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Supplementary Material

Appendix A: Technical details regarding the derivation of the log ratio of the predictive

OOC over IC models, log(Ln+1), for all PRC scenarios presented in Table 1, is available as

supplementary material.

A1: PRC for the rate of a Poisson likelihood.

Assume Xi|θ ∼ P (θ · si), where si is the known number of events for the ith observation,

while for the rate (per event) unknown parameter we assume θ ∼ G (c, d). Then, the result-

ing IC posterior is θ|τn ∼ G
(
ĉn, d̂n

)
, while the corresponding predictive is f (Xn+1|Xn) =

NBin
(
ĉn, sn+1/

(
d̂n + sn+1

))
, where ĉn = c +

ND∑
j=1

wjdj and d̂n = d +
ND∑
j=1

wjsj. Thus, the

vector of IC posterior parameters, the predictive’s sufficient statistic and K (τn), needed in

PRC are

τn =
(
d̂n, ĉn − 1

)
, tf (Xn+1) = (sn+1, xn+1) and K (τn) =

Γ (τn,1 + 1)

(τn,0)
τn,1+1

For the OOC scenario we introduce the shift to the unknown rate parameter θ by multiplying

it by k (i.e. the OOC parameter is k · θ), which corresponds to a (k− 1) · 100% rate increase

if k > 1, or to a (1−k) ·100% decrease when k < 1. Since Gamma is a scale family it follows

that the OOC posterior will be θ|τ ′n ∼ G
(
ĉn, d̂n/k

)
, resulting the predictive f ′ (Xn+1|Xn) =

NBin
(
ĉn, sn+1/

(
d̂n/k + sn+1

))
. Therefore, the vector of intervened posterior parameters
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will be τ ′n =
(
d̂n/k, ĉn − 1

)
. Finally, the score function log (Ln+1) will be given by

log (Ln+1) = log
f ′ (Xn+1|Xn)

f (Xn+1|Xn)
= log

K (τ ′n + tf (Xn+1)) ·K (τn)

K (τn + tf (Xn+1)) ·K (τ ′n)

= log

Γ (ĉn + xn+1)(
d̂n/k + sn+1

)ĉn+xn+1
· Γ (ĉn)

d̂ĉnn

Γ (ĉn + xn+1)(
d̂n + sn+1

)ĉn+xn+1
· Γ (ĉn)(
d̂n/k

)ĉn
= (ĉn + xn+1) log

d̂n + sn+1

d̂n/k + sn+1

− ĉn · logk

A2: PRC for the probability of success of a Binomial likelihood.

Let Xi|θ ∼ Bin(Ni, θ), where Ni is the known number of Bernoulli trials of the ith observation

and for the unknown success probability we assume θ ∼ Beta (a, b). The IC posterior

is θ|τn ∼ Beta
(
ân, b̂n

)
, while the predictive is f (Xn+1|Xn) = BetaBin

(
ân, b̂n, Nn+1

)
,

where ân = a +
ND∑
j=1

wjdj and b̂n = b +
ND∑
j=1

wjNj −
ND∑
j=1

wjdj. Thus, the vector of IC posterior

parameters, the predictive’s sufficient statistic and K (τn), needed in PRC are

τn =

 ân + b̂n − 2
n∑
i=1

Ni

, ân − 1

 , tf (xn+1) = (Nn+1, xn+1) and

K (τn) =
Γ (τn,1 + 1)Γ (Ni · τn,0 − τn,1 + 1)

Γ

(
n∑
i=1

Ni · τn,0 + 2

)
For the OOC scenario we multiply the expected odds of θ by k, i.e. the OOC shift is

k ·E
(

θ

1− θ

)
. This shift corresponds to a (k− 1) · 100% expected odds increase if k > 1, or

to a (1−k) ·100% decrease when k < 1. The OOC posterior will be θ|τ ′n ∼ Beta
(
k · ân, b̂n

)
and the corresponding predictive f ′ (Xn+1|Xn) = BetaBin

(
k · ân, b̂n, Nn+1

)
. Therefore, the
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vector of the intervened posterior parameters will be τ ′n =

k · ân + b̂n − 2
n∑
i=1

Ni

, k · ân − 1

.

