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Abstract

The real numbers are usually defined in terms of the Dedekind Cut. A
Dedekind Cut is a partition of the rational numbers into two non-empty
sets. When we admit empty sets, we obtain three strictly Trans-Dedekind
Cuts, corresponding to the positive and negative extended-real infinities
and transreal nullity. These three cuts, together with the usual Dedekind
Cuts, comprise the Trans-Dedekind Cuts. When we apply the usual
Dedekind arithmetic, that is rational arithmetic, to the Trans-Dedekind
Cuts, the Trans-Dedekind Cuts have the usual transreal ordering, quadra-
chotomy, transreal addition and transreal subtraction. This severely con-
strains alternative methods for allowing division by zero. However, the
usual algorithms for Dedekind multiplication are over specified. They
form incoherent products with nullity. When we relax the specifications,
more closely to the Dedekind axioms, we find that a new algotithm delivers
transreal multiplication and transreal distributivity. Rational arithmetic
does not allow division by zero, so it cannot directly totalise division, but
the usual limits of the reciprocal admit the transreal reciprocals of the
extended-real infinities and zero. We then add the transreal axiom of
the reciprocal of nullity, which completes transreal arithmetic. Thus we
provide another construction of the transreal numbers and severely con-
strain other methods for dividing by zero that totalise the real numbers
by totalising the Dedekind Cut.
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1 Introduction

The transreal numbers were introduced in [1] and were axiomatised and
proved consistent, by machine proof, in [7]. Constructions of transreal [10]
and transcomplex [11] numbers were given, using set theoretical models
and human proofs of consistency. All of these are sufficient to define the
transreals and to construct them, however a new programme of work is
under way to try to construct the transreals as fundamental objects in
set theory. A paper in preparation [3] dissolves the Burali-Forti Paradox
and establishes the transordinal numbers as the ordinal numbers, together
with the nullity atom, and the set of all ordinal numbers as transordinal
infinity. This is part of a bottom-up programme to construct the tran-
sreals. The present paper is part of a top-down programme to construct
the transreals from the Dedekind Cut. It remains to be seen if these
two approaches will combine into a unified account of the transreals and
whether all other constructions of the reals can be totalised to construct
the transreals.

The real numbers, R, are usually defined in terms of the Dedekind
Cut, which is described in many places, including [15] [16]. We describe
the Dedekind Cut by a two tuple, 〈L,U〉, which partitions the rational
numbers, Q, into a Lower set, L, and an Upper set, U . These sets have
a number of properties, an important one of which is that every element
of the lower set is less than every element of the upper set. A second
property is that both the lower and upper sets are non-empty but this
makes the Dedekind Cut and, hence, the real numbers partial. We totalise
the Dedekind Cut and, hence, totalise the real numbers by allowing three
new cuts: negative infinity is the cut with an empty lower set and a
full upper set, −∞ = 〈{},Q〉; positive infinity is the cut with an empty
upper set and a full lower set, ∞ = 〈Q, {}〉; and nullity is the Cut with
empty lower and upper sets, Φ = 〈{}, {}〉. Nullity does not partition the
rational numbers, hence it is unordered with respect to all other cuts.
Negative infinity is the least of the ordered cuts and positive infinity is
the greatest of the ordered cuts. Thus the usual transreal ordering and
quadrachotomy are obtained simply by adding these three cuts to the
usual Dedekind Cuts, to arrive at the Trans-Dedekind Cuts.

The arithmetic of Dedekind Cuts is just the rational arithmetic of
their underlying rational elements. We set out to discover the arithmeti-
cal properties of the Trans-Dedekind Cut when the usual Dedekind arith-
metic, that is the usual rational arithmetic, is applied to them. We wish
to discover which of the 32 axioms of Transreal Arithmetic [7] are satis-
fied by this arithmetic. We find that transreal ordering, quadrachotomy,
transreal addition and transreal subtraction hold. However, Dedekind
multiplication forms partial and contradictory products of nullity. We di-
agnose the cause to a cascade of up to three infelicitous steps in the usual
algorithms for Dedekind multiplication. These cascade errors arise from
over specifying the algorithms for Dedekind multiplication. We correct the
algorithms by relaxing the specification of the product so that it is closer
to the axioms of the Dedekind Cut. The new algorithm delivers tran-
sreal multiplication and transreal distributivity. Even though we apply
Dedekind arithmetic to a total set of Trans-Dedekind cuts, this arithmetic
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is partial, because rational arithmetic does not support division by zero.
We consider what totalisations [8] could be applied to totalise division and
then take steps to totalise it to deliver transreal arithmetic. Specifically,
we take zero as the continuous end-point of the limit of the reciprocal,
1/x, as x tends to positive and to negative infinity. We take positive in-
finity as the continuous end-point of the limit of the reciprocal, 1/x, as
x tends to zero. We add the reciprocal of nullity as an axiom. The fact
that we must use an axiom to introduce the reciprocal of nullity, indicates
that nullity has mathematical content beyond the usual mathematics.

