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1 Examples of regression modeling in shrinkage esti-

mation

This section illustrates how the proposed regression approach can be applied to common

simultaneous estimation problems.

Example 1. Let Yi ∼ N(θi, σ
2) with σ2 known. In model (3), let CCi and Cki be null

and CY i = 1, so that δi(Y ,C,N ) = βYi. The vector X i equals Yi and the empirical risk

function (5) becomes

R̂n(β) = −σ2 + 2σ2β +
1

n

n∑
i=1

(Yi − Yiβ)2.

This is minimized by β̂ = 1 − nσ2/
∑

i Y
2
i . The resulting estimate β̂Yi for θ is nearly

identical to the estimator of James and Stein (1961).

Example 2. Let Yi ∼ N(θi, σ
2
i ) with σ2

i known. The σ2
i vary with i and may be

informative for θi, so they should be included as a covariate in model (3). Let CCi =

(1, σ2
i )>, CY i = 1, and Cki be null, so that δi(Y ,C,N ) = β0 + β1σ

2
i + β2Yi. Though

not at first evident, it can be shown (Biscarri, 2019) that the resulting estimate for θ after

empirical risk minimization is nearly identical to the subspace shrinkage estimator of Oman

(1982).

Example 3. Let Yi follow the state-space model in equation (14) of Greenshtein et al.

(2019), where for i = 1, . . . , n,

Yi = θi + εi ∼ N(0, 1), θi = Φθi−1 + Ui

for some Φ, where Ui are independent random variables and εi and Ui are independent.

This suggests that both Yi and Yi−1 should be used to estimate θi. Define the index
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neighborhood Ni = {i− 1} and let CCi = 1, CY i = 1, and Cki = 1 for k = 1. Then model

(3) becomes δ(Y ,C,N ) = β0 + β1Yi + β2Yi−1.

Though not discussed in detail here, the regression approach also encompasses more

complex regression models. For example, let Yi ∼ N(θi, σ
2
i ) with σ2

i known. Motivated

by a Bayesian hierarchical model, several authors (Kou and Yang, 2017; Xie et al., 2012,

2016) have considered semiparametric estimators of the form (1− bi)Yi + biθ̃i, where θ̃i can

depend on covariates but not Yi and the bi ∈ [0, 1] obey bi ≤ bj whenever σ2
i ≤ σ2

j . This

satisfies the intuition that θi should be close to Yi for observations with small variance σ2
i .

Similarly, model (3) could be extended to allow components of the regression coefficient

β to depend on i, and the constrained estimator (7) could be used to impose the same

ordering constraints on the coefficients.

2 Estimating V n (12)

An estimate of the matrix V n (12) from Theorem 5 is presented here. As in model (3),

partition the covariate vector Ci into CCi, CY i, and Cki, k = 1, . . . , q, and denote the

lengths of the component vectors by pC , pY , and pk respectively. Define the p × p block

matrix

V̂ n =


A B C

D E F

G H I

 (1)
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where A, B, and C have rows indexed by j = 1, . . . , pC and entries equal to

Ajj′ =
1

n

n∑
i=1

CCijCCij′σ
2
i , j
′ = 1, . . . , pC ,

Bjj′ =
1

n

n∑
i=1

CCijCY ij′(σ
2
i Yi + κ3i), j

′ = 1, . . . , pY ,

Cj,kj′ =
1

n

n∑
i=1

CCijCkij′σ
2
i Yik , k = 1, . . . , q, j′ = 1, . . . , pk,

D, E and F have rows indexed by j = 1, . . . , pY and entries equal to

Djj′ =Bj′j, j
′ = 1, . . . , pC ,

Ejj′ =
1

n

n∑
i=1

CY ijCY ij′(σ
2
i Y

2
i + 2Yiκ3i + κ4i − 2σ4

i ), j′ = 1, . . . , pY ,

Fj,kj′ =
1

n

n∑
i=1

CY ijCkij′Yik(σ2
i Yi + κ3i), k = 1, . . . , q, j′ = 1, . . . , pk,

and G, H , and I have rows indexed by kj, k = 1, . . . , q, j = 1, . . . , pk and entries equal to

Gkj,j′ =Cj′,kj, j
′ = 1, . . . , pC ,

Hkj,j′ =Fj′,kj, j
′ = 1, . . . , pY ,

Ikj,k′j′ =
1

n

n∑
i=1

CijCij′σ
2
i YikYik′ +

1

n

∑
i 6=l

CijClj′σ
2
i σ

2
l δilk′δikl, k

′ = 1, . . . , q, j′ = 1, . . . , pk,

where δab = 1 if a = b and 0 otherwise.
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3 Proof of Proposition 1