The score function log (Ln+1) will be

log (Ln+1) = log

Γ (k · ân + xn+1)Γ
(
b̂n +Nn+1 − xn+1

)
Γ
(
k · ân + b̂n +Nn+1

) ·
Γ (ân)Γ

(
b̂n

)
Γ
(
ân + b̂n

)
Γ (ân + xn+1)Γ

(
b̂n +Nn+1 − xn+1

)
Γ
(
ân + b̂n +Nn+1

) ·
Γ (k · ân)Γ

(
b̂n

)
Γ
(
k · ân + b̂n

)

= log
B
(
k · ân + b̂n, Nn+1

)
·B (ân, xn+1)

B
(
ân + b̂n, Nn+1

)
·B (k · ân, xn+1)

A3: PRC for the probability of success of a Negative Binomial likelihood.

Let Xi|θ ∼ NBin(r, θ), where r represents the known number of failures until the experiment

stops and for the unknown probability of success we assume θ ∼ Beta (a, b). The IC poste-

rior and predictive will be θ|τn ∼ Beta
(
ân, b̂n

)
and f (Xn+1|Xn) = NBetaBin

(
ân, b̂n, r

)
respectively, where ân = a+ r

ND∑
j=1

wj and b̂n = b+
ND∑
j=1

wjdj. Thus, the vector of IC posterior

parameters, the predictive’s sufficient statistic and K (τn), needed in PRC are

τn =

(
ân − 1

r
, b̂n − 1

)
, tf (xn+1) = (1, xn+1) and K (τn) =

Γ (τn,1 + 1)Γ (r · τn,0 + 1)

Γ (r · τn,0 + τn,1 + 2)

As in the Binomial case, for the OOC scenario we multiply the expected odds of θ by k.

This shift represents a (k − 1) · 100% expected odds increase if k > 1, or a (1 − k) · 100%

decrease when k < 1. The OOC posterior is θ|τ ′n ∼ Beta
(
k · ân, b̂n

)
and the corresponding

predictive f ′ (Xn+1|Xn) = NBetaBin
(
k · ân, b̂n, r

)
. The intervened posterior parameters
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are τ ′n =

(
k · ân − 1

r
, b̂n − 1

)
. Finally, the score function log (Ln+1) will be given by

log (Ln+1) = log
B
(
k · ân + b̂n, r + xn+1

)
·B (ân, r)

B
(
ân + b̂n, r + xn+1

)
·B (k · ân, r)

A4: PRC for the mean of a Normal likelihood with known variance.

Let Xi|θ ∼ N (θ, σ2), where σ2 is the known variance, and for the unknown mean parameter

we assume θ ∼ N (µ0, σ
2
0). The IC posterior and predictive will be θ|τn ∼ N (µ̂n, σ̂

2
n) and

f (Xn+1|Xn) = N (µ̂n, σ̂
2
n + σ2) respectively, where

µ̂n =

(
σ2µ0 + σ0

2
ND∑
j=1

wjdj

)/(
σ2 + σ0

2
ND∑
j=1

wj

)
and σ̂2

n = σ0
2σ2

/(
σ2 + σ0

2
ND∑
j=1

wj

)
.

The vector of IC posterior parameters, the predictive’s sufficient statistic and K (τn), needed

in PRC are

τn =

(
σ2

σ̂2
n

,
µ̂n
σ̂2
n

)
, t1 (xn+1) =

(
1,
xn+1

σ2

)
and K (τn) =

√
2πσ2

τn,0
exp

{
σ2τ 2n,1
2τn,0

}

For the OOC shift, we introduce a step change of size k ·σ on the mean, i.e. the OOC mean is