When we apply arithmetical operators to arguments drawn from an
empty set, we deal with a degenerate arithmetic. Such degeneracies are
usually handled by returning no results. We make this explicit by using
FTL Membership [3], which is an epsilon totalised version of the usual set
membership.

2 Trans-Dedekind Cut

We closely follow the development of the Dedekind Cut in Ayres [15],
Chapter 7, except that we use a two-tuple of a lower and an upper set to
describe a cut, whereas he uses only the lower set, leaving the upper set
implicit as the complement of the lower set. We wish to discover which
of the 32 axioms of Transreal Arithmetic [7] are satisfied by Dedekind
arithmetic, applied to the Trans-Dedekind Cut. We immediately have it
that the syntactic axioms are satisfied: [A6] Subtraction as Sum With
Opposite, a− b = a+ (−b); [A17] Division, a÷ b = a× (b−1); [A27] Less
Than, a > b ⇐⇒ b < a; [A28] Greater Than or Equal, a ≥ b ⇐⇒
(a > b)∨(a = b); [A29] Less Than or Equal, a ≤ b ⇐⇒ b ≥ a. We also
have it that the strictly real axioms are satisfied: [A8] Additive Inverse,
a− a = 0 when a 6= ±∞,Φ; [A18] Multiplicative Inverse a÷ a = 1 when
a 6= 0,±∞,Φ.

After surveying the transreal axioms, we consider what totalisations
of the arithmetic of Trans-Dedekind Cuts are available to us and then we
produce an arithmetic of the cuts that delivers transreal arithmetic.

2.1 Dedekind Cut

Ayres [15] defines the Dedekind Cut in terms of a single set, L, but we
find it necessary to follow modern practice by defining the Dedekind Cut
as a two-tuple of sets, L and U . We require both sets to distinguish the
infinities and nullity.

Definition 1 Dedekind Cut. A Dedekind Cut is a two-tuple, 〈L,U〉,
where L and U are non-empty sets that partition the rational numbers,
Q. L is called the Lower set, and U is called the Upper set. L is closed
downwards, that is if a, b ∈ Q and a < b and b ∈ L then a ∈ L. L does
not have a greatest element, that is, for every a ∈ L there exists b ∈ L
such that b > a.

As L and U partition Q and L is closed downwards, its complement,
U , is closed upwards.
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2.2 Trans-Dedekind Cut

Definition 2 Trans-Dedekind Cut. The set of Trans-Dedekind Cuts is
the set of Dedekind Cuts, together with the three strictly Trans-Dedekind
Cuts: negative infinity, −∞ = 〈{},Q〉; positive infinity ∞ = 〈Q, {}〉; and
nullity, Φ = 〈{}, {}〉.

It follows from the equality of tuples, that each strictly Trans-Dedekind
Cut is equal to itself and unequal to all other Trans-Dedekind Cuts. That
is the three strictly Trans-Dedekind Cuts are distinct.

Bergstra [8] surveys some methods for totalising real arithmetic. Of
these, only transreal arithmetic adds three distinct numbers to the real
numbers. So far as we are aware, transreal arithmetic is the only current
candidate for an arithmetic of totalised Dedekind Cuts.

The Dedekind Cuts have a specific ordering, the ordering of the real
numbers, that is usually defined arithmetically or by subsets. We give the
subset definition here, applied to Trans-Dedekind Cuts.

Definition 3 Set Ordering of Less Than. The binary set ordering pred-
icate, less than, ≺, decides whether wether or not a Trans-Dedekind cut,
〈L1, U1〉, is less than a Trans-Dedekind Cut, 〈L2, U2〉. It evaluates to True
if and only if L1 is a proper subset of L2 and U2 is a proper subset of U1.
That is 〈L1, U1〉 ≺ 〈L2, U2〉 if and only if L1 ⊂ L2 &U2 ⊂ U1.