Let εi = Yi − θi. Then the true risk Rn(β) obeys

Rn(β) =
1

n

n∑
i=1

E
{
ε2i − 2εi(Yi −X>i β) + (Yi −X>i β)2

}
= − 1

n

n∑
i=1

σ2
i −

2

n

(
n∑

i=1

EεiXi

)>
β +

1

n

n∑
i=1

E{(Yi −X>i β)2}.

By the definition of X i in , each coordinate of X i is of the form Cij, YiCij, or YikCij,

for j = 1, . . . , p and k = 1, . . . , q. Since EεiCij = 0, EεiYikCij = 0 because ik 6= i

by definition, and EεiYiCij = σ2
iCij, EεiX i can be expressed as σ2

i ∂X i/∂Yi. Finally,∑
i σ

2
i ∂X i/∂Yi = EZ because σ̂2

i is an unbiased estimate of σ2
i .

4 Proof of Theorem 1

Let εi = Yi − θi. Since

1

n

n∑
i=1

(Yi −X>i β)2 =
1

n

n∑
i=1

{
ε2i + 2εi(θi −X>i β) + (θi −X>i β)2

}
,

it follows that

sup
β∈Mn

|R̂n(β)− `n(β)| = sup
β∈Mn

∣∣∣∣∣− 1

n

n∑
i=1

σ̂2
i +

2

n
Z>β +

1

n

n∑
i=1

(ε2i + 2εiθi − 2εiX
>
i β)

∣∣∣∣∣
≤

∣∣∣∣∣ 1n
n∑

i=1

σ̂2
i −

1

n

n∑
i=1

ε2i

∣∣∣∣∣+

∣∣∣∣∣ 2n
n∑

i=1

εiθi

∣∣∣∣∣+ 2 sup
β∈Mn

∣∣∣∣∣∣
(

1

n
Z − 1

n

n∑
i=1

εiX i

)>
β

∣∣∣∣∣∣ . (2)

Each term in (2) can be shown to converge to zero in expectation.

The first term obeys(
E

∣∣∣∣∣ 1n
n∑

i=1

σ̂2
i −

1

n

n∑
i=1

ε2i

∣∣∣∣∣
)2

≤ E

{ 1

n

n∑
i=1

(σ̂2
i − ε2i )

}2
 =

1

n2

n∑
i=1

var(σ̂2
i − ε2i ).
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This is at most

1

n2

n∑
i=1

{var(σ̂2
i ) + var(ε2i ) + 2|cov(σ̂2

i , ε
2
i )|}

≤ 1

n2

n∑
i=1

{var(σ̂2
i ) + var(ε2i ) + 2var(σ̂2

i )1/2var(ε2i )
1/2}

≤ 1

n2

n∑
i=1

var(σ̂2
i ) +

1

n2

n∑
i=1

var(ε2i ) + 2

{
1

n2

n∑
i=1

var(σ̂2
i )

}1/2{
1

n2

n∑
i=1

var(ε2i )

}1/2

,

which converges to zero by Assumption 1a because 0 ≤ var(ε2i ) = κ4i− σ4
i ≤ κ4i, where κ4i

is the fourth central moment of Yi. For the second term,(
E

∣∣∣∣∣ 2n
n∑

i=1

εiθi

∣∣∣∣∣
)2

≤ E


(

2

n

n∑
i=1

εiθi

)2
 =

4

n2

n∑
i=1

var(εiθi) =
4

n2

n∑
i=1

σ2
i θ

2
i ,

which also converges to zero by Assumption 1a.

To bound the third term in (2), first partition β = (β>C ,β
>
Y ,β

>
1 , . . . ,β

>
q )> as in model

(3). Denote the lengths of βC , βY , and βk by pC , pY , and pk respectively. In other words,

pC + pY + p1 + . . . pq equals the total number of covariates p. Finally, given the definition

of X i and Z =
∑

i σ̂
2
i ∂X i/∂Yi in (5),

Z =

(
0, . . . , 0,

n∑
i=1

σ̂2
iCi1, . . . ,

n∑
i=1

σ̂2
iCip, 0, . . . , 0, . . . , 0, . . . , 0

)>
.