θ+k ·σ and the mean shift is upward or downward, depending on whether k > 0 or k < 0 re-

spectively. Since Normal is a location family, the OOC posterior is θ|τ ′n ∼ N (µ̂n + k · σ, σ̂2
n)

and the corresponding OOC predictive will be f ′ (Xn+1|Xn) = N (µ̂n + k · σ, σ̂2
n + σ2). The

vector of the intervened posterior parameters is τ ′n =

(
σ2

σ̂2
n

,
µ̂n + k · σ

σ̂2
n

)
. If we will standard-

ize the future observable, setting Zn+1 = (Xn+1 − µ̂n) /
√
σ̂2
n + σ2, then the standardized

predictives will be f (Zn+1|Xn) = N (0, 1) and f ′ (Zn+1|Xn) = N
(
k · σ/

√
σ̂2
n + σ2, 1

)
. The

score function log (Ln+1) will be given by

log (Ln+1) = log
f ′ (Xn+1|Xn)

f (Xn+1|Xn)
= log

f ′ (Zn+1|Xn)

f (Zn+1|Xn)

=

(
zn+1 −

k

2
· σ√

σ̂2
n + σ2

)
· k · σ√

σ̂2
n + σ2
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A5: PRC for the variance of a Normal likelihood with known mean.

Let Xi|θ2 ∼ N (µ, θ2), where µ is the known mean, and for the unknown variance parameter

we assume θ2 ∼ IG (a, b). The IC posterior and predictive distributions will be θ2|τn ∼

IG
(
ân, b̂n

)
and f (Xn+1|Xn) = t2ân

(
µ, b̂n/ân

)
respectively, where ân = a +

ND∑
j=1

wj
/

2 and

b̂n = b+
ND∑
j=1

wj (dj − µ)2
/

2. The vector of IC posterior parameters, the predictive’s sufficient

statistic and K (τn), needed in PRC are

τn =
(

2(ân + 1), 2b̂n

)
, t1 (xn+1) =

(
1, (xn+1 − µ)2

)
and K (τn) =

Γ
(τn,0

2
− 1
)

(τn,1
2

)τn,0
2
−1

For the OOC shift, we multiply the variance by k, i.e. the OOC parameter is k · θ2 and this

shift corresponds to a (k − 1) · 100% variance increase if k > 1 or a (1− k) · 100% decrease

if k < 1. Since the Inverse Gamma is a scale family, the OOC posterior will be θ|τ ′n ∼

IG
(
ân, k · b̂n

)
with the corresponding predictive being f ′ (Xn+1|Xn) = t2ân

(
µ, k · b̂n/ân

)
.

Thus, the intervened parameters are given by τ ′n =
(

2(ân + 1), k · 2b̂n
)

. Standardizing the

future observable we have Zn+1 = (Xn+1 − µ̂n) /

√
b̂n/ân, resulting the IC and OOC predic-

tive distributions to be f (Zn+1|Xn) = t2ân (0, 1) and f ′ (Zn+1|Xn) = t2ân (0, k) respectively.

Finally, the score function will be

log (Ln+1) = (ân + 1/2) · log
2ân + z2n+1

2ân + z2n+1/k
− log

√
k

A6: PRC for the mean of a Normal likelihood with both parameters unknown.

Let Xi| (θ1, θ22) ∼ N (θ1, θ
2
2) with both parameters being unknown and assumed (θ1, θ

2
2) ∼

NIG (µ0, λ, a, b). The IC posterior and predictive distributions will be given by

(θ1, θ
2
2) |τn ∼ NIG

(
µ̂n, λ̂n, ân, b̂n

)
and f (Xn+1|Xn) = t2ân

(
µ̂n, (λn + 1) · b̂n

/
(λn · ân)

)
re-

spectively, where µ̂n =

(
λµ0 +

ND∑
j=1

wjdj

)/(
λ+

ND∑
j=1

wj

)
, λ̂n = λ+

ND∑
j=1

wj, ân = a+
ND∑
j=1

wj
/

2
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and b̂n = b+

(
λµ2

0 +
ND∑
j=1

wjd
2
j

)/
2−

(
λµ0 +

ND∑
j=1

wjdj

)2/(
2

(
λ+

ND∑
j=1

wj

))
. The vector

of IC posterior parameters, the predictive’s sufficient statistic and K (τn), needed in PRC

are

τn =
(

2(ân + 1), 2b̂n + λ̂nµ̂
2
n, λ̂nµ̂n, λ̂n

)
, t1 (xn+1) =

(
1, x2n+1, xn+1, 1

)
and

K (τn) =

√
2π

τn,3
·

Γ

(
τn,0 − 3

2

)
(
τn,1
2
−

τ 2n,2
2τn,3

)τn,0 − 3

2

For the OOC shift, we introduce a step change of size k · θ̂2 to the mean (i.e. the OOC

