β[hβ] + ℓ̇S,ψ[hψ] + ℓ̇y,µ[hµ] + ℓ̇u,Σ[hΣ]

}
= Li

{
h⊤
ξ Zi

[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]}
+ Li

{∫ 1

0
hβ(τ)g(τ ;ui)dτ

[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]}
− Li

{
δihψ(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}hψ(s)ds

}
− Li

{(
yi − µ0{g−1(ti;ui)}

)
hµ(g

−1(ti;ui))
}

+ Li
{1
2
trace{(Σ−1

0 − Σ−1
0 uiu

⊤
i Σ

−1
0 )hΣ}

}
= 0, (6)

where the denominator
∫
ui

exp{ℓS(θ[0]
S ;ui) + ℓy(θy;ui) + ℓu(Σu;ui)}dui is cancelled out.

In [S1.3] it is assumed that (6) is true with probability 1. We prove hθ = 0 by two-steps.

In the first step, we prove ∥hΣ∥ = ∥hµ∥F0 = 0. Let δi = 1. we can integrate over ri on both

sides of (6). By model assumption, we have∫
ri

Li
{
h⊤
ξ ℓ̇S,ξ + ℓ̇S,β[hβ] + ℓ̇S,ψ[hψ]

}
dri

=

∫
ri

∫
ui

exp{ℓS(θ[0]
S ;ui) + ℓy(θy;ui) + ℓu(Σu;ui)} × {h⊤

ξ ℓ̇S,ξ + ℓ̇S,Σ[hΣ] + ℓ̇S,ψ[hψ]}duidri

=

∫
ui

[∫
ri

exp{ℓS(θ[0]
S ;ui)} × ℓ̇

S,θ
[0]
S

[h
θ
[0]
S

]dri

]
exp{ℓy(θy;ui) + ℓu(Σu;ui)}dui

=

∫
ui

Eri

[
ℓ̇
S,θ

[0]
S

[h
θ
[0]
S

]
∣∣∣Zi,ui] exp{ℓy(θy;ui) + ℓu(Σu;ui)}dui = 0,

and ∫
ri

Li
{
ℓ̇y,µ[hµ] + ℓ̇u,Σ[hΣ]

}
dri

=

∫
ri

∫
ui

exp{ℓS(θ[0]
S ;ui) + ℓy(θy;ui) + ℓu(Σu;ui)} × {ℓ̇y,µ[hµ] + ℓ̇u,Σ[hΣ]}duidri

=

∫
ui

[∫
ri

exp{ℓS(θ[0]
S ;ui)}dri

]
exp{ℓy(θy;ui) + ℓu(Σu;ui)} × {ℓ̇y,µ[hµ] + ℓ̇u,Σ[hΣ]}dui

=

∫
ui

exp{ℓy(θy;ui) + ℓu(Σu;ui)} × {ℓ̇y,µ[hµ] + ℓ̇u,Σ[hΣ]}dui.
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Note that

0 =

∫
ui

exp{ℓy(θy;ui) + ℓu(Σu;ui)} × {ℓ̇y,µ[hµ] + ℓ̇u,Σ[hΣ]}dui

= lim
∆→0

∫
ui

exp{ℓy(θy +∆hθy ;ui) + ℓu(Σ0 +∆hΣ;ui)}dui

= lim
∆→0

1

|Σ0|1/2

∫
ui

exp
{
− 1

2
∥yi − [µ0 +∆hµ]{g−1(ti;ui)})∥2 −

1

2
u⊤
i (Σ0 +∆hΣ)

−1ui

}
dui

= lim
∆→0

∫
ũi

exp
{
− 1

2
∥yi − [µ0 +∆hµ]{g−1(ti; (Σ0 +∆hΣ)

1/2ũi)})∥2 −
1

2
ũ⊤
i ũi

}
dũi

=

∫
ũi

exp
{
− 1

2
∥yi − µ0{g−1(ti; Σ

1/2
0 ũi)})∥2 −

1

2
ũ⊤
i ũi

}
×
(
yi − µ0{g−1

(
ti; Σ

1/2
0 ũi)}

)⊤[
hµ(g

−1(ti; Σ
1/2
0 ũi))

+ ∇µ0{g−1(ti; Σ
1/2
0 ũi)}

∂(Σ0 +∆hΣ)
1/2ũi

∂∆

∣∣∣
∆=0

]
dũi,

where

∇µ0{g−1(ti; Σ
1/2
0 ũi)} = ∇uiµ0{g−1(ti;ui)}

∣∣
ui=Σ

1/2
0 ũi

,

∂(Σ0 +∆hΣ)
1/2ũi

∂∆

∣∣∣
∆=0

= (ũi ⊗ IK)
[
Σ
1/2
0 ⊗ IK + IK ⊗ Σ

1/2
0

]
vec(hΣ)

=
(
Σ
1/2
0 hΣ + hΣΣ

1/2
0

)
ũi.

Let ηi = µ0{g−1(ti; Σ
1/2
0 ũi)}. Define µ+0 (ηi; ti) = argmin{τi:µ0(τi)=ηi}{∥τi−ti∥2}, which

is a generalized inverse of the function µ0. It is guaranteed to exist and be unique by

condition (C.7) that µ0 is piecewise monotonic without flat areas. We can write ũi as a

function of ti and ηi denoted by U(ti, µ
+
0 (ηi; ti)). Then we have

0 =

∫
ηi

exp{−1

2
∥yi − ηi∥2 −

1

2
∥U(ti, µ

+
0 (ηi; ti))∥

2}(yi − ηi)
⊤ ×

[
hµ(µ

−1
0 (ηi))

+ ∇µ0{g−1(ti; Σ
1/2
0 U(ti, µ

+
0 (ηi; ti)))}

(
Σ
1/2
0 hΣ + hΣΣ

1/2
0

)
U(ti, µ

+
0 (ηi; ti))

]
× |∇ηiU(ti, µ

+
0 (ηi; ti))|dηi.