Then ignoring the constant factor 2, the third term in (2) is upper-bounded by

sup
β∈Mn

{∣∣∣∣∣ 1n
n∑

i=1

εiC
>
Ciβ

C

∣∣∣∣∣+

∣∣∣∣∣ 1n
n∑

i=1

(σ̂2
i − εiYi)C>Y iβY

∣∣∣∣∣+

q∑
k=1

∣∣∣∣∣ 1n
n∑

i=1

εiYikC
>
kiβk

∣∣∣∣∣
}

≤
pC∑
j=1

∣∣∣∣∣Mn

n

n∑
i=1

εiCCij

∣∣∣∣∣+

pY∑
j=1

∣∣∣∣∣Mn

n

n∑
i=1

(σ̂2
i − εiYi)CY ij

∣∣∣∣∣+

q∑
k=1

pk∑
j=1

∣∣∣∣∣Mn

n

n∑
i=1

εiYikCkij

∣∣∣∣∣ , (3)
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where Mn = supβ∈Mn
‖β‖∞ = o(n1/2) by assumption.

The first term of (3) can be upper-bounded because(
E

∣∣∣∣∣Mn

n

n∑
i=1

εiCCij

∣∣∣∣∣
)2

≤ M2
n

n2

n∑
i=1

var(εiCCij) =
M2

n

n2

n∑
i=1

σ2
iC

2
Cij,

which converges to zero by Assumption 1b and the fact that M2
n = o(n). The second term

of (3) can be bounded because E(σ̂2
i − εiYi) = 0 from the proof of Proposition 1, so(

E

∣∣∣∣∣Mn

n

n∑
i=1

(σ̂2
i − εiYi)CY ij

∣∣∣∣∣
)2

≤ M2
n

n2

n∑
i=1

var(σ̂2
i − εiYi)C2

Y ij

≤M
2
n

n2

n∑
i=1

{var(σ̂2
i − ε2i ) + var(εiθi) + 2|cov(σ̂2

i − ε2i , εiθi)|}C2
Y ij.

Showing that the first two terms above converge to zero under Assumption 1b is similar to

controlling the first two terms of (2). The third term above is no more than

2

{
M2

n

n2

n∑
i=1

var(σ̂2
i − ε2i )C2

Y ij

}1/2{
M2

n

n2

n∑
i=1

var(εiθi)C
2
Y ij

}1/2

,

which therefore also converges to zero.

The third term of (3) can be upper-bounded because(
E

∣∣∣∣∣Mn

n

n∑
i=1

εiYikCkij

∣∣∣∣∣
)2

≤ M2
n

n2

n∑
i=1

E(ε2iY
2
ik
C2

kij) +
M2

n

n2

∑
i 6=l

|E(εiYikCkijεlYlkCklj)|.

Since i 6= l and εi and Yik are independent for all i, E(εiYikCkijεlYlkClkj) = 0 unless i = lk

and l = ik. Therefore(
E

∣∣∣∣∣Mn

n

n∑
i=1

εiYikCkij

∣∣∣∣∣
)2

≤ M2
n

n2

n∑
i=1

σ2
i (σ2

ik
+θ2ik)C2

kij+
M2

n

n2

∑
i 6=l,i=lk,l=ik

|E(εiYikCkijεlYlkCklj)|.
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The first term above converges to zero by Assumption 1c and M2
n = o(n). By Cauchy-

Schwarz, the second term is at most{
M2

n

n2

∑
i 6=l,i=lk,l=ik

E(ε2iY
2
ik
C2

kij)

}1/2{
M2

n

n2

∑
i 6=l,i=lk,l=ik

E(ε2l Y
2
lk
C2

klj)

}1/2

.

But for each i there is only one l such that ik = l, so the previous line is at most

M2
n

n2

n∑
i=1

E(ε2iY
2
ik
C2

kij),

which converges to zero by previous arguments.

5 Proof of Theorem 2

Because both β̂
M

n and β̂
M?

n lie in Mn,

0 ≤ `n(β̂
M

n )− `n(β̂
M?

n ) = `n(β̂
M

n )− R̂n(β̂
M

n ) + R̂n(β̂
M

n )− R̂n(β̂
M?

n ) + R̂n(β̂
M?

n )− `n(β̂
M?

n )

≤ 2 sup
β∈Mn

|`n(β)− R̂n(β)|+ R̂n(β̂
M

n )− R̂n(β̂
M?

n ).