parameter will be θ1 + kθ̂2), where θ̂2 =

√
b̂n/ân (the shift will be upward or downward,

depending on whether k > 0 or k < 0 respectively). The parameter θ̂2 is the mean of the

posterior marginal for the standard deviation θ2. This choice preserves the conjugacy and

expresses the shift in terms of the estimated standard deviation. Furthermore, it is always

well defined when the predictive is available and it allows the pivotal statistic to depend only

on λ̂n. Given that the posterior marginal Student t is a location family, the OOC posterior

is (θ1, θ
2
2) |τ ′n ∼ NIG

(
µ̂n + k · θ̂2, λ̂n, ân, b̂n

)
, while the corresponding predictive and the in-

tervened posterior parameters are

f ′ (Xn+1|Xn) = t2ân

(
µ̂n + k · θ̂2,

(
λ̂n + 1

)
· b̂n/

(
λ̂n · ân

))
and

τ ′n =
(

2(ân + 1), 2b̂n + λ̂nµ̂
2
n, λ̂n(µ̂n + k · θ̂2), λ̂n

)
respectively. Standardizing the future ob-

servable (using the IC parameters) we get Zn+1 = (Xn+1 − µ̂n) /

√(
λ̂n + 1

)
· b̂n/

(
λ̂n · ân

)
.

Then the IC and OOC predictive will be f (Zn+1|Xn) = t2ân (0, 1) and f ′ (Zn+1|Xn) =

t2ân

(
k ·
√
λ̂n/

(
λ̂n + 1

)
, 1

)
respectively. The score function log (Ln+1) will be given by

log (Ln+1) = (ân + 1/2) · log
2ân + z2n+1

2ân +
(
zn+1 − k · λ̂n/(λ̂n + 1)

)2
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A7: PRC for the variance of a Normal likelihood with both parameters unknown.

In this scenario, the likelihood, prior and the IC posterior distributions are identical to the

ones of scenario A6. However, here we consider the PRC for the variance term and so for the

OOC shift, we multiply the variance by k, i.e. k ·θ22. The shift corresponds to a (k−1) ·100%

variance increase if k > 1 or a (1 − k) · 100% decrease when k < 1. Furthermore, as the

posterior marginal of θ22 is Inverse Gamma, i.e. a scale family, the OOC posterior will be

given by (θ1, θ
2
2) |τ ′n ∼ NIG

(
µ̂n, λ̂n, ân, k · b̂n

)
, while the corresponding predictive will be

f ′ (Xn+1|Xn) = t2ân

(
µ̂n, k ·

(
λ̂n + 1

)
· b̂n
/(

λ̂n · ân
))

. Thus the vector of the intervened

posterior parameters will be τ ′n =
(

2(ân + 1), 2k · b̂n + λ̂nµ̂
2
n, λ̂nµ̂n, λ̂n

)
. Standardizing the

future observable (just as in A6) we get the standardized IC and OOC predictive distribu-

tions to be f (Zn+1|Xn) = t2ân (0, 1) and f ′ (Zn+1|Xn) = t2ân (0, k) respectively. Finally, the

score function log (Ln+1) will be

log (Ln+1) = (ân + 1/2) · log
2ân + z2n+1

2ân + z2n+1/k
− log

√
k

A8: PRC for the rate of a Gamma likelihood.