Fixing ti, the above equation is a Fredholm Integral Equation of the first kind w. r. t. ηi.

It follows that

exp{−1

2
∥U(ti, µ

+
0 (ηi; ti))∥

2}|∇ηiU(ti, µ
+
0 (ηi; ti))|

[
hµ(µ

−1
0 (ηi))

+ ∇µ{g−1(ti; Σ
1/2
0 U(ti, µ

+
0 (ηi; ti)))}

(
Σ
1/2
0 hΣ + hΣΣ

1/2
0

)
U(ti, µ

+
0 (ηi; ti))

]
= 0, a.s.,
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i.e.

−hµ(µ−1
0 (ηi))

= ∇µ{g−1(ti; Σ
1/2
0 U(ti, µ

+
0 (ηi; ti)))}

(
Σ
1/2
0 hΣ + hΣΣ

1/2
0

)
U(ti, µ

+
0 (ηi; ti)),

almost surely for ηi and ti. The LHS of the above equation is independent of ti. The matrix

∇µ0{g−1(ti; Σ
1/2
0 U(ti, µ

+
0 (ηi; ti)))} is non-degenerate due to the model identifiability. It is

straightforward to verify that the RHS of the above equation is a constant function of ti if

and only if hΣ = 0, i.e., ∥bΣ∥ = 0. Then we also have hµ(µ
−1
0 (ηi)) = 0 a.s., i.e., ∥hµ∥F0 = 0.

In the second step, we prove ∥hξ∥ = ∥hβ∥Σ0 = ∥hψ∥Λ0 = 0. By a similar argument as

in the first step, we can prove that

h⊤
ξ Zi

[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]
+

∫ 1

0
hβ(τ)g(τ ;ui)dτ

[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]
− δihψ(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}hψ(s)ds

}
= 0

almost surely for ui, ri and Zi. For any Z1 ̸= Z2, we can find u1, r1 and u2, r2 such that

r̃1(θ
[0]
S ;u1) = r̃2(θ

[0]
S ;u2). Since E(ZiZ

⊤
i ) is non-singular by condition (C.1), we have

h⊤
ξ

[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]
= 0

almost surely. By model assumption,
[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b
a I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]
is not constant zero. Thus hξ = 0. Now we have∫ 1

0
hβ(τ)g(τ ;ui)dτ

[
δiψ̇0(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i ≥ s) exp{ψ0(s)}ψ̇0(s)ds

]
− δihψ(r̃i(θ

[0]
S ;ui))−

∫ b

a
I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}hψ(s)ds

}
= 0,

i.e.,∫ 1

0
hβ(τ)g(τ ;ui)dτ =

δihψ(r̃i(θ
[0]
S ;ui))−

∫ b
a I(r̃i(θ

[0]
S ;ui) ≥ s) exp{ψ0(s)}hψ(s)ds

δiψ̇0(r̃i(θ
[0]
S ;ui))−

∫ b
a I(r̃i ≥ s) exp{ψ0(s)}ψ̇0(s)ds

,

almost surely. The LHS of the the above equation does not depend on ri while the RHS is

a constant function of ri if and only if hψ(r̃i(θ
[0]
S ;ui)) = 0 almost surely, i.e., ∥hψ∥Λ0 = 0.

It follows that
∫ 1
0 hβ(τ)g(τ ;ui)dτ = 0 almost surely, i.e., ∥hβ∥Σ0 = 0. This completes the

proof for statement [S1.3].
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Next, we verify the Condition A2. Let ℓ̃(θ;ui) = ℓS(θS ;ui) + ℓy(θy;ui) + ℓu(Σu;ui). It

follows from direct calculations that

[ℓ(θ;Oi)− ℓ(θ0;Oi)]
2 =

[
log

( ∫
ui

exp{ℓ̃(θ;ui)}dui∫
ui

exp{ℓ̃(θ0;ui)}dui

)]2

=

[
log

(
1 +

∫
ui
(exp{ℓ̃(θ;ui)} − exp{ℓ̃(θ0;ui)})dui∫

ui
exp{ℓ̃(θ0;ui)}dui

)]2

=

[∫
ui
(exp{ℓ̃(θ;ui)} − exp{ℓ̃(θ0;ui)})dui∫

ui
exp{ℓ̃(θ0;ui)}dui

]2
(1 + o(1))

=

[∫
ui

exp{ℓ̃(θ0;ui)}{ℓ̃(θ;ui)− ℓ̃(θ0;ui)}dui∫
ui

exp{ℓ̃(θ0;ui)}dui

]2
(1 + o(1))

≤
∫
ui

exp{ℓ̃(θ0;ui)}{ℓ̃(θ;ui)− ℓ̃(θ0;ui)}2dui∫
ui

exp{ℓ̃(θ0;ui)}dui
(1 + o(1)).