By construction, R̂n(β̂
M

n ) ≤ R̂n(β̂
M?

n ), so

0 ≤ E`n(β̂
M

n )− `n(β̂
M?

n ) ≤ 2E sup
β∈Mn

|`n(β)− R̂n(β)|,

which converges to zero by Theorem 1.

6 Proof of Theorem 3

Define εi = Yi − θi and ε = (ε1, . . . , εn)>. Then β̂n − β̂
?

n = (X>X)−1(X>ε − Z). The

bound on (3) in the proof of Theorem 1 shows that each component of

1

n
(X>ε−Z) =

1

n

n∑
i=1

(εiX i −Z)
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has zero mean and variance converging to zero under Assumption 1b. By Chebyshev’s

inequality, each component therefore converges to zero in probability. It remains to show

that each entry of (X>X/n)−1 converges to a constant in probability, as Slutsky’s theorem

will then imply that β̂n − β̂
?

n = oP (1).

The entries of X>X/n consist of six types of terms:

1. n−1
∑n

i=1CCijCCij′

2. n−1
∑n

i=1CCijCY ij′Yi

3. n−1
∑n

i=1CCijCkij′Yik

4. n−1
∑n

i=1CY ijCY ij′Y
2
i

5. n−1
∑n

i=1CY ijCkij′YiYik

6. n−1
∑n

i=1CkijCk′ij′YikYik′ .

Since E(X>X/n) converges by assumption, the expected value of each type of term con-

verges to a constant. The variance of the first type is zero and the variances of the second

and third types are given by

var

(
1

n

n∑
i=1

CCijCY ij′Yi

)
=

1

n2

n∑
i=1

C2
CijC

2
Y ij′σ

2
i ,

var

(
1

n

n∑
i=1

CCijCkij′Yik

)
=

1

n2

n∑
i=1

C2
iCjC

2
kij′σ

2
ik
.
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The variance of the fourth type equals

1

n2

n∑
i=1

C2
Y ijC

2
Y ij′var(θ2i + 2θiεi + ε2i )

=
1

n2

n∑
i=1

C2
Y ijC

2
Y ij′{var(2θiεi) + var(ε2i ) + 2cov(2θiεi, ε

2
i )}

≤ 1

n2

n∑
i=1

C2
Y ijC

2
Y ij′(4θ

2
i σ

2
i + κ4i − σ4

i ) +

{
1

n2

n∑
i=1

C2
Y ijC

2
Y ij′var(2θiεi)

}1/2{
1

n2

n∑
i=1

C2
Y ijC

2
Y ij′var(ε2i )

}1/2

,

where κ4i is the fourth central moment of Yi and the last line is due to the Cauchy-Schwarz

inequality. Therefore the variances of the first four types of terms converge to zero under

Assumptions 2a–b.

The variance of the fifth type equals

1

n2

n∑
i=1

var(CY ijCkij′YiYik) +
1

n2

∑
i 6=l

cov(CY ijCkij′YiYik , CY ljCklj′YlYlk).

The second term above is at most

1

n2

∑
(i,l)∈S

|cov(CY ijCkij′YiYik , CY ljCklj′YlYlk)|,

where the set S consists of all pairs (i, l) such that i 6= l and i = lk, ik = l, or ik = lk. By

Cauchy-Schwarz this is upper-bounded by 1

n2

∑
(i,l)∈S

var(CY ijCkij′YiYik)


1/2 1

n2

∑
(i,l)∈S

var(CY ljCklj′YlYlk)


1/2

.

For fixed k, for each i there is at most one l such that ik = lk. By (11), there are at most

Dn indices i such that i = lk or ik = l. Since Dn = o(n) by assumption, the previous line
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is at most

o(n)

n2

n∑
i=1

var(CY ijCkij′YiYik) =
o(n)

n2

n∑
i=1

C2
ijC

2
ij′(θ

2
i σ

2
ik

+ θ2ikσ
2
i + σ2

i σ
2
ik

),

so

var

(
1

n

n∑
i=1

CY ijCkij′YiYik

)
≤ o(n)

n2

n∑
i=1

var(CY ijCkij′YiYik)→ 0

under Assumption 2c.

Finally, the variance of the sixth type of term when k = k′ takes the same form as the

the variance of the fourth type of term and so converges to zero. When k 6= k′, the variance

is

1

n2

n∑
i=1

C2
kijC

2
k′ij′var(YikYik′ ) =

1

n2

n∑
i=1

C2
kijC

2
k′ij′(θ

2
ik
σ2
ik′

+ θ2ik′σ
2
ik

+ σ2
ik
σ2
i′k

),

which also converges to zero by Assumption 2d.