As we already have the real numbers, this set ordering gives us the
transreal ordering where nullity is unordered, negative infinity is the least
of the ordered numbers and positive infinity is the greatest of the ordered
numbers. This satisfies the transreal axiom [A32] Lattice Completeness,
the set X of all transreal numbers, excluding Φ, is lattice complete because
∀Y : Y ⊆ X =⇒ (∃u ∈ X : (∀y ∈ Y : y ≤ u) &(∀v ∈ X : (∀y ∈ Y : y ≤
v) =⇒ u ≤ v)). It remains to show that the strictly Trans-Dedekind cuts
−∞, ∞, Φ do correspond to the eponymous transreal numbers but this
does not disturb axiom [A32]. This ordering also satisfies the transreal
axioms [A25] Positive Infinity, ∞ > 0; [A30] Quadrachotomy, exactly one
of (a < 0), (a = 0), (a > 0), (a = Φ).

The usual set ordering axiom, in Ayres [15], applies only to the lower
set so it cannot order nullity. However, the usual arithmetical ordering in
Definition 12, below, does apply to all Trans-Dedekind Cuts and also sat-
isfies the transreal axioms: [A25] Positive Infinity, [A30] Quadrachotomy,
[A32] Lattice Completeness.

2.3 Addition

The addition of Dedekind Cuts can be described in many equivalent ways,
one of which is:

Definition 4 Addition. The binary addition operator, +, computes the
sum of Trans-Dedekind Cuts 〈L1, U1〉 and 〈L2, U2〉 as 〈L1, U1〉 + 〈L2, U2〉 =
〈{x1 + x2 |x1 ∈ L1, x2 ∈ L2}, {y1 + y2 | y1 ∈ U1, y2 ∈ U2}〉.

This satisfies all of the additive axioms of transreal arithmetic. In the
following example, we make use of epsilon totalisation in FTL membership
[3].
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Theorem 5 Additive Nullity. Φ + a = Φ.

Proof 6 Let Φ + a = 〈L3, U3〉. Let Φ = 〈{}, {}〉 = 〈L1, U1〉 and let
a = 〈L2, U2〉, where the 〈Li, Ui〉 are Trans-Dedekind Cuts. Then Φ + a =
〈{x1 + x2 |x1 ∈ L1, x2 ∈ L2}, {y1 + y2 | y1 ∈ U1, y2 ∈ U2}〉 = 〈L3, U3〉 but
there is no x1 ∈ L1 nor y1 ∈ U1 so both “x1 +x2” and “y1 +y2” are badly
formed formulas, whence, by epsilon totalisation, L3 = {} and U3 = {}.
Now 〈L3, U3〉 = 〈{}, {}〉 = Φ.

The axioms of transreal arithmetic that are satisfied by the addition of
Dedekind Cuts, applied to Trans-Dedekind Cuts, are: [A1] Additive Asso-
ciativity a+(b+c) = (a+b)+c; [A2] Additive Commutativity a+b = b+a;
[A3] Additive Identity 0 + a = a; [A4] Additive Nullity Φ + a = Φ; [A5]
Additive Infinity a+∞ =∞ : a 6= −∞,Φ.

2.4 Subtraction

We define a polymorphic unary negation and then use this to define binary
subtraction.

Definition 7 Negation of a Set. The polymorphic unary negation opera-
tor, −, computes the opposite of a set, S, as −S = {−a | a ∈ S}.
Definition 8 Negation of a Dedekind Cut. The polymorphic unary nega-
tion operator, −, computes the opposite of a Trans-Dedekind Cut, 〈L,U〉,
as −〈L,U〉 = 〈−(U \{ǔ}),−(L∪{ǔ})〉, where ǔ is the least element of U ,
if any.

If the minimal element, ǔ, of U exists then it must be excluded from L,
otherwise it would be the greatest element of L, contradicting Definition
1. If ǔ is removed from L, it must be added to U to preserve complements
of Q.

Negation of a Dedekind Cut satisfies the following transreal axiom
when it is applied to a Trans-Dedekind Cut: [A7] Bijectivity of Opposite
−(−a) = a.

Definition 9 Subtraction. The binary subtraction operator, −, computes
the difference of Trans-Dedekind Cuts A and B as A−B = A+ (−B).

This definition of subtraction is the transreal axiom [A6] Subtraction
as Sum with Opposite a− b = a+ (−b).

This satisfies all of the additive subtractive axioms of transreal arith-
metic. In the following example, we make use of epsilon totalisation in
FTL membership [3].

Theorem 10 Subtraction of Infinity from Infinity. ∞−∞ = Φ.