Let OS
i = (ri, δi, Zi) and Oy

i = (yi, ti). Then it follows that

P [ℓ(θ;Oi)− ℓ(θ0;Oi)]
2

.
∫
Oi

∫
ui

exp{ℓ̃(θ0;ui)}{ℓ̃(θ;ui)− ℓ̃(θ0;ui)}2duidOi

.
∫
Oi

∫
ui

exp{ℓ̃(θ0;ui)}
[
{ℓS(θS ;ui)− ℓS(θ

[0]
S ;ui)}2

+ {ℓy(θS ;ui)− ℓy(θ
[0]
y ;ui)}2 + {ℓu(Σ;ui)− ℓu(Σ0;ui)}2

]
duidOi

=

∫
OSi

∫
ui

exp{ℓS(θ[0]
S ;ui) + ℓu(Σ0;ui)}{ℓS(θS ;ui)− ℓS(θ

[0]
S ;ui)}2duidOS

i

+

∫
Oyi

∫
ui

exp{ℓy(θ[0]
y ;ui) + ℓu(Σ0;ui)}{ℓy(θy;ui)− ℓy(θ

[0]
y ;ui)}2duidOy

i

+

∫
ui

exp{ℓu(Σ0;ui)}{ℓu(Σ;ui)− ℓu(Σ0;ui)}2dui

:= Ir + Iy + Iu.
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For Ir, by definition, we have

{ℓS(θS ;ui)− ℓS(θ
[0]
S ;ui)}2

=

∣∣∣∣δiψ (r̃i(θ[0]
S ;ui)

)
−
∫ b

a
I
(̃̃
ri(θ

[0]
S ;ui) ≥ s

)
exp{ψ(s)}ds

− δiψ0

(
r̃i(θ

[0]
S ;ui)

)
+

∫ b

a
I
(
r̃i(θ

[0]
S ;ui) ≥ s

)
exp{ψ0(s)}ds

∣∣∣∣2
≤ δi

∣∣∣∣ψ (r̃i(θS ;ui))− ψ
(
r̃i(θ

[0]
S ;ui)

) ∣∣∣∣2 + δi

∣∣∣∣ψ (r̃i(θS ;ui))− ψ0

(
r̃i(θ

[0]
S ;ui)

) ∣∣∣∣2
+

∣∣∣∣ ∫ ri(θ
[0]
S ;ui)

r̃i(θS ;ui)
exp{ψ0(s)}ds

∣∣∣∣2
≤

[∣∣∣ψ̇2
(
r̃i(θ

[1]
S ;ui)

) ∣∣∣2 + exp{2ψ0(r̃i(θ
[2]
S ;ui))}

]∣∣∣r̃i(θS ;ui)− r̃i(θ
[0]
S ;ui)

∣∣∣2
+
∣∣∣ψ (r̃i(θS ;ui))− ψ0

(
r̃i(θ

[0]
S ;ui)

) ∣∣∣2
:= Ir1 + Ir2

where θ
[j]
S = κjθS + (1 − κj)θ

[0]
S for j = 1, 2 and 0 < κj < 1. Note that ψ̇(·) and ψ0(·) are

both uniformly bounded. It is straight forward to verify that

Ir =

∫
OSi

∫
ui

exp{ℓS(θ[0]
S ;ui) + ℓu(Σ0;ui)}(Ir1 + Ir2)duidO

S
i

. ∥ξ − ξ0∥2 + ∥β − β0∥2Σ0
+ ∥ψ − ψ0∥2Λ0

.

Similarly, we can show that Iy . ∥µ− µ0∥2F0
and Iu . ∥Σ− Σ0∥2, i.e.,

P [ℓ(θ;Oi)− ℓ(θ0;Oi)]
2 . ∥ξ − ξ0∥2 + ∥β − β0∥2Σ0

+ ∥ψ − ψ0∥2Λ0
+ ∥µ− µ0∥2F0

+ ∥Σ− Σ0∥2

= ∥θ − θ0∥2Θ.

Thus, Condition A2 is satisfied with α2 = 1.

Finally, we verify the Condition A3. Define θn,0 = (ξ0, β0, ψn,0, µn,0,Σ0) ∈ Θn. Similar

to Condition A2, it can be proved that

|ℓ(θ;Oi)− ℓ(θn,0;Oi)| . ∥ξ − ξ0∥+ ∥β − βn,0∥Σ0 + ∥ψ − ψn,0∥Λ0

+ ∥µ− µn,0∥F0 + ∥Σ− Σ0∥

≤ ∥ξ − ξ0∥+ ∥β − βn,0∥Σ0 + ∥ψ − ψn,0∥∞

+ ∥µ− µn,0∥F0 + ∥Σ− Σ0∥,

where ξ ∈ Ξ, β ∈ Bβ, ψ ∈ Gψn , µ ∈ Bµn and Σ ∈ Σ. By the calculations similar to

Shen and Wong (1994), page 597, the ϵ-bracketing number of Gψn and Bµn, with respect
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to the L∞-norm, are bounded respectively by (1/ϵ)c1(Kµ+pµ+1) and (1/ϵ)c2(Kψ+pψ+1). It

is easy to see that the ϵ-bracketing number of Ξ × Σ ⊂ Rq+K is bounded by (1/ϵ)q+K .

Therefore, the ϵ-bracketing number of Fn = {ℓ(θ) − ℓ(πnθ0),θ ∈ Θn} with respect to the

L∞-norm, denoted by N(ϵ,Fn, ∥ · ∥∞), is bounded by (1/ϵ)c(Kµ,Kψ), where c(Kµ,Kψ) =

q+K + c1(Kβ + pµ+1)+ c2(Kψ + pψ +1). Note that Kµ = O(nvµ) and Kψ = O(nvψ). We

have c(Kµ,Kψ) ≍ nmax{vψ ,vµ}. It follows that

H(ϵ,Fn, ∥ · ∥∞) = logN(ϵ,Fn, ∥ · ∥∞)

. c(Kµ,Kψ) log(1/ϵ) ≍ nmax{vψ ,vµ} log(1/ϵ).