Chebyshev’s inequality implies thatX>X/n−E(X>X/n) = op(1). Since E(X>X/n)

converges to a positive-definite matrix by assumption, by the continuous mapping theorem

(X>X/n)−1 converges in probability to the inverse of the limit of E(X>X/n).

7 Proof of Theorem 4

This proof is similar to the proof of Theorem 3.4 in Rigollet and Hütter (2017). The result

is clearly true if β̂n = β̂
?

n. When β̂n 6= β̂
?

n, since R̂n(β̂n) ≤ R̂n(β) for any β and

R̂n(β) = − 1

n

n∑
i=1

σ̂2
i +

2

n
Z>β +

1

n

n∑
i=1

ε2i +
2

n

n∑
i=1

εi(θi −X>i β) + `n(β),

it follows that

0 ≤ `n(β̂n)− `n(β̂
?

n) ≤ 2

n
Z>(β̂

?

n − β̂n) +
2

n

n∑
i=1

εiX
>
i (β̂n − β̂

?

n),
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where εi = Yi − θi. Define ε = (ε1, . . . , εn)>. Since X(β̂n − β̂
?

n) 6= 0,

0 ≤ `n(β̂n)− `n(β̂
?

n) ≤ 2

n
Z>(β̂

?

n − β̂n) +
2

n
ε>

X(β̂n − β̂
?

n)

‖X(β̂n − β̂
?

n)‖2
‖X(β̂n − β̂

?

n)‖2.

Young’s inequality implies that

2

n
ε>

X(β̂n − β̂
?

n)

‖X(β̂n − β̂
?

n)‖2
‖X(β̂n − β̂

?

n)‖2 ≤
2

n

{
ε>

X(β̂n − β̂
?

n)

‖X(β̂n − β̂
?

n)‖2

}2

+
1

2n
‖X(β̂n − β̂

?

n)‖22.

Furthermore,

`n(β̂n) =
1

n
‖θ −Xβ̂

?

n +Xβ̂
?

n −Xβ̂n‖22

= `n(β̂
?

n) +
2

n
(θ −Xβ̂

?

n)>X(β̂
?

n − β̂n) +
1

n
‖X(β̂

?

n − β̂n)‖22

= `n(β̂
?

n) +
2

n
θ>{I −X(X>X)−1X>}X(β̂

?

n − β̂n) +
1

n
‖X(β̂

?

n − β̂n)‖22

= `n(β̂
?

n) +
1

n
‖X(β̂

?

n − β̂n)‖22.

Therefore

0 ≤ `n(β̂n)− `n(β̂
?

n) ≤ 4

n
Z>(β̂

?

n − β̂n) +
4

n

{
ε>

X(β̂n − β̂
?

n)

‖X(β̂n − β̂
?

n)‖2

}2

.

Since

Z =

(
0, . . . , 0,

n∑
i=1

σ̂2
iC
>
Y i, 0, . . . , 0, . . . , 0, . . . , 0

)>
and by assumption n−1EZ converges to a constant, Assumption 1b combined with Cheby-

shev’s inequality show that n−1{Z − E(Z)} = oP (1). Since β̂n − β̂
?

n = oP (1) by Theorem

3, the first term above is op(1).

To show that the second term above is op(1), let Φ be a n × p matrix whose columns

constitute an orthonormal basis of the column space of X, as in the proof of Theorem 2.2

12



of Rigollet and Hütter (2017). Then there exists a v ∈ Rp such that Φv = X(β̂n − β̂
?

n).

Therefore

1

n

{
ε>

X(β̂n − β̂
?

n)

‖X(β̂n − β̂
?

n)‖2

}2

=
1

n

(
ε>

Φv

‖Φv‖2

)2

=
1

n

(
ε>Φ

v

‖v‖2

)2

≤
(

1

n1/2
sup
u∈B2
|ε>Φu|

)2

,

where B2 denotes the closed unit ball in Rp. By the arguments in the proof of Theorem

1.19 of Rigollet and Hütter (2017),

P

(
sup
u∈B2
|ε>Φu| ≥ n1/2t1/2

)
≤ P

(
2 sup
u∈N
|ε>Φu| ≥ n1/2t1/2

)
for any t > 0, where N is an 1/2-net of B2. For each u ∈ N , by Markov’s inequality

P (|ε>Φu| ≥ n1/2t1/2/2) ≤ 4E{(ε>Φu)2}
nt

.