Proof 11 Subtraction of Infinity from Infinity. Let ∞ − ∞ = ∞ +
(−∞) = 〈L3, U3〉. Let ∞ = 〈Q, {}〉 = 〈L1, U1〉 and let −∞ = −〈Q, {}〉 =
〈−({}\{}),−(Q∪{})〉 = 〈−{},−Q〉 = 〈{},Q〉 = 〈L2, U2〉. Then∞−∞ =
〈{x1 + x2 |x1 ∈ L1, x2 ∈ L2}, {y1 + y2 | y1 ∈ U1, y2 ∈ U2}〉 = 〈L3, U3〉 but
there is no x2 ∈ L2 nor y1 ∈ U1 so both “x1 +x2” and “y1 +y2” are badly
formed formulas, whence, by epsilon totalisation, L3 = {} and U3 = {}.
Now 〈L3, U3〉 = 〈{}, {}〉 = Φ.
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The axioms of transreal arithmetic that are satisfied by the subtraction
of Dedekind Cuts applied to Trans-Dedekind Cuts are: [A9] Opposite of
Nullity −Φ = Φ; [A10] Non-Null Subtraction of Infinity a −∞ = −∞ :
a 6=∞,Φ; [A11] Subtraction of Infinity from Infinity ∞−∞ = Φ.

We find it remarkable that the usual mathematics applies Dedekind
arithmetic to the extended-real infinites, to obtain ∞ + ∞ = ∞ and
−∞ − ∞ = −∞, but has missed ∞ − ∞ = Φ, insisting, instead, that
∞ − ∞ is undefined. This is an example where the number nullity, of
itself, adds content to mathematics.

The Dedekind Cuts have a specific ordering, the ordering of the real
numbers, that is usually defined arithmetically or by subsets. We gave
the subset definition in Definition 3 above. We now give the arithmetical
definition here.

Definition 12 Arithmetical Ordering of Less Than. The binary set or-
dering predicate, less than, <, decides whether or not a Trans-Dedekind
Cut 〈L1, U1〉, is less than a Trans-Dedekind Cut, 〈L2, U2〉. It evaluates to
True if and only if 〈L1, U1〉 − 〈L2, U2〉 ≺ C(0), where C(0) is the rational
cut at zero, C(0) = 〈Q−, {0}∪Q+〉.

This arithmetical ordering is equivalent to our definition of set ordering
in Definition 3, whence both of our definitions of ordering are equivalent
to the transreal axiom [A26] Ordering, a−b > 0 ⇐⇒ a > b. Arithmetical
ordering satisfies the Transreal axiom [A30] Quadrachotomy. However, it
remains to show that transreal axioms [A23] Positive and [A24] Negative
are satisfied. This cannot be done until we have equipped ourselves with
multiplication. One might prefer a different multiplication if it leads to a
preferable distributivity.

2.5 Summary

At this stage we have totalised the Dedekind Cuts by allowing the three
cuts that have empty sets: −∞ = 〈{},Q〉, ∞ = 〈Q, {}〉, Φ = 〈{}, {}〉.
The usual arithmetic of Dedekind Cuts then gives us transreal ordering,
quadrachotomy, transreal addition and transreal subtraction. This places
strong constraints on the totalisations of real arithmetic that are com-
patible with the totalised Dedekind Cut: they must replicate transreal
ordering, quadrachotomy, transreal addition and transreal subtraction.
We will see, however, that there is some freedom in the totalisations of
multiplication and division.

2.6 Multiplication

There are a number of algorithms that correctly compute the multiplica-
tion of Dedekind Cuts. For example, [15] [16]. However, these are over
specified for the Dedekind Cut and have one or more of three cascading
errors when applied to the strictly Trans-Dedekind Cuts. Firstly, the al-
gorithms usually operate on strictly positive cuts and then produce a cut
with the required sign. Multiplication by zero is handled as a special case
that imposes the product zero. This blocks us from considering ±∞× 0
and Φ × 0. It blocks all totalisations of real arithmetic that use an error
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value for any x/0 = ⊥ and it blocks all totalisations that use a substantive
value for x/0, except x/0 = 0. See [8] for a survey of some such total-
isations. Secondly, having formed a subset, L′, of the strictly positive
elements of the lower set, L, some algorithms define L = Q− ∪{0}∪L′.
This is an error when applied to Φ = 〈{}, {}〉 because, for example, we
obtain the product Φ × Φ = 〈{}, {}〉 × 〈{}, {}〉 = 〈Q− ∪{0}∪ {}, {}〉 =
〈Q− ∪{0}, {}〉 which product, 〈Q− ∪{0}, {}〉, is not any Dedekind Cut,
nor any Trans-Dedekind Cut. Thus Dedekind multiplication is not closed
when applied to 〈{}, {}〉. Furthermore, the downward closure of L′ = {}
is L = {}, not L = {Q− ∪{0}}, which contradicts Definition 1. Thirdly,
some algorithms unconditionally assert that the upper set is the comple-
ment, in Q, of the lower set. This gives Φ × Φ = 〈{}, {}〉 × 〈{}, {}〉 =
〈Q− ∪{0}∪ {},Q \ (Q− ∪{0}∪ {})〉 = 〈Q− ∪{0},Q+〉. This product,
〈Q− ∪{0},Q+〉 is neither a Dedekind Cut nor a Trans-Dedekind Cut be-
cause the lower set contains a greatest element, {0}, which contradicts
Definition 1.