Then the Condition A3 holds with constants 2r0 = max{vψ, vµ} and r = 0+, where ϵ−0+ :=

log(1/ϵ).

By Theorem 1 of Shen and Wong (1994), we have

d(θ̂n,θ0) = OP (max{n−τ , d(θn,0,θ0), DKL(θn,0,θ0)
1/2}),

where DKL(θn,0,θ0) = P (ℓ(θn,0;O)− ℓ(θ0;O)) and

τ =
1− 2r0

2
− log log n

2 log n
.

Since log logn
2 logn → 0 as n → ∞, we can choose a r̃0 such that 1−2r̃0

2 ≤ 1−2r0
2 − log logn

2 logn for n

sufficiently large. We still write r̃0 as r0 and τ = 1−2r0
2 . By Corollary 6.21 in Schumaker

(1981), we have

d(θn,0,θ0) = O(n−min{pψvψ ,pµvµ}).

Given d(θn,0,θ0), the Kullback-Leibler distance DKL(θn,0,θ0) can be handled similarly as

the proofs for Condition A2, which is bounded by O(d2(θn,0,θ0)), i.e.,

K1/2(θn,0,θ0) . d(θn,0,θ0) = O(n−min{pψvψ ,pµvµ}).

Thus, we obtain the convergence rate for θ̂n as follows

d(θ̂n,θ0) = OP (n
−min{pψvψ ,pµvµ,(1−max{vψ ,vµ})/2}). 2

Proof of Theorem 2:

Theorem 2 is proved by referring to Theorem 2.1 in Ding and Nan (2011). Define

Hµ = {hµ : ∥hµ∥∞ ≤ 1, hµ ∈ Bµ},

Hψ = {hψ : ∥hψ∥Λ0 ≤ 1, hψ ∈ Gψ}.
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Since Bµn ⊂ Bµ, Gψn ⊂ Gψ, and by the consistency theorem, Hpµ
µ and Hpψ

ψ are wide enough

to cover the tangent sets induced by the sieve M-estimator. For simplicity of notations, we

ignore the parameter Σ in the following discussions. Since Bβ = S(Kβ, pβ) is isomorphic

to B ⊂ RK which is the set of B-spline coefficients for Bβ, they are used interchangeably

when the context is clear. Let ζ = (ξ, b). We need to verify the following six conditions:

B1. (Rate of convergence) For an estimator θ̂n = (ζ̂n, µ̂n, ψ̂n) ∈ Θn and the true parameter

θ0 = (ζ0, µ0, ψ0) ∈ Θ, d(θ̂n, θ0) = OP (n
−κ) for some κ > 0.

B2. P ℓ̇θ(θ0;O)[hθ] = 0 for all hθ ∈ Hθ = Ξ×B ×Hµ ×Hψ.

B3. (Positive information) There exists h∗
µ = (h∗µ,1, ..., h

∗
µ,d)

⊤ and h∗
ψ = (h∗ψ,1, ..., h

∗
ψ,d)

⊤,

where h∗µ,j ∈ Hpµ
µ and h∗ψ,j ∈ Hpψ

ψ , for j = 1, ..., q, such that

P
{
ℓ̈µζ(θ0;O)[hµ]− ℓ̈µµ(θ0;O)[h∗

µ, hµ]
}

= 0,

P
{
ℓ̈ψζ(θ0;O)[hψ]− ℓ̈ψψ(θ0;O)[h∗

ψ, hψ]
}

= 0,

and for all hµ ∈ Hpµ
µ and hψ ∈ Hpψ

ψ . Furthermore, the matrix

Ωζ = −P
{
ℓ̈ζζ(θ0;O)−

(
ℓ̈µζ(θ0;O)[h∗

µ] + ℓ̈ψζ(θ0;O)[h∗
ψ]
)}

is nonsingular.

B4. The estimator θ̂n satisfies Pn{ℓ̇ζ(θ̂n;O)} = oP (n
−1/2) and

Pn{ℓ̇µ(θ̂n;O)[h∗
µ]} = oP (n

−1/2),

Pn{ℓ̇ψ(θ̂n;O)[h∗
ψ]} = oP (n

−1/2).

B5. (Stochastic equi-continuity) For some C > 0,

sup
d(θ,θ0)≤Cn−κ,θ∈Θn

∣∣∣Gn{ℓ̇ζ(θ;O)} −Gn{ℓ̇ζ(θ0;O)}
∣∣∣ = oP (1)

and

sup
d(θ,θ0)≤Cn−κ,θ∈Θn

∣∣∣Gn{ℓ̇µ(θ;O)[h∗
µ]} −Gn{ℓ̇µ(θ0;O)[h∗

µ]}
∣∣∣ = oP (1),

sup
d(θ,θ0)≤Cn−κ,θ∈Θn

∣∣∣Gn{ℓ̇ψ(θ;O)[h∗
ψ]} −Gn{ℓ̇ψ(θ0;O)[h∗

ψ]}
∣∣∣ = oP (1).
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B6. (Smoothness of the model) For some a > 1 satisfying aκ > 1/2, and for θ in a

neighborhood of θ0: {θ : d(θ,θ0) ≤ Cn−κ,θ ∈ Θn},∣∣∣P{ℓ̇ζ(θ;O)− ℓ̇ζ(θ0;O)− ℓ̈ζζ(θ0;O)(ζ − ζ0)

− ℓ̈ζµ(θ0;O)[µ− µ0]− ℓ̈ζψ(θ0;O)[ψ − ψ0]
}∣∣∣ . da(θ,θ0),

∣∣∣P{ℓ̇µ(θ;O)[h∗
µ]− ℓ̇µ(θ0;O)[h∗

µ]− ℓ̈µζ(θ0;O)[h∗
µ](ζ − ζ0)

− ℓ̈µµ(θ0;O)[h∗
µ, µ− µ0]− ℓ̈µψ(θ0;O)[h∗

µ, ψ − ψ0]
}∣∣∣ . da(θ,θ0),

and ∣∣∣P{ℓ̇ψ(θ;O)[h∗
ψ]− ℓ̇ψ(θ0;O)[h∗

ψ]− ℓ̈ψζ(θ0;O)[h∗
ψ](ζ − ζ0)

− ℓ̈ψµ(θ0;O)[h∗
ψ, µ− µ0]− ℓ̈ψψ(θ0;O)[h∗

ψ, ψ − ψ0]
}∣∣∣ . da(θ,θ0).