Let c = (c1, . . . , cn), where cj is the jth coordinate of Φu. Then ‖c‖2 = ‖Φu‖2 = 1, so

E{(ε>Φu)2} = E(c>εε>c) ≤ max
i
σ2
i .

Since the 1/2-net N has cardinality at most 6p by Lemma 1.18 of Rigollet and Hütter

(2017),

P

(
sup
u∈B2
|ε>Φu| ≥ n1/2t1/2

)
≤ 6p4 maxi σ

2
i

nt
,

which goes to zero by Assumption 2. Therefore

P

 1

n

{
ε>

X(β̂n − β̂
?

n)

‖X(β̂n − β̂
?

n)‖2

}2

> t

→ 0

for every t > 0, which implies that 0 ≤ `n(β̂n)− `n(β̂
?

n) ≤ oP (1).

13



8 Proof of Theorem 5

Define

V i =
1

n1/2

(
εiX i − σ̂2

i

∂X i

∂Yi

)
.

Since β̂n − β̂
?

n = (X>X)−1(X>ε−Z),

n1/2Σ̂
−1/2
n (β̂n − β̂

?

n) = Σ̂
−1/2
n (X>X/n)−1

n∑
i=1

V i.

In the proof of Theorem 3, it was shown that X>X/n converges to a positive-definite

matrix in probability. It remains to show that
∑

i V i is asymptotically normal.

The standard Lindeberg-Feller central limit theorem cannot be applied because the V i

are not independent. Specifically, V i and V l are dependent when i ∈ N (l) or l ∈ N (i),

due to the inclusion of Yik in X i. On the other hand, the assumption that Dn (11) is O(1)

guarantees that this dependence is sufficiently local such that a central limit theorem still

holds. Let Γ be a graph with n vertices where an edge exists between vertex i and vertex

l if and only if V i and V l are dependent. Then Γ is a dependency graph for the V i with

maximum degree Dn, and the local dependence central limit theorem in Corollary 1 of Raič

(2004) implies that
∑

i V
−1/2
n V i → N(0, Ip) as long as

lim
n→∞

(1 +Dn)
n∑

i=1

E

{
‖V −1/2n V i‖22I

(
‖V −1/2n V i‖22 >

η

V n

)}
= 0

for every η > 0, where

V n = (1 +Dn)2
n∑

i=1

E‖V −1/2n V i‖22.

14



To establish this last condition, first bound

‖V −1/2n V i‖22 ≤λ1(V n)−1‖V i‖22

=λ1(V n)−1
1

n

p∑
j=1

{
C2

Cijε
2
i + C2

Y ij(εiYi − σ̂2
i )2 +

q∑
k=1

C2
kijε

2
iY

2
ik

}
,

where λ1(V n) is the minimum eigenvalue of V n. Therefore

V n ≤
(1 +Dn)2

nλ1(V n)

n∑
i=1

n∑
j=1

{
C2

Cijσ
2
i + C2

Y ijvar(εiYi − σ̂2
i ) +

q∑
k=1

C2
kijσ

2
i (θ2ik + σ2

ik
)

}

As in the proof of Theorem 1, two applications of Cauchy-Schwarz give

n∑
i=1

C2
Y ijvar(εiYi − σ̂2

i ) ≤
n∑

i=1

C2
Y ijvar(εiθi) +

n∑
i=1

C2
Y ijvar(ε2i − σ̂2

i ) +

2

{
n∑

i=1

C2
Y ijvar(εiθi)

}1/2{ n∑
i=1

C2
Y ijvar(ε2i − σ̂2

i )

}1/2

.

This, combined with Assumption 1 and the assumption that limn λ1(V n) > 0, implies

V n ≤
(1 +O(1))2

nλ1(V n)
O(n) = O(1).

This in turn implies that for any τ > 0,

P

{
I

(
‖V −1/2n V i‖22 >

η

V n

)
> τ

}
≤ 1

τ
P

(
‖V −1/2n V i‖22 >

η

V n

)
≤ 1

τ
P

{
λ1(V n)−1‖V i‖22 >

η

V n

}
≤ V n

ητλ1(V n)
E‖V i‖2

=
V n

ητλ1(V n)

1

n

p∑
j=1

{
C2

Cijσ
2
i + C2

Y ijvar(εiYi − σ̂2
i ) +

q∑
k=1

C2
kijσ

2
i θ

2
ik

}
→ 0.