Let Xi|θ ∼ G(α, θ), where α is the known shape parameter, and for the unknown rate

parameter we assume that θ ∼ G (c, d). Then, the resulting IC posterior and predictive

will be θ|τn ∼ G
(
ĉn, d̂n

)
and f (Xn+1|Xn) = CompG

(
α, ĉn, d̂n

)
(i.e. Compound Gamma)

respectively, where ĉn = c + α
ND∑
j=1

wj and d̂n = d +
ND∑
j=1

wjdj. Therefore, the vector of IC

posterior parameters, the predictive’s sufficient statistic and K (τn), needed in PRC are

τn =

(
ĉn − 1

α
, d̂n

)
, tf (xn+1) = (1, xn+1) and K (τn) =

Γ (ατn,0 + 1)

τ
ατn,0+1
n,1

Just as in the Poisson case, the OOC scenario is introduced as a shift to the rate θ pa-

rameter, by multiplying it by k, representing a (k − 1) · 100% rate increase if k > 1

or a (1 − k) · 100% decrease when k < 1. As Gamma is a scale family it follows that
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the OOC posterior will be θ|τ ′n ∼ G
(
ĉn, d̂n/k

)
, and the corresponding predictive will be

f ′ (Xn+1|Xn) = CompG
(
α, ĉn, d̂n/k

)
. Therefore, the vector of intervened posterior pa-

rameters will be τ ′n =

(
ĉn − 1

α
,
d̂n
k

)
. Finally, the score function log (Ln+1) will be given

by

log (Ln+1) = (ĉn + α) · log d̂n + xn+1

d̂n/k + xn+1

− ĉn · logk

A9: PRC for the scale of a Weibull likelihood.

If Xi|θ ∼ W (θ, κ), where κ is the known shape parameter, and for the unknown scale

parameter we assume θ ∼ IG (a, b). The IC posterior and predictive distributions will be

θ|τn ∼ IG
(
ân, b̂n

)
and f (Xn+1|Xn) = Burr

(
κ, ân, b̂

1/κ
n

)
respectively, where ân = a+

ND∑
j=1

wj

and b̂n = b+
ND∑
j=1

wjd
κ
j . Thus, the vector of IC posterior parameters, the predictive’s sufficient

statistic and K (τn), needed in PRC are

τn =
(
ân + 1, b̂n

)
, tf (xn+1) =

(
1, xκn+1

)
and K (τn) =

Γ (τn,0 − 1)

τ
τn,0−1
n,1

Similarly to scenario A5, we introduce the OOC shift by multiplying the scale parameter

θκ by k. The shift corresponds to a (k − 1) · 100% scale increase if k > 1 or a (1 − k) ·

100% decrease when k < 1. The Inverse Gamma is a scale family, thus the OOC posterior

will be θκ|τ ′n ∼ IG
(
ân, k · b̂n

)
and the corresponding OOC predictive will be given by

f ′ (Xn+1|Xn) = Burr

(
κ, ân,

(
k · b̂n

)1/κ)
. Finally, the vector of the intervened posterior

parameters is τ ′n =
(
ân + 1, k · b̂n

)
, while the score function becomes

log (Ln+1) = (ân + 1) · log
b̂n + xκn+1

b̂n + xκn+1/k
− logk
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A10: PRC for the scale of an Inverse Gamma likelihood.

Let Xi|θ ∼ IG(α, θ), where α is the known shape parameter while for the unknown scale

parameter we assume θ ∼ G (c, d). The IC posterior is θ|τn ∼ G
(
ĉn, d̂n

)
, while the resulting

predictive is f (Xn+1|Xn) = GB2
(
−1, 1

/
d̂n, α, ĉn

)
(i.e. Generalized Beta of the second

kind), where ĉn = c+α
ND∑
j=1

wj and d̂n = d+
ND∑
j=1

wj/dj. The vector of IC posterior parameters,

the predictive’s sufficient statistic and K (τn), needed in PRC are

τn =

(
ĉn − 1

α
, d̂n

)
, tf (xn+1) =

(
1,

1

xn+1

)
and K (τn) =

Γ (ατn,0 + 1)

(τn,1)
ατn,0+1

Similarly to earlier scenarios, where Gamma was the prior, we introduce the shift to the

shape θ by multiplying it by k, which represents a (k − 1) · 100% scale increase if k > 1

or a (1 − k) · 100% decrease if k < 1. Gamma is a scale family, thus the OOC poste-

rior will be θ|τ ′n ∼ G
(
ĉn, d̂n/k

)
, and the corresponding predictive will be f ′ (Xn+1|Xn) =

GB2
(
−1, k/d̂n, α, ĉn

)
. The intervened posterior parameters will be τ ′n =

(
ĉn − 1

α
, d̂n/k

)
and the score function log (Ln+1) will be given by

log (Ln+1) = (ĉn + α) · log d̂n · xn+1 + 1

d̂n · xn+1/k + 1
− ĉn · logk

A11: PRC for the shape of Pareto likelihood.