We want an algorithm that: firstly, preserves Dedekind multiplication;
secondly, computes products of zero, rather than imposing them by fiat;
and, thirdly, which correctly computes both closures and complements.
There are many such algorithms, that give rise to many arithmetics. We
now present an algorithm that provides transreal arithmetic. We begin
by presenting an algorithm to multiply two non-negative Trans-Dedekind
Cuts. These cuts are zero, strictly positive, infinity, and nullity. We
already have it that∞ > 0; after we have Trans-Dedekind multiplication,
we will be able to state the transreal axiom that assures us that ∞ is
positive. We then use one of the usual algorithms to generalise non-
negative multiplication to all cuts.

Definition 13 Multiplication of Two Non-Negative Trans-Dedekind Cuts.
The binary operator, •, multiplies two non-negative Trans-Dedekind Cuts,
〈L1, U1〉 and 〈L2, U2〉, to produce their product, 〈L3, U3〉, as 〈L1, U1〉 •
〈L2, U2〉 = 〈L3, U3〉, computed as follows:

U3 = {y1y2 | y1 ∈ U1, y2 ∈ U2},
L′ = {x1x2 |x1 ∈ L1 &x1 ≥ 0, x2 ∈ L2 &x2 ≥ 0},
L = −(L′ ∪ (U3 \ {0}))∪L′.

Notice that this algorithm: firstly includes the computation of the
Dedekind Cut; secondly has no branches so it does not impose any product
by fiat; thirdly, has no complement but, instead, reflects the non-negative
elements, (L′ ∪ (U3 \ {0})), if any, into L.

As an aside, notice that a simple strategy to compute the Dedekind
Cut is to compute U3 and then take its complement, excluding ǔ, as L.

Definition 14 Multiplication of two Dedekind Cuts. The binary oper-
ator, ×, multiplies two Trans-Dedekind Cuts, C1 and C2, to give their
product, computed as:

C1 × C2 =


C1 • C2 : C1 6< 0 &C2 6< 0

−(−C1 • C2) : C1 < 0 &C2 6< 0
−(C1 • (−C2)) : C1 6< 0 &C2 < 0
(−C1 • (−C2)) : C1 < 0 &C2 < 0
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This satisfies all of the multiplicative axioms of transreal arithmetic.
In the following example, we make use of epsilon totalisation in FTL
membership [3].

Theorem 15 Infinity Times Zero. ∞× 0 = Φ.

Proof 16 Let ∞× 0 = 〈L3, U3〉 when ∞ = 〈Q, {}〉 = 〈L1, U1〉 and 0 =
〈Q−, {0}∪Q+〉 = 〈L2, U2〉. Then:

U3 = {y1y2 | y1 ∈ U1, y2 ∈ U2} = {},
L′ = {x1x2 |x1 ∈ L1 &x1 ≥ 0, x2 ∈ L2 &x2 ≥ 0} = {},
L3 = −(L′ ∪ (U3 \ {0}))∪L′ = −({}∪ ({} \ {0}))∪{} = {}.

Now 〈L3, U3〉 = 〈{}, {}〉 = Φ.

The axioms of transreal arithmetic that are satisfied by the multi-
plication of Trans-Dedekind Cuts are: [A12] Multiplicative Associativity,
a × (b × c) = (a × b) × c; Multiplicative Commutativity, a × b = b × a;
Multiplicative Identity, 1 × a = a; Multiplicative Nullity, Φ × a = Φ; In-
finity Times Zero, ∞× 0 = Φ; Positive ∞× a =∞ ⇐⇒ a > 0; Negative
∞× a = −∞ ⇐⇒ a < 0; Distributivity, a × (b + c) = (a × b) + (a × c)
when ¬((a = ±∞) &(sgn(b) 6= sgn(c)) &(b+ c 6= 0,Φ)).