Therefore

n‖V −1/2n V i‖22I
(
‖V −1/2n V i‖22 >

η

V n

)
15



converges to zero in probability. By the dominated convergence theorem, this is also true

in expectation, so that

(1 +Dn)
n∑

i=1

E

{
‖V −1/2n V i‖22I

(
‖V −1/2n V i‖22 >

η

V n

)}
= {1 +O(1)} 1

n

n∑
i=1

o(1) = o(1).

9 Proof of Proposition 2

Define

V i =
1

n1/2

(
εiX i − σ̂2

i

∂X i

∂Yi

)
.

so that

V n =
n∑

i=1

var(V i) +
∑
i 6=l

cov(V i,V l).

If σ2
i , κ3i, and κ4i are known, the variance term can be written as the p× p block matrix

n∑
i=1

var(V i) =


A B C

D E F

G H I

 ,

where the jj′th entries of the p× p blocks A, B = D>, and E are

Ajj′ =
1

n

n∑
i=1

CijCij′E(ε2i ) =
1

n

n∑
i=1

CijCij′σ
2
i

Bjj′ =Dj′j =
1

n

n∑
i=1

CijCij′E{εi(εiYi − σ2
i )} =

1

n

n∑
i=1

CijCij′(σ
2
i θi + κ3i)

Ejj′ =
1

n

n∑
i=1

CijCij′E{(εiYi − σ2
i )2} =

1

n

n∑
i=1

CijCij′(σ
2
i θ

2
i + 2θiκ3i + κ4i − σ4

i )
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for j, j′ = 1, . . . , p. The matrices C = G> and F = H> are p× pq-dimensional, with rows

indexed by j and columns indexed by pairs (j′, k). Their entries take the form

Cj,(j′,k) =G(j′,k),j =
1

n

n∑
i=1

CijCij′E(ε2iYik) =
1

n

n∑
i=1

CijCij′σ
2
i θik

Fj,(j′,k) =H(j′,k),j =
1

n

n∑
i=1

CijCij′E{(εiYi − σ2
i )εiYik} =

1

n

n∑
i=1

CijCij′θik(σ2
i θi + κ3i)

for j = 1, . . . , p and columns indexed by pairs (j′, k) for j′ = 1, . . . , p and k = 1, . . . , q.

Finally, the matrix I is pq× pq-dimensional with rows and columns indexed by pairs (j, k)

and (j′, k′) with entries

I(j,k),(j′,k′) =
1

n

n∑
i=1

CijCij′E(ε2iY
2
ik

) =
1

n

n∑
i=1

CijCij′σ
2
i (θ2ik + σ2

ik
) if k = k′,

1

n

n∑
i=1

CijCij′E(ε2iYikYik′ ) =
1

n

n∑
i=1

CijCij′σ
2
i θikθik′ if k 6= k′

The covariance term can be written as the p× p block matrix

∑
i 6=l

cov(V i,V l) =


A′ B′ C′

D′ E′ F ′

G′ H ′ I ′

 ,
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where the entries of the blocks are

A′jj′ =
1

n

∑
i 6=l

CijClj′cov(εi, εl) = 0,

B′jj′ =D′j′j =
1

n

∑
i 6=l

CijClj′cov(εi, εlYl − σ2
l ) = 0,

C ′j,(j′,k) =G′(j′,k),j =
1

n

∑
i 6=l

CijClj′cov(εi, εlYlk) =
1

n

∑
i 6=l

CijClj′E(εiYlk)E(εl) = 0,

E ′jj′ =
1

n

∑
i 6=l

CijClj′cov(εiYi − σ2
i , εlYl − σ2

l ) = 0,

F ′j,(j′,k) =H ′(j′,k),j =
1

n

∑
i 6=l

CijClj′cov(εiYi − σ2
i , εlYlk) = 0,

I ′(j,k),(j′,k′) =
1

n

∑
i 6=l

CijClj′cov(εiYik , εlYlk′ ) =
1

n

∑
i 6=l

CijClj′σ
2
i σ

2
l δilk′δikl,

where δab = 1 if a = b and 0 otherwise.

In each of the above terms, replacing θi with Yi and θ2i + σ2
i with Y 2

i gives an unbiased

estimate.
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