By Theorem 1, B1 holds with κ = min{pψvψ, pµvµ, (1 − max{vψ, vµ})/2}. Based on

model assumptions, B2 holds automatically.

For B3, since ℓ(θ;O) is the log-likelihood function, it follows that h∗
ψ and h∗

µ are the

least favorable directions. It is easy to see the directions h∗
ψ and h∗

µ are respectively the

minimizers of the following functional operators

Ωψ[hψ] = P
{
∥ℓ̇ζ(θ0;O)− ℓ̇ψ(θ0;O)[hψ]∥2

}
,

Ωµ[hµ] = P
{
∥ℓ̇ζ(θ0;O)− ℓ̇µ(θ0;O)[hµ]∥2

}
,

which respectively map Hψ and Hµ to R+. Then the existence of h∗
ψ and h∗

µ in B3 is

equivalent to the existence of minimizers of Ωψ[hψ] and Ωµ[hµ] on Hψ and Hµ. Note that

Ωψ[hψ] and Ωµ[hµ] are uniformly bounded below by 0, which implies that infhψ∈Hψ
Ωψ[hψ]

and infhµ∈Hµ Ωµ[hµ] exist and are bounded below by 0. Therefore, the existence of h∗
ψ

and h∗
µ can be proved by showing that Hψ and Hµ are compact sets, and that Ωψ[hψ] and

Ωµ[hµ] are compact operators of hψ and hµ, which can be proved similarly as the Condition

A1 proved in Theorem 1. It follows from direct calculations that

Ωζ = −P
{
ℓ̈ζζ(θ0;O)−

(
ℓ̈gζ(θ0;O)[h∗

ψ] + ℓ̈µζ(θ0;O)[h∗
µ]
)}

= −P
{
ℓ̈ζζ(θ0;O) + ℓ̈ψψ(θ0;O)[h∗

ψ,h
∗
ψ] + ℓ̈µµ(θ0;O)[h∗

µ,h
∗
µ]

+ ℓ̈ψζ(θ0;O)[h∗
ψ] + ℓ̈µζ(θ0;O)[h∗

µ]
)}

= P
{(
ℓ̇ζ(θ0;O)− ℓ̇ψ(θ0;O)[h∗

ψ]− ℓ̇µ(θ0;O)[h∗
µ]
)⊗2}

.
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By a similar argument that we used to prove the Condition A1 in Theorem 1, we can prove

that Ωζ is non-singular, which is the information matrix for ζ0.

For B4, the first equation Pn{ℓ̇ζ(θ̂n;Oi} = oP (n
−1/2) holds automatically by the defini-

tion of θ̂n which maximizes Pn{ℓ(θ̂n;Oi)}. Namely, the score equation for ζ̂n is

Pn{ℓ̇ζ(θ̂n;Oi)} = 0.

The remaining three equations are less obvious as h∗
ψ and h∗

µ are only known to be in Hψ

and Hµ which may not be the actual tangent sets of our sieve estimation with B-spline

approximations. Fortunately, we can always approximate functions in Hψ and Hµ by B-

splines with a decent accuracy. Since the proofs for the two equations are essentially the

same, we only give the proof for

Pn{ℓ̇ψ(θ̂n;Oi)[h
∗
ψ]} = oP (n

−1/2).

The rest two equations can be proved similarly. According to Corollary 6.21 of Schumaker

(1981), there exists an h∗j,n ∈ Gn such that ∥h∗j,n − h∗g,j∥∞ = O(n−pψvψ). Note that in our

sieve estimation the log-hazard rate function ψ(t) = log λ(t) is approximated by ψn(t) =

Φn(t)
⊤γ where Φn(t) is the B-spline basis function for Gpn. Then by the score equation for

γ, we have

Pnℓ̇n,γ(ζ̂n, γ̂n, v̂n;Oi)} = Pn
{
Eu
i,θ̂n

[
δiΦn(r̃i(ζ̂n;ui))−∫ b

a
I(r̃i(ζ̂n, ;ui) ≥ s) exp{ψ̂n(s)}Φn(s)ds

]}
= 0,

where

Eu
i,θ

[
h(ui,Oi)

]
=

∫
ui

exp{ℓS(θS ;ui) + ℓy(θy;ui) + ℓu(Σu;ui)} × h(ui,Oi)dui∫
ui

exp{ℓS(θS ;ui) + ℓy(θy;ui) + ℓu(Σu;ui)}dui
.