Let Xi|θ ∼ Pa(θ,m), where m is the known minimum parameter, and for the shape pa-

rameter we assume θ ∼ G (c, d). The IC posterior and predictive distribution are θ|τn ∼

G
(
ĉn, d̂n

)
and f (Xn+1|Xn) = expGPD

(
d̂n/ (m · ĉn) , ĉ−1n

)
(i.e. exponentiated Generalized

Pareto Distribution) respectively, where ĉn = c+
ND∑
j=1

wj and d̂n = d+
ND∑
j=1

wjlog(dj/m). The

vector of IC posterior parameters, the predictive’s sufficient statistic and K (τn), needed in

9



PRC are

τn =
(
ĉn − 1, d̂n

)
, tf (xn+1) = (1, log(xn+1/m)) and K (τn) =

Γ (τn,0 + 1)

τ
τn,0+1
n,1

Just as it was done in the earlier cases where Gamma was involved as prior, we multiply the

shape θ by k, which represents a (k− 1) · 100% shape increase if k > 1 or to a (1− k) · 100%

decrease when k < 1. As Gamma is a scale family, the OOC posterior θ|τ ′n ∼ G
(
ĉn, d̂n/k

)
,

and the OOC predictive: f ′ (Xn+1|Xn) = expGPD
(
d̂n/ (k ·m · ĉn) , ĉ−1n

)
. The intervened

posterior parameters will be τ ′n =

(
ĉn − 1

α
, d̂n/k

)
and the score function log (Ln+1) will be

given by

log (Ln+1) = (ĉn + 1) · log d̂n + log(xn+1/m)

d̂n/k + log(xn+1/m)
− ĉn · logk

A12: PRC for the scale of Lognormal likelihood with known shape parameter.

Let Xi|θ ∼ LogN (θ, σ2), where σ2 is the known shape parameter, and for the scale pa-

rameter we assume θ ∼ N (µ0, σ
2
0). Similarly to the corresponding Normal case (scenario

A4) we have that the IC posterior and predictive distributions to be θ|τn ∼ N (µ̂n, σ̂
2
n) and

f (Xn+1|Xn) = LogN (µ̂n, σ̂
2
n + σ2) respectively, where

µ̂n =

(
σ2µ0 + σ0

2
ND∑
j=1

wjlog(dj)

)/(
σ2 + σ0

2
ND∑
j=1

wj

)
and σ̂2

n = σ0
2σ2

/(
σ2 + σ0

2
ND∑
j=1

wj

)
.

The vector of IC posterior parameters, the predictive’s sufficient statistic and K (τn), needed

in PRC are

τn =

(
σ2

σ̂2
n

,
µ̂n
σ̂2
n

)
, t1 (xn+1) =

(
1,
log(xn+1)

σ2

)
and K (τn) =

√
2πσ2

τn,0
exp

{
σ2τ 2n,1
2τn,0

}

For the OOC shift, we introduce a step change of size of k ·σ for θ, i.e. the OOC parameter is

θ+k ·σ with the shift being upwards or downwards depending if k > 0 or k < 0 respectively.

Since the Normal is a location family, the OOC posterior will be θ|τ ′n ∼ N (µ̂n + k · σ, σ̂2
n)

10



with the corresponding predictive f ′ (Xn+1|Xn) = LogN (µ̂n + k · σ, σ̂2
n + σ2). The vector

of the intervened posterior parameters will be τ ′n =

(
σ2

σ̂2
n

,
µ̂n + k · σ

σ̂2
n

)
. If we will standardize

the log-transformed future observable, setting Zn+1 = (log(Xn+1)− µ̂n)
/√

σ̂2
n + σ2, then the

standardized predictives will be f (Zn+1|Xn) = N (0, 1) and f ′ (Zn+1|Xn) = N
(
k · σ/

√
σ̂2
n + σ2, 1

)
.