It is interesting to note that the axioms of transreal arithmetic do not
require a prior conception of a set of positive numbers. Instead the notion
of positive and negative emerges from the arithmetic.

The presentation of the distributivity axiom is an artefact of the com-
puter proof system used to prove the axioms consistent. In computer
proof systems, it is more efficient to prove conjunctions rather than dis-
junctions. However, it is easier for a human to understand the disjunctive
form, obtained by applying d’Morgans laws, a× (b+ c) = (a× b) + (a× c)
when (a 6= ±∞)∨(sgn b = sgn c)∨(b+ c = 0,Φ).

One motive for adopting a different total multiplication would be to
obtain a different distributivity.

2.7 Division

We already have the syntactic transreal axiom of division, [A17] Division,
a ÷ b = a × (b−1), which is lexically identical to the Dedekind axiom of
division [15]. There is then considerable freedom to arrange division in-
volving the strictly Trans-Dedekind Cuts. We choose to develop transreal
division and motivate this by an appeal to the usual limits of the lexical
reciprocals 1/x and −1/x.

Transreal arithmetic adopts axiom [A20] Reciprocal of Zero, 0−1 =∞.
It also adopts axiom [A19] Bijectivity of Reciprocal, (a−1)−1 = a when
a 6= −∞. Now 0 = (0−1)−1 = ∞−1. Transreal arithmetic also adopts
[A21] Reciprocal of the Opposite of Infinity, (−∞)−1 = 0. So now we
have (±∞)−1 = 0 and 0−1 =∞.
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We write a−1 = 1/a, whence 1/(±∞) = 0, 1/0 = ∞, −1/0 = −∞.
Now 1/(±∞) = 0 is consistent with the usual limits:

lim
x→∞

1/x = 0 = lim
x→−∞

1/x.

As usual,

lim
x→0+

1/x =∞ and lim
x→0−

1/x = −∞.

Given the transreal number∞ = 1/0 we observe that∞ is the continuous
value of 1/x at x = 0 and −∞ is the asymptotic value of 1/x at x =
0. Transreal arithmetic, therefore, prefers the continuous value over the
asymptotic one. Similarly, transreal arithmetic prefers the continuous
value −1/x = −∞.

This is a far as calculus can take us. We simply adopt the transreal
axiom [A22] Reciprocal of Nullity, Φ−1 = Φ.

Thus transreal arithmetic is compatible with real analysis. In fact, it
is known that transreal arithmetic gives rise to a transreal analysis that
contains the usual real analysis. See, for example, [12] [13] [14].

The remaining transreal axioms dealing with division can now be veri-
fied by the arithmetic of Trans-Dedekind Cuts. These are: [A18] a÷a = 1
when a 6= 0,±∞,Φ; [A19] (a−1)−1 = a when a 6= −∞.

3 Discussion

Transmathematics seeks to totalise the usual mathematics. This is most
evident in the development of the set theory FTL [3] which seeks to totalise
logic, sets, and functions. Together these form the foundations of almost
all mathematics. The main contributions of FTL are the atom of nullity,
epsilon totalisation of any formula, consistent handling of badly-formed
formulas, and a semantic set membership operator. Many foundational
questions remain open, such as how to address sets that are nested trans-
finitely deep. A programme of research is under way to develop transreal
arithmetic using fundamental objects in set theory. So far, the transordi-
nal numbers have been developed, as numbers, but their arithmetic has
not been specified. This is part of a bottom-up development that is es-
sentially open-ended. In order to focus research, the research reported in
the present paper was undertaken to develop the transreal numbers and
provide top-down guidance to the set theoretical research.

As an aside, the development of the, in the transmathematical sense,
transordinal numbers now assures us that the usual transfinite numbers
are, in the transmathematical sense, transcardinal and transordinal num-
bers so, as a matter of nomenclature, we need not distinguish the usual
transfinite numbers from their transtransfinite superset. This superset
is the usual transfinite numbers, together with the nullity atom and the
greatest, in the transmathematical sense, transcardinal and transordinal,
infinity. Henceforth we shall say transfinite when we mean transtransfi-
nite. (It is amusing to note that there is an earlier generalisation of the real
numbers, called transreal numbers, in the mathematical literature. That
generalisation, generalises the transcendental numbers π and e, which are
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then said to be, transtranscendental numbers, but that generalisation can,
itself, be generalised by, in our sense, transreal numbers, so that π and
e become transtranstranscendental numbers. We have a limited appetite
for maintaining these distinctions!)