Since h∗j,n ∈ Gψn , we can write it as h∗j,n(t) = Φn(t)
⊤γ∗

j,n, i.e.,

0 = Pn
{
Eu
i,θ̂n

[
δih

∗
j,n(r̃i(ζ̂n;ui))−

∫ b

a
I(r̃i(ζ̂n;ui) ≥ s) exp{ψ̂n(s)}h∗j,n(s)ds

]}
= Pnℓ̇ψ(θ̂n;Oi)[h

∗
j,n]

for j = 1, ..., q. Thus it suffices to show that for each j = 1, ..., q,

In = Pnℓ̇ψ(θ̂n;Oi)[h
∗
ψ,j − h∗j,n] = oP (n

−1/2).
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Since P ℓ̇ψ(θ0;Oi)[h
∗
ψ,j − h∗j,n] = 0, we decompose In into In = In,1 + In,2, where

In,1 = (Pn − P )ℓ̇ψ(θ̂n;Oi)[h
∗
ψ,j − h∗j,n],

In,2 = P
{
ℓ̇ψ(θ̂n;Oi)[h

∗
ψ,j − h∗j,n]− ℓ̇ψ(θ0;Oi)[h

∗
ψ,j − h∗j,n]

}
.

B4 is proved if both In,1 and In,2 are oP (n
−1/2).

For In,1, the key is to study the following class of functions:

F j
n(η) = {ℓ̇ψ(θ;Oi)[h

∗
j − hj ] : θ ∈ Θn, d(θ,θ0) ≤ η, hj ∈ Hψ, ∥h∗j − hj∥∞ ≤ η}.

By a similar argument that we used to prove the Condition A2 in Theorem 1, we can prove

that

|ℓ̇ψ(θ;Oi)[h
∗
j − hj ]− ℓ̇ψ(θ0;Oi)[h

∗
j − hj ]|

. (∥ζ − ζ0∥+ ∥ψ − ψn,0∥Λ0 + ∥µ− µn,0∥F0)× ∥h∗j − hj∥∞.

It implies that the ϵ-bracketing number of F j
n(η) in terms of the L∞ norm, denoted by

N[ ](ϵ,F
j
n(η), ∥ · ∥∞), is bounded by (η/ϵ)c(Kµ,Kψ), where c(Kµ,Kψ) = d+ c1(Kµ+pµ+1)+

c2(Kψ + pψ + 1). Then it follows that

logN[ ](ϵ,F j
n(η), L2(P )) ≤ logN[ ](ϵ,F j

n(η), ∥ · ∥∞) . c(Kµ,Kψ) log(η/ϵ),

which leads to the bracketing integral

J[ ](η,F j
n(η), L2(P )) =

∫ η

0

√
1 + logN[ ](ϵ,F

j
n(η), L2(P ))dϵ . c(Kµ,Kψ)

1/2η.

Note that c(Kµ,Kψ) ≍ nmax{vψ ,vµ}. We can pick η to be

ηn = O(n−min{pψvψ ,pµvµ,(1−max{vψ ,vµ})/2}).

Then ∥h∗ψ,j−h∗j,n∥∞ = O(n−pψvψ) ≤ ηn and d(θ̂n,θ0) = OP (n
−min{pψvψ ,pµvµ,(1−max{vψ ,vµ})/2}) ≍

ηn, which implies that ℓ̇ψ(θ̂n;Oi)[h
∗
ψ,j−h∗j,n] ∈ F j

n(ηn). For any ℓ̇ψ(θ;O)[h∗j −hj ] ∈ F j
n(ηn),

we have

P
{
ℓ̇ψ(θ;O)[h∗j − hj ]

}2

= P

{
Exi,θ

[
δi[h

∗
j − hj ] (r̃i(ζ;ui))−

∫ b

a
I(r̃i(ζ;ui) ≥ s) exp {ψ (s)} [h∗j − hj ] (s) ds

]}2

. PEx
i,θ

[
[h∗j − hj ]

2 (r̃i(ζ;ui)) +

∫ b

a
exp {2ψ (s)} [h∗j − hj ]

2 (s) ds

]
. ∥h∗j − hj∥2∞.
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Note that ∥h∗j − hj∥∞ ≤ ηn. It is easy to see that ∥ℓ̇ψ(θ;O)[h∗j − hj ]∥∞ can be taken to be

bounded by some constant 0 < M <∞. By the maximal inequality in Lemma 3.4.2 of van

der Vaart and Wellner (1996), it follows that

EP ∥Gn∥Fjn(ηn) . J[ ](η,F j
n(η), L2(P ))

(
1 +

J[ ](η,F
j
n(η), L2(P ))

η2n
√
n

M

)
. c(Kµ,Kψ)

1/2ηn + c(Kµ,Kψ)n
−1/2

= O
(
nmax{vψ ,2vµ}/2−min{pψvψ ,pµvµ,(1−max{vψ ,2vµ})/2}

)
+O

(
nmax{vψ ,2vµ}−1/2

)
= o(1),

where the last equality follows from 1/(2 + 2pψ) < vψ < 1/(2pψ), 1/(2 + 2pµ) < vµ <

1/(2pµ), pψ ≥ 3 and pµ ≥ 2. By Markov’s inequality, I1n = n−1/2Gnℓ̇ψ(θ;O)[h∗j − hj ] =

oP (n
−1/2).