The score function log (Ln+1) will be given by:

log (Ln+1) =

(
zn+1 −

k

2
· σ√

σ̂2
n + σ2

)
· k · σ√

σ̂2
n + σ2

A13: PRC for the shape of Lognormal likelihood with known scale parameter.

Let Xi|θ2 ∼ LogN (µ, θ2), where µ is the known scale, and for the shape parameter we assume

θ2 ∼ IG (a, b). Similarly to the corresponding Normal case (scenario A5) we have that the

IC posterior and predictive distributions to be θ2|τn ∼ IG
(
ân, b̂n

)
, and f (Xn+1|Xn) =

Logt2ân

(
µ, b̂n/ân

)
respectively, where ân = a+

ND∑
j=1

wj
/

2 and b̂n = b+
ND∑
j=1

wj (log(dj)− µ)2
/

2.

The vector of IC posterior parameters, the predictive’s sufficient statistic and K (τn), needed

in PRC are

τn =
(

2(ân + 1), 2b̂n

)
, t1 (xn+1) =

(
1, (log(xn+1)− µ)2

)
and K (τn) =

Γ
(τn,0

2
− 1
)

(τn,1
2

)τn,0
2
−1

For the OOC shift, we multiply the shape parameter by k, i.e. k · θ2. The shift corresponds

to a (k−1) ·100% increase if k > 1 or to a (1−k) ·100% decrease when k < 1. Since, Inverse

Gamma is a scale family, the OOC posterior and predictive will be θ|τ ′n ∼ IG
(
ân, k · b̂n

)
and

f ′ (Xn+1|Xn) = Logt2ân

(
µ, k · b̂n/ân

)
. The vector of the intervened posterior parameters

will be τ ′n =
(

2(ân + 1), k · 2b̂n
)

. Standardizing the log-transformed future observable we

have Zn+1 = (log(Xn+1)− µ)
/√

b̂n/ân, resulting the IC and OOC predictive distributions

to be f (Zn+1|Xn) = t2ân (0, 1) and f ′ (Zn+1|Xn) = t2ân (0, k) respectively. Finally, the score

11



function will be

log (Ln+1) = (ân + 1/2) · log
2ân + z2n+1

2ân + z2n+1/k
− log

√
k

A14: PRC for the scale of Lognormal likelihood with both parameters unknown.

Let Xi| (θ1, θ22) ∼ LogN (θ1, θ
2
2), where both parameters are being unknown and we assume

(θ1, θ
2
2) ∼ NIG (µ0, λ, a, b). Similarly to the corresponding Normal case (scenario A6) we

have that the IC posterior and predictive distributions will be (θ1, θ
2
2) |τn ∼ NIG

(
µ̂n, λ̂n, ân, b̂n

)
and f (Xn+1|Xn) = Logt2ân

(
µ̂n, (λn + 1) · b̂n

/
(λn · ân)

)
respectively, where

µ̂n =

(
λµ0 +

ND∑
j=1

wjlog(dj)

)/(
λ+

ND∑
j=1

wj

)
, λ̂n = λ +

ND∑
j=1

wj, ân = a +
ND∑
j=1

wj
/

2 and

b̂n = b+

(
λµ2

0 +
ND∑
j=1

wj(log(dj))
2

)/
2−

(
λµ0 +

ND∑
j=1

wjlog(dj)

)2/(
2

(
λ+

ND∑
j=1

wj

))
.

The vector of IC posterior parameters, the predictive’s sufficient statistic and K (τn), needed

in PRC are

τn =
(

2(ân + 1), 2b̂n + λ̂nµ̂
2
n, λ̂nµ̂n, λ̂n

)
, t1 (xn+1) =

(
1, (log(xn+1))

2, log(xn+1), 1
)

and

K (τn) =

√
2π

τn,3
·

Γ

(
τn,0 − 3

2

)
(
τn,1
2
−

τ 2n,2
2τn,3

)τn,0 − 3

2

For the OOC shift, we introduce a step change of size of k·θ̂2 to the mean, where θ̂2 =