Transreal numbers were originally developed geometrically [1] and ge-
ometrical considerations remain a part of the development of transreal
and transcomplex analysis [12] [13] [14] and transphysics [2]. After some
exploration of different variations, transreal arithmetic was axiomatised
and proved consistent by machine proof [7]. Axiomatic methods give
the most freedom to develop a number system and many totalisations of
real arithmetic have been proposed, some of which are surveyed in [8].
However, transreal arithmetic was never just an axiomatic development
it was, as has just been stated, a geometrical development. Later it be-
came an algorithmic development, prior to being axiomatised. Transreal
arithmetic can be described by the usual algorithms of fractions applied
to two-tuples of a numerator and denominator, which fact is made ex-
plicit in the construction of the transreal [10] and transcomplex numbers
[11]. The additional structure, provided by fractions, limits the operations
which can be applied naturally to them so this structure provides some
focus to research. In unpublished work, it has become clear that totalisa-
tion of the concept of fractions is non-trivial, so that new opportunities
arise to totalise arithmetic. Yet more structure and, hence, more focus
for research, is provided by the Dedekind Cut.

The Dedekind Cut partitions the rational numbers, Q, into two non-
empty sets, which we call the lower set, L, and the upper set, U . Tradition-
ally, only the lower set was operated on, leaving the upper set implicit as
the relative complement of L in Q. In modern times, it has become more
common to represent a Dedekind Cut by a two-tuple, 〈L,U〉. When either
one of the lower and upper sets is allowed to be empty, the extended-real
infinities are obtained as −∞ = 〈{},Q〉 and∞ = 〈Q, {}〉, as noted in [16].
These extended lower and upper sets retain the property of being relative
complements in the rational numbers, thus L = Q\U and U = Q\L. We
take nullity as Φ = 〈{}, {}〉. The lower and upper sets of nullity are not
relative complements in Q, instead they are relative complements in the
empty set, L = {}\U and U = {}\L. It is puzzling that−∞ = 〈{},Q〉 and
∞ = 〈Q, {}〉 have been widely recognised but Φ = 〈{}, {}〉 has not. Did
mathematicians fail to notice the form 〈{}, {}〉? Did they fail to recog-
nise the number-hood of 〈{}, {}〉? These are questions that may be of
historical and philosophical interest. What has prevented the recognition
of nullity?

When we add −∞ = 〈{},Q〉, ∞ = 〈Q, {}〉 and Φ = 〈{}, {}〉 to the set
of Dedekind Cuts, to obtain the set of Trans-Dedekind Cuts, we find that
the usual Dedekind arithmetic of addition and subtraction, that is the
addition and subtraction of rational numbers, creates transreal addition,
transreal subtraction, transreal ordering, and quadrachotomy. That is, all
of these transreal properties and quadrachotomy follow necessarily from
allowing the cuts −∞,∞,Φ. This has several consequences. First, it
constrains totalisations of real arithmetic, that totalise the Dedekind Cut,
to have all of this transreal structure and quadrachotomy. Secondly, it
invites the re-examination of proofs that rely on trichotomy to see if and
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to what extent they hold in the face of quadrachotomy. Finally, it raises
the question of why one would prefer real numbers, with their infinite
number of failure states, to the transreal numbers that have no failure
states? In an era when so much of our life is controlled by computers,
why would one prefer incoherent number systems, with quadrillions of
failure states, when transreal versions of two’s-complement and floating-
point arithmetic offer failure-free computing [5] [6]?

There is considerable choice about how to arrange multiplication of
the Trans-Dedekind Cuts but the method we adopt seems, at least to
us, to be a natural extension of Dedekind multiplication. One might,
however, prefer a different multiplication if it leads to a more desirable
distributivity. Similarly, there is considerable choice of division; one might
prefer a different division to obtain a more desirable bijectivity of the
reciprocal.

It is interesting to observe that the representation of transreals using
fractions and the representation of the transreals using Dedekind Cuts,
both employ two-tuples. They have the same datastructure but different
outcomes. This is because the Dedekind Cuts explicitly encode limits. We
wonder if there is any further mathematical structure that might enforce
multiplication and division? For example, can the polar form of complex
numbers enforce transcomplex multiplication and division, from which we
might derive transreal multiplication and transreal division?

The transreal numbers were developed with the aim of making tran-
sreal arithmetic the least change from real arithmetic that allows division
by zero and is consistent with real analysis. We explored a number of
different transcomplex arithmetics [4] [11]. The current geometry of the
transcomplex numbers, which is obtained by rotating the transreal num-
ber line, seems satisfying but the imposition of the sum of infinite vectors,
by adopting Newton’s sum of vectors, makes the addition of infinite vec-
tors non-associative. This is a position that might be reviewed. We are
beginning to see the application of the transreal and transcomplex num-
bers in mathematical physics [2]. This might lead to empirical results
that agree with the transarithmetics or which disagree with them. Our
motivation is to produce a total arithmetic that supports practical com-
putation so, in the event of a disagreement with empirical observations,
we would be inclined to revise transarithmetic.