For In,2, given any θn ∈ Θn, by Taylor’s expansion, we have,

ℓ̇ψ(θn;Oi)[h
∗
j − hj ]− ℓ̇ψ(θ0;Oi)[h

∗
j − hj ]

= (ζn − ζ0)
⊤ℓ̈ψζ(θ̃n;Oi)[h

∗
j − hj ] + ℓ̈ψψ(θ̃n;Oi)[h

∗
j − hj , ψn − ψ0]

+ ℓ̈ψµ(θ̃n;Oi)[h
∗
j − hj , µn − µ0],

where θ̃n is between θn and θ0, and

ℓ̈αυ(θ;Oi) = −Eui,θ
[
˙̃
ℓα(θ;ui)

]
Eui,θ

[
˙̃
ℓυ(θ;ui)

]
+ Eui,θ

[
˙̃
ℓα(θ;ui)

˙̃
ℓυ(θ;ui) +

¨̃
ℓαυ(θ;ui)

]
= −ℓ̇α(θ;Oi)ℓ̇υ(θ;Oi) + Eui,θ

[
˙̃
ℓα(θ;ui)

˙̃
ℓυ(θ;ui) +

¨̃
ℓαυ(θ;ui)

]
,

where

ℓ̃(θ;ui) = ℓS(θS ;ui) + ℓy(θy;ui) + ℓu(Σu;ui),

and α, υ represent any two of the parameters in (ζ, ψ, µ). It is worth noting that in general

ℓ̈αυ(θ) ̸= Eui,θ

[
¨̃
ℓαυ(θ;ui)

]
,

since the operator Eui,θ [·] itself also depends on θ. It follows from direct calculations that,

¨̃
ℓψζ(θ;ui)[hψ] = −

[
Z⊤
i ,u

⊤
i

∫ 1

0
B(τ)B(τ)dτ

]{
δiḣψ(r̃i(ζ;ui))

−
∫ b

a
I(r̃i(ζ;ui) ≥ s) exp{ψ(s)}

[
ḣψ(s) + ψ̇(s)ḣψ(s)

]
ds

}
,

¨̃
ℓψψ(θ;ui)[hψ, ~ψ] = −

∫ b

a
I(r̃i(ζ;ui) ≥ s) exp{ψ(s)}hψ(s)~ψ(s)ds,
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and
¨̃
ℓψµ(θ;ui)[hψ, hµ] = 0. Following a similar argument used in proving the Condition A2

in Theorem 1, it can be proved that

P
{∣∣ℓ̇ψ(θ̂n;O)[h∗ψ,j − h∗j,n]− ℓ̇ψ(θ0;O)[h∗ψ,j − h∗j,n]

∣∣2}
. d(θ̂n,θ0)

2 × (∥h∗ψ,j − h∗j,n∥∞ + ∥ḣ∗g,j − ḣ∗j,n∥∞)2

= o(n−1),

which implies that In,2 = oP (n
−1/2). Thus In = In,1 + In,2 = oP (n

−1/2) and Condition B4

holds.

For B5, the three equations are proved by studying the following three classes of func-

tions:

Fζn,j(η) = {ℓ̇ηj (θ;O)− ℓ̇ζj (θ0;O) : θ ∈ Θn, d(θ,θ0) ≤ η, ∥ψ̇ − ψ̇0∥Λ0 ≤ η},

Fψ
n,j(η) = {ℓ̇ψ(θ;O)[h∗j,n]− ℓ̇ψ(θ0;O)[h∗ψ,j ] : θ ∈ Θn, d(θ,θ0) ≤ η},

Fµ
n,j(η) = {ℓ̇µ(θ;O)[h∗µ,j ]− ℓ̇µ(θ0;O)[h∗µ,j ] : θ ∈ Θn, d(θ,θ0) ≤ η},

for j = 1, ..., q, where ℓ̇ηj (θ;O) is the jth component of ℓ̇η(θ;O). The rest of the proof for

B5 is essentially very similar to B4. The η is picked to be

ηn = O(n−min{(pψ−1)vψ ,pµvµ,(1−max{vψ ,2vµ})/2}).

More detailed discussion can be found in Ding and Nan (2011), page 3055-3057.

Finally, we verify B6. We just provide the details for the third equation regarding

ℓ̇ψ(θ;O)[h∗
ψ], as the proofs for the three equations are essentially the same. To avoid

confusion in later discussions, we use Oi = (ri, δi, Zi,yi, ti) in place of O. By Taylor’s

expansion, we have,

P
{
ℓ̇ψ(θ;O)[h∗

ψ]− ℓ̇ψ(θ0;O)[h∗
ψ]− ℓ̈ψζ(θ0;O)[h∗

ψ](ζ − ζ0)

− ℓ̈ψµ(θ0;O)[h∗
ψ, µ− µ0]− ℓ̈ψψ(θ0;O)[h∗

ψ, ψ − ψ0]
}

= P
{
ℓ̈ψζ(θ̃;Oi)[h

∗
ψ]− ℓ̈ψζ(θ0;Oi)[h

∗
ψ]
}
(ζ − ζ0)

+ P
{
ℓ̈ψµ(θ̃;Oi)[h

∗
ψ, µ− µ0]− ℓ̈ψµ(θ0;Oi)[h

∗
ψ, µ− µ0]

}
+ P

{
ℓ̈ψψ(θ̃;Oi)[h

∗
ψ, ψ − ψ0]− ℓ̈ψψ(θ0;Oi)[h

∗
ψ, ψ − ψ0]

}
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where θ̃ is between θ and θ0. It follows from direct calculations that∣∣∣P{ℓ̈ψζ(θ̃;Oi)[h
∗
ψ]− ℓ̈ψζ(θ0;Oi)[h

∗
ψ]
}
(ζ − ζ0)

∣∣∣
=

∣∣∣P{Eu
i,θ̃

[
ℓ̈S,ψζ(θ̃;Oi,ui)[h

∗
ψ, ζ − ζ0]

]
−Eu

i,θ0

[
ℓ̈S,ψζ(θ0;Oi,ui)[h

∗
ψ, ζ − ζ0]

]
+ Eu

i,θ̃

[
ℓ̇S,ψ(θ̃;Oi,ui)[h

∗
ψ]ℓ̇S,ψ(θ̃;Oi,ui)[ζ − ζ0]

]
− Eui,θ0

[
ℓ̇S,ψ(θ0;Oi,ui)[h

∗
ψ]ℓ̇S,ψ(θ0;Oi,ui)[ζ − ζ0]

]
− Eu

i,θ̃

[
ℓ̇S,ψ(θ̃;Oi,ui)[h

∗
ψ]
]
Eu
i,θ̃

[
ℓ̇S,ψ(θ̃;Oi,ui)[ζ − ζ0]

]
+ Eui,θ0

[
ℓ̇S,ψ(θ0;Oi,ui)[h

∗
ψ]
]
Eui,θ0

[
ℓ̇S,ψ(θ0;Oi,ui)[ζ − ζ0]

]}∣∣∣
.