√
b̂n/ân,

(i.e the expected value of the posterior marginal for the θ2) and so the OOC parame-

ter will be θ1 + kθ̂2. The shift is upward or downward depending on whether k > 0 or

k < 0 respectively. As the posterior marginal Student t is a location family, the OOC

posterior is (θ1, θ
2
2) |τ ′n ∼ NIG

(
µ̂n + k · θ̂2, λ̂n, ân, b̂n

)
, while the corresponding predictive

is f ′ (Xn+1|Xn) = Logt2ân

(
µ̂n + k · θ̂2, (λn + 1) · b̂n/ (λn · ân)

)
. The vector of intervened

12



posterior parameters is τ ′n =
(

2(ân + 1), 2b̂n + λ̂nµ̂
2
n, λ̂n(µ̂n + k · θ̂2), λ̂n

)
. Standardizing the

the log-transformed future observable (using the IC parameters) we get

Zn+1 = (log(Xn+1)− µ̂n)

/√(
λ̂n + 1

)
· b̂n
/(

λ̂n · ân
)

. Then the IC and OOC predictive

will be f (Zn+1|Xn) = t2ân (0, 1) and f ′ (Zn+1|Xn) = t2ân

(
k ·
√
λ̂n/

(
λ̂n + 1

)
, 1

)
respec-

tively. The score function log (Ln+1) will be given by

log (Ln+1) = (ân + 1/2) · log
2ân + z2n+1

2ân +
(
zn+1 − k · λ̂n/(λ̂n + 1)

)2

A15: PRC for the shape of Lognormal likelihood with both parameters un-

known.

The likelihood and the IC distributions and parameters are identical with the ones pre-

sented in scenario A14, but for the OOC shift, we multiply the shape parameter θ2 by

k, referring to a (k − 1) · 100% increase if k > 1 or (1 − k) · 100% decrease when k < 1.

Furthermore, as the posterior marginal (Inverse Gamma) is a scale family, the OOC pos-

terior and predictive will be (θ1, θ
2
2) |τ ′n ∼ NIG

(
µ̂n, λ̂n, ân, k · b̂n

)
and f ′ (Xn+1|Xn) =

Logt2ân

(
µ̂n, k · (λn + 1) · b̂n

/
(λn · ân)

)
respectively. The intervened posterior parameters

will be τ ′n =
(

2(ân + 1), 2k · b̂n + λ̂nµ̂
2
n, λ̂nµ̂n, λ̂n

)
. Standardizing the the log-transformed

future observable (just as in A14) we get the standardized IC and OOC predictive distribu-

tions to be f (Zn+1|Xn) = t2ân (0, 1) and f ′ (Zn+1|Xn) = t2ân (0, k) respectively. Finally, the

score function log (Ln+1) will be

log (Ln+1) = (ân + 1/2) · log
2ân + z2n+1

2ân + z2n+1/k
− log

√
k
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Appendix B: PRC Algorithm

Algorithm 1 PRC algorithm

1: Determine the PRC model from the Table 1 and define the size of the shift k . Model
2: Is prior information available? . initial prior π0(·)
3: YES
4: Determine the hyperparameters of the initial prior τ
5: NO
6: Set the initial reference prior
7: Are prior data available? . power prior
8: YES
9: Provide the historical data Y and determine α0

10: NO
11: Set α0 = 0
12: Choose the appropriate threshold h from Bourazas et al. (2023) . Decision Threshold
13: Once the data point xn (n ≥ 1F) arrives, derive the predictive distribution of next

observable Xn+1| (Xn,Y , α0, τ )
14: Obtain xn+1 and calculate log(Ln+1) in (7) and Sn+1 in (8) . Sn+1

15: if Sn+1 ≤ h (or Sn+1 ≥ h for downward shifts) then . test
16: n← n+ 1
17: goto 13
18: else . Stopping time alarm
19: Raise an Alarm
20: if you do not take a corrective action then
21: goto 16
22: else
23: end PRC scheme
24: endif
25: endif

FFor the likelihoods with two unknown parameters and total prior ignorance (i.e. initial

reference prior and α0 = 0 in the power prior) we need n = 3 to initiate PRC, while for all

other cases PRC starts right after x1 becomes available.

14



Appendix C: Tabulated Simulation Results

Table S1 provides the simulation results depicted in Figure 2 of section 4.
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