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1 Introduction

This supplement provides the proof of Theorem 1. We also establish the consistency of
the MLEs of the simple gamma-process model and the gamma-process model with random

effects.

2 Proof of Theorem 1

Consider Theorem 1(a). It is easy to see that for 1 <1 < h,
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Therefore, we can compute E[ln AY;;|Dgs, ©,7] first. When [ = 1, the conditional PDF

for AYj ;1 given the observed data D, and the random effect term ~ is
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This relationship implies that the variable X, follows a beta distribution as

AV

Ateta = {WTM) —Y(Ty)

D, O, 7} ~ beta(n(Tj41) — n(T5), n(Tivn) — n(Tji1))-

The moment generating function for log X, can be shown to be

Miog x,,,, (t) = B (Anjpr + 1, 0(Tjn) — n(Tj41))
08 Xpeta B (Anj-i-l’ 77(Tj+h) - 77(Tj+1))
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where B(-, ) is the beta function defined by

1

Blz,y) = / w11 — ) du.
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The expectation of In Xy, can be readily obtained based on (S.2) as
Eln Xiera] = (Anj11) =& (0(Tin) = 0(T5)) -
Note that Eflog AY;;1|Dess, ©,7] can be written as
E[log AY; 1| Dype, ©,9] = Ellog Xiea] + log [¥ (Tjn) — Y (T3)] (8.3)

Substituting (S.3) into (S.1) yields (11). Similarly, we can verify the case when [ = h.
Next, we proceed to verify the case when 1 < [ < h. consider the conditional joint PDF

for AY;4,---, AYj1) given the observed data D, and the random effect term . When



AY;y; > 0for 1 <i<hand " AY;y =Y (Tjn) — Y(T}), the joint PDF is
h
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Integrating AYj i1, -+, A1, AYjjign, -+, AYjyp out of f(AYjiq, -+, AYj4|Dops, ©,7)

yields the marginal distribution of AYj; given Dy, and « as
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It is immediately seen from the above relation that given D5 and v, AY; 4/ [Y(T;) — Y (Tj11)]
follows a beta distribution with the shape parameters (An;i, n (Tj+n) — n(1;) — Anjy). Par-
allel to the above calculation for E [log AY;;1|Doss, 7], we can reach (11).

At last, consider Theorem 1(b). Similar to the computation of v; x, it can be shown that
for j <l <m,

E[ln AY)|Dgs, ©,7] = ©(An) — Invy. (S.4)

Taking the expectation of Equation (S.4) with respect to v yields the desired results.

3 Consistency of the MLE

Consider a unit that is inspected J times with inspection epochs T = {0 = Ty, T, --- , T}
and the associated degradation levels Y = {0 = Yg, Yy, --,Y;}. Suppose that J is a
positive and integer-valued random variable with E[.J] < co and that T is a random vector
with 0 =Ty < Ty < --- < T taking values in the bounded set [0, 7] where 7 < co. Further
assume J and T are independent. Suppose n testing units are observed. Let 6,, and é)fﬂ
be the ML estimators under the gamma process with random effects model and the simple
gamma process model, respectively. To prove the consistency, we define some measures

similar to Wellner and Zhang (2000).



Define B as the collection of Borel sets in R and let By, = {BN[0,7] : B € B}. For

any B € By ;), define the measure 1 on the measurable space ([0, 7], Bjo,-j) as

0o l
WB)=> P(J=1)Y P(TjeB|J=1)=Er

=1 7j=1

Further define the Ly metric d; (01, ©3) for the random effects model as
E(61,62) = (b = k) + (w =2 + [ (o) — (o) dbfe).

Similarly, define dy(©7?, ©37) for the simple model as

B(O3,05) = (ju — p)? + / 1 () — (@) dh(z).

Let ©g = (ko, Ao, 1m0(+)) and )7 = (70, 10(-)) be the true values of the parameters for the
random effects model and the simple model, respectively. Theorem 3 establishes consistency
of the ML estimators with respect to A for both models. It should be pointed out that based
on the definition of d; and ds, the consistency for 7(t) is only meaningful when there is a

positive density /mass of observation at time ¢, i.e., h([t — €,t + €]) > 0 for any € > 0.

Theorem 3.

(a) Suppose the underlying degradation follows a gamma process with random effects. If
E[J] < 00,mo(T) < 00, and (ko, Ag) is in the interior of R%, then for every b < 7 with

h([b, 7]) > 0, we have

~ ~

dl <(ﬁn1[0,b}; k’n, >\n>> (7701[0717], ]C(), )\0)) i) 0 asn — oo.