It is difficult to see how to use bottom-up methods to give a natural
account of the following transarithmetical properties in elementary sets.
How are we to give a natural account of a − a = 0 for all finite and, in
the usual sense, transfinite numbers, a, but a− a = Φ for the transmath-
ematical numbers a = −∞,∞,Φ. Similarly it is difficult to see how to
give a natural account of a × 0 = 0 for all finite and, in the usual sense,
transfinite numbers, a, but a× 0 = Φ for the transmathematical numbers
a = −∞,∞,Φ. However, having just completed the present work, it is
easy to see how to use top-down methods to do this.

Consider an enumeration of the transordinal numbers, excluding in-
finity, composed of nullity and the ordinal numbers: Φ, 0, 1, 2, 3, and so
on. Casting this into von Neumann form, we have the enumeration:
Φ = Φ, 0 = {}, 1 = {0}, 2 = {0, 1}, 3 = {0, 1, 2}, and so on.
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Notice that the above enumeration of von Neumann ordinals is an
inchoate lower set; for example, the ordinal 3 is given by 3 = L =
{{}, {0}, {0, 1}, {0, 1, 2}} but 3 does not occur in the lower set L, instead it
occurs in the upper set U = {{0, 1, 2, 3}, {0, 1, 2, 3, 4}, {0, 1, 2, 3, 4, 5}, . . . }.
Now a suitable application of Trans-Dedekind arithmetic gives us all of
the transreal arithmetic that applies to transordinal numbers and, hence,
to transintegers and transrational numbers. If we replace the underlying
rational arithmetic, in Trans-Dedekind arithmetic, with the arithmetic
of surreal numbers [9], then we obtain all of surreal arithmetic and its
transreal totalisation.

In [3] nullity is taken as an atom and infinity is taken, non para-
doxically, as the set of all ordinal numbers, O. But in our proposed in-
choate Trans-Dedekind Cut, these transnumbers appear as tuples: −∞ =
〈{},O〉, ∞ = 〈O, {}〉 and Φ = 〈{}, {}〉.

We now have a clear path to develop the transordinals, transintegers,
transrationals, transreals, and transsurreals. As part of this development,
we must take an inchoate Trans-Dedekind Cut and progressively define it
to arrive at the form in the the present paper. We may need to extend
it to handle the transsurreal numbers. The transcomplex numbers might
provide additional constraints on multiplication and division.

4 Conclusion

When we add −∞ = 〈{},Q〉, ∞ = 〈Q, {}〉 and Φ = 〈{}, {}〉 to the set of
Dedekind Cuts, to obtain the set of Trans-Dedekind Cuts, we find that
the usual Dedekind arithmetic of addition and subtraction, that is the
addition and subtraction of rational numbers, creates transreal addition,
transreal subtraction, transreal ordering, and quadrachotomy. That is, all
of these transreal properties and quadrachotomy follow necessarily from
allowing the cuts −∞,∞,Φ. This strongly constrains alternative methods
for totalising real arithmetic that totalise the Dedekind Cut.

We develop a natural extension to Dedekind multiplication, that uses
only rational multiplication, to obtain transreal multiplication. If our
extension of Dedekind multiplication is accepted, then transreal multipli-
cation is necessary. However, when we extend division, we are obliged
to introduce the strictly transrational reciprocals of 0,−∞,∞,Φ. While
we argue for the convenience of these in extending real analysis to tran-
sreal analysis, there is no inevitability to this development - alternative
divisions could be given.

We ask the question, given that the cuts −∞ = 〈{},Q〉 and ∞ =
〈Q, {}〉 were previously identified with the extended-real infinities, why
was Φ = 〈{}, {}〉 not recognised as a number, especially as its ordering,
addition and subtraction follow necessarily from the usual Dedekind ad-
dition and subtraction?

We also ask why the computing industry prefers incoherent number
systems, with quadrillions of failure states, when transreal versions of
two’s-complement and floating-point arithmetic offer failure-free comput-
ing?
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Finally we propose a development path passing through the transor-
dinals, transintegers, transrationals, transreals, and transsurreals; but we
recognise that further work on the transcomplex numbers might be desir-
able before starting this development.
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