∣∣∣P{Eu
i,θ̃

[
ℓ̈S,ψζ(θ̃;Oi,ui)[h

∗
ψ, ζ − ζ0]

]
−Eu

i,θ0

[
ℓ̈r,ψζ(θ0;Oi,ui)[h

∗
ψ, ζ − ζ0]

]}∣∣∣
+
∣∣∣P{Eu

i,θ̃

[
ℓ̇S,ψ(θ̃;Oi,ui)[h

∗
ψ]ℓ̇S,ψ(θ̃;Oi,ui)[ζ − ζ0]

]
− Eui,θ0

[
ℓ̇S,ψ(θ0;Oi,ui)[h

∗
ψ]ℓ̇S,ψ(θ0;Oi,ui)[ζ − ζ0]

]}∣∣∣
+
∣∣∣P{Eu

i,θ̃

[
ℓ̇S,ψ(θ̃;Oi,ui)[h

∗
ψ]
]
Eu
i,θ̃

[
ℓ̇S,ψ(θ̃;Oi,ui)[ζ − ζ0]

]
− Eui,θ0

[
ℓ̇S,ψ(θ0;Oi,ui)[h

∗
ψ]
]
Eui,θ0

[
ℓ̇S,ψ(θ0;Oi,ui)[ζ − ζ0]

]}∣∣∣
:= B1 +B2 +B3.

By a similar argument that we used to verify the Condition B4 above and the Condition

A2 in Theorem 1, we can prove that

B1 . (d(θ,θ0) + ∥ψ̇ − ψ̇0∥Λ0 + ∥ψ̈ − ψ̈0∥Λ0)× ∥ζ − ζ0∥

. O(n−min{(pψ−2)vψ ,pµvµ,(1−max{vψ ,2vµ})/2})×O(n−κ)

= O(n−min{(pψ−2)vψ ,pµvµ,(1−max{vψ ,2vµ})/2})×O(n−min{pψvψ ,pµvµ,(1−max{vψ ,2vµ})/2})

= o(n−1/2),

where the last equality requires the condition (pψ − 2)vψ > vµ. And

B2 +B3 . (d(θ,θ0) + ∥ψ̇ − ψ̇0∥Λ0)× ∥ζ − ζ0∥

. O(n−min{(pψ−1)vψ ,pµvµ,(1−max{vψ ,2vµ})/2})×O(n−min{pψvψ ,pµvµ,(1−max{vψ ,2vµ})/2})

= o(n−1/2).

Let ã = min{(pψ − 2)vψ, pµvµ, (1−max{vψ, vµ})/2}. We have

P
{
ℓ̈ψζ(θ̃;Oi)[h

∗
ψ]− ℓ̈ψζ(θ0;Oi)[h

∗
ψ]
}
(ζ − ζ0) . O(n−aκ) = o(n−1/2),
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where a = (ã+ κ)/κ > 1 and aκ > 1/2. Similarly, we can prove that

P
{
ℓ̈ψµ(θ̃;Oi)[h

∗
ψ, µ− µ0]− ℓ̈ψµ(θ0;Oi)[h

∗
ψ, µ− µ0]

}
. O(n−aκ) = o(n−1/2),

P
{
ℓ̈ψψ(θ̃;Oi)[h

∗
ψ, ψ − ψ0]− ℓ̈ψψ(θ0;Oi)[h

∗
ψ, ψ − ψ0]

}
. O(n−aκ) = o(n−1/2),

and thus

P
{
ℓ̇ψ(θ;O)[h∗

ψ]− ℓ̇ψ(θ0;O)[h∗
ψ]− ℓ̈ψζ(θ0;O)[h∗

ψ](ζ − ζ0)

− ℓ̈ψµ(θ0;O)[h∗
ψ, µ− µ0]− ℓ̈ψψ(θ0;O)[h∗

ψ, ψ − ψ0]
}

. O(n−aκ) = o(n−1/2).

Therefore, we have verified all six conditions B1-B6. Following Theorem 2.1 in Ding and Nan

(2011), we have
√
n(ζ̂n − ζ0) → N(0,Ω−1

ζ Ω̃ζ(Ω
−1
ζ )′),

where Ωζ is as defined in B3 and

Ω̃ζ = P
{(
ℓ̇ζ(θ0;O)− ℓ̇β(θ0;O)[h∗

β]− ℓ̇ψ(θ0;O)[h∗
ψ]− ℓ̇µ(θ0;O)[h∗

µ]
)⊗2}

.

By the proofs for B3, we have Ωζ = Ω̃ζ , i.e.,
√
n(ζ̂n − ζ0) → N(0,Ω−1

ζ ). Since(
ℓ̇ζ(θ0;O)− ℓ̇β(θ0;O)[h∗

β]− ℓ̇ψ(θ0;O)[h∗
ψ]− ℓ̇µ(θ0;O)[h∗

µ]
)

is the efficient score function for ζ0, it follows that Ω
−1
ζ achieves the semiparametric efficiency

bound. 2
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