(b) Suppose the underlying degradation follows a simple gamma process. If pg is in the

interior of R, E[J] < oo, and n9(7) < 0o, then for every b < 7 with A([b,7]) > 0, we



have

dy ((ﬁnl[o,b}, fin), (ﬁol[o,b],/ﬁo)) 2550 asn — oo,

Proof: We shall only focus on Theorem 3(a). Theorem 3(b) can be proved in a similar vein.
Proof of this theorem can be established similar to that for the pseudo-likelihood estimation
method developed in Wang (2008). The empirical process theory is used here. Denote by

P,, the empirical measure and

AT k
me(Y) =In AT (s + k)

Y NOEEE (ny + k) In(A + Y;) + ;[mm —1)InAY; — InD(An;)],

where n; = n(T;), An; = n(T;) — n(Tj-1), Y, = Y(T;) and AY; = Y(T3) — Y(Tj-1). Let
M,,(©) = n7'(0;Dys) = Pome(Y) and M(0) = Pme(Y), where [(0; D) is given by
Equation (6) in the original paper. The basic idea is to show that {én} is sequentially
compact a.e. and that every pointwise limit OF of {6,} satisfies M(6y) < M(O") and
M(6p) > M(O1). If we can further show that ©g is the unique maximum of M(©), then
Oy = O (Wellner and Zhang 2000).

The proof of M(60y) < M(OT") invokes the Helly’s selection theorem and the one-sided
Glivenko-Cantelli theorem (Wellner and Zhang 2000, Thm A.1). Therefore, we need to
show that meg(Y') is upper bounded by an integrable function and that {é)n} is uniformly

bounded. First, we will find an envelope function for meg(Y') as follows.

kr J
me(Y) < ln% (s + k) (A +Y5) + S [(An; — DInY) — nT(ny)]
7j=1
AFT k
IH% +(my+J)InY,; +C=My(Y), (S.5)

where C'is a constant that changes from line to line. My(Y') is integrable because

E[J] <oo and E[nY;] < EnY(7)]=InXg— (ko) + ¥ (no(7) + ko).



Next, we show ©,, is bounded. Let © = (n,0,0). It follows that

M,,(6,,) — M, (0 + (1 —£)8,,)

0 < lim
el0 15
A+Y
= w3 |@i - a0) (-0 v -van)| . s0
j=1 J

Therefore, we have

A+Y; A+Y, d . .
P, ZAnjlog v <P Z[Amln J}H[Dnz (An; — Any) (P (N + k) — v(A9y))] .
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The first term is obviously bounded, while the second term on the right-hand side is upper

bounded because

Y1y + k) — (A7) = O(1/Ady).

By the strong law of large numbers, we can see that 7; is upper bounded. On the other

hand,

limsupP,{ns;} > limsupP,{9s1p(Ts)}

n—0o0 n—o0
> limsup(h)Pu{Lp(T0)} > h(b.)limsupi(s).  (S.7)
n—o0 n—oo

Therefore, limsup7(b) < C/h([b, 7]) and thus 7(¢) is uniformly bounded a.s. for ¢ € [0,b] if
n—oo

h(b,7]) > 0. Then by the Helly’s selection theorem, {6, } has a sequence {©,,} converging

to some point OF = (5T, kT, \T) where 1’ is a non-negative and increasing function on [0, b].

Consider the class of functions

Ty ={me(Y) : (k,\) € R*,n € My},

where Hy, = {n € H : n(b) <1+ C/h([b,7])} is compact under the metric d;. Since meg(Y')



has an integrable envelope, an application of the Glivenko-Cantelli theorem yields that

limsup sup (P, —P)me(Y) <0 as. (S.8)

n—oo ©:me(Y)ET,

~

Furthermore, we have M, (©,,) > M(0,) and M,,(0y) — M(0,) a.s. by the strong law of

large numbers. Therefore, M(0y) < lirrlr_lglan(@n) a.s. and h?jolipMn/(@n,) < M(O)
because of the semi-continuity of M(©) on O.

Next, we proceed to show the uniqueness of the maximum. We need to show that for
every © in the parameter space, M(0y) — M(0) > 0. This can be done by first conditional

on (J,T') and then taking the unconditional expectation, which yields

M(6) — M(€) = / Eo, [f(Y|0y. J.T) — f(Y]0, 1.T)] du(J,T)

7o | e ]

> —/logEeo {%} = 0. (5.9)

The inequality follows from the strict concavity of log(z) and the Jensen’s inequality. It
is easy to see that when © # 0, f(Y|0,J,T) # (Y|Oo,J,T). Therefore, the equality
holds only when © = ©y. This means that © is the unique maximum of M (). Therefore,
Of = Oy a.s., and hence the consistency of én under the d; matrix follows from the dominated

convergence theorem.
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