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Fig. 1 Scheme of the lower energy levels of the renormalized spectrum (E in Ω units) for
main (n = 0) and phonon satellite (n = 1, 2, 3, . . . ) states of one-mode system (a) and
average number of phonons N1(α, n) in these states as functions of coupling constant α (b)
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 Fig. 2 Scheme of lower levels of the renormalized energy spectrum (E in Ω1 units) of main
(n = 0), partially degenerate (a) and non-degenerate (b) phonon satellite states (n1, n2 =
1, 2, 3, . . . ) for two-mode system. Main level (red line), unmixed (black line) and mixed
(green line) satellite levels, Σ- complete spectrum, n is the number of the level in complete
spectrum, sn is a degree of degeneration, nλ is a number of the level produced by λ-th mode.
Ω1 = 1; Ω2 = 2; (a) and Ω1 = 1; Ω2 =

√
2 (b)



Fig. 3 Average numbers of phonons (Nτ,s(n1, n2)) as functions of coupling constants
(α1, α2) for the main (a) and lower satellite states of the two-mode system: unmixed (b, c,
d) and mixed (e, f, g)



0

1

2

3

4

5

6

7

8

9

Triple-mixedDouble-mixed

n1=1,2,3,...,∞ n1=1,2,3,...,∞ n1=1,...,∞n1=1,2,...,∞n1=1,2,3,...,∞
n3=1,2,3,...,∞

Unmixed

100

Σ

c)

n1=0n2=0n3=0
n2=1,2,...,∞

n2=1,2,3,...,∞ n3=1,2,...,∞

n3=4,...,∞

n3=3n3=2n3=1

n2=1,...,∞
0

40

30

20

10

5

1

50

n3n2n1

n

n2=1,2,3,...,∞ n2=1,2,...,∞

0

1

2

3

4

5

6

7

8

9

Triple-mixedDouble-mixedUnmixed

25
4

2
2

1

440

4

1

1

2

1

sn

Σ

b)

0

30

20

1

n

1
3

n3n2n1

n1=1,...,∞n1=1,2,...,∞n1=1,2,3,...,∞

n3=4,...,∞

n3=3n3=2n3=1

n2=1,...,∞n2=1,2,3,...,∞ n2=1,2,...,∞
n1=1,2,3,...,∞ n1=1,2,3,...,∞

n3=1,2,3,...,∞

n1=0n2=0n3=0
n2=1,2,...,∞

n2=1,2,3,...,∞ n3=1,2,...,∞

0

1

2

3

4

5

6

7

8

9

10

11

12

Triple-mixedUnmixed

n

10

7
6
5
4
3

2
1

8
9

10
11

12

8
7
5
4

3
2
1

10
12

14
16

19
sn

Σ

a)

n1=1,2,3,...,∞ n1=1,2,3,...,∞
n3=1,2,3,...,∞

n1=0n2=0n3=0
n2=1,2,...,∞

n2=1,2,3,...,∞ n3=1,2,...,∞

Double-mixed
n3n2n1

n1=1,...,∞n1=1,2,...,∞n1=1,2,3,...,∞

n3=4,...,∞

n3=3n3=2n3=1

n2=1,...,∞n2=1,2,3,...,∞ n2=1,2,...,∞

Fig. 4 Scheme of the main and lower satellite levels of the renormalized energy spectrum E
(in Ω1units) for three types of three-mode systems: the main and the first satellite levels are
non-degenerate and the rest are degenerate (a); the complete spectrum is partially degenerate
(b); the spectrum is non-degenerate (c). The main level (red line), unmixed (black line),
double-mixed (green line), triple-mixed (blue line) satellite levels, Σ- complete spectrum, n
is the number of the level in complete spectrum, sn is a degree of degeneration, nλ is the
number of the level produced by λ-th mode. Dimensionless parameters of the systems: Ω1 =
1; Ω2 = 2; Ω3 = 3; (a), Ω1 = 1; Ω2 =

√
3; Ω3 = 2; (b), Ω1 = 1; Ω2 =

√
2; Ω3 =
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3 (c)
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