Predictive Ratio Cusum (PRC): A Bayesian Approach
in Online Change Point Detection of Short Runs

Konstantinos Bourazas Frederic Sobas Panagiotis Tsiamyrtzis
Department of Statistics Multisite Hemostasis Department of Mechanical
Athens University of Laboratory, Hospices Engineering
Economics and Business, Civils de Lyon, Politecnico di Milano,
76 Patission Street, 3 Quai des Célestins, via La Masa 1,
10434, Athens, Greece 69002, Lyon, France 20156, Milan, Italy
kbourazas@aueb.gr frederic.sobas@chu-lyon.fr panagiotis.tsiamyrtzis@polimi.it



Supplementary Material

Appendix A: Technical details regarding the derivation of the log ratio of the predictive
OOC over IC models, log(L,1), for all PRC scenarios presented in Table 1, is available as

supplementary material.

A1l: PRC for the rate of a Poisson likelihood.
Assume X;|0 ~ P(6 - s;), where s; is the known number of events for the i'® observation,
while for the rate (per event) unknown parameter we assume 6 ~ G (¢, d). Then, the result-

ing IC posterior is 0|1, ~ G (én, cZn), while the corresponding predictive is f (X, 11| X,) =

R Np R Np
NBin <én,sn+1/ <dn + sn+1>>, where ¢, = ¢+ > w;d; and d, = d+ > w;s;. Thus, the
j=1 j=1
vector of IC posterior parameters, the predictive’s sufficient statistic and K (7,), needed in
PRC are
F(Tn,l + 1)

T = (cimén - 1) y Ep(Xng1) = (Snt1, Tg1)  and K (1) = (o) ™1
Tn,0 '

For the OOC scenario we introduce the shift to the unknown rate parameter 6 by multiplying
it by k (i.e. the OOC parameter is k - #), which corresponds to a (k — 1) - 100% rate increase
if k> 1, ortoa (1—k)-100% decrease when k < 1. Since Gamma is a scale family it follows
that the OOC posterior will be 8|7 ~ G (én, cZn/k‘>, resulting the predictive f' (X,41]|X,) =

NBin <én, Sn+1/ ((in Jk+ sn+1>>. Therefore, the vector of intervened posterior parameters



will be 7, = (cfn/k:, Cn — 1>. Finally, the score function log (L,1) will be given by

[ (X Xo) ) K (1 + tp(Xni) - K (72)
log (Ln1) = logZr—— <~ =1 ;
o9 (Lns1) T Xl X)) K (7t (X)) K (7))
I'(én+ xpi1) I (¢n)
R Cn+Tn41 ’ dén
| (dn/k+8n+1) "
T YT Tl e (@)

~ Cn+Tnt1 ~ Cn
(dn + an) (dn k;)

~

dn n N
dn/k + sni1

A2: PRC for the probability of success of a Binomial likelihood.
Let X;|0 ~ Bin(N;,0), where Nj is the known number of Bernoulli trials of the i observation
and for the unknown success probability we assume 6 ~ Beta(a,b). The IC posterior

is 0|T,, ~ Beta <€Ln,l;n), while the predictive is f(X,41]|X,) = BetaBin(&m b, Nn+1>,

Np N Np Np

where G, = a+ ) w;d; and b, = b+ > w;N; — > w;d;. Thus, the vector of IC posterior
j=1 j=1 j=1

parameters, the predictive’s sufficient statistic and K (7,), needed in PRC are

&n+i)n_2 A~

T, = — Jan — 1|, te(zns1) = (Npg1, 1) and
> N
i=1

F(Tn,l + 1)F(Nl . Tn,O — Tn,l —|— 1)

r < Nl 'Tn,0+2)
i=1

For the OOC scenario we multiply the expected odds of 6 by k, i.e. the OOC shift is

K (tn) =

0
k-E (ﬁ) . This shift corresponds to a (k — 1) - 100% expected odds increase if k > 1, or

toa (1—k)-100% decrease when k < 1. The OOC posterior will be |7/, ~ Beta (k’ -, 8n>
and the corresponding predictive f’ (X,41|X,) = BetaBin (k; iy, Bn, Nn+1>- Therefore, the



vector of the intervened posterior parameters will be 7/ = Jk-a, —1

The score function log (L,1) will be

T (k- an+ i) T <6n 4 Ny — an) I'(a,) T (bn>

log (Lny1) = log - -
[ (an + 2pe1) T (bn 4 Ny — an) Ik-an) T bn>

B (k- + by Nyt ) - B (s 2s1)

B (an b, NnH) B (k- i, i)

= log

A3: PRC for the probability of success of a Negative Binomial likelihood.
Let X;|0 ~ N Bin(r, ), where r represents the known number of failures until the experiment
stops and for the unknown probability of success we assume 0 ~ Beta (a,b). The IC poste-

rior and predictive will be |7, ~ Beta (dn,i)n> and f (X,+1|X,) = NBetaBin (dn,i)n,r>

Np ~ Np

respectively, where a,, = a+1r ) w; and b, = b+ > w;d;. Thus, the vector of IC posterior
j=1 j=1

parameters, the predictive’s sufficient statistic and K (7,), needed in PRC are

I(tp1 + D) (r- 10+ 1)
I(r-Tpo+Th1 +2)

A1
Tn = <a” s b — 1) ; tr(@ng1) = (Lzpta) and K () =

r

As in the Binomial case, for the OOC scenario we multiply the expected odds of 6 by k.
This shift represents a (k — 1) - 100% expected odds increase if & > 1, or a (1 — k) - 100%
decrease when k < 1. The OOC posterior is 0|1, ~ Beta (k < Ay, Bn> and the corresponding

predictive [’ (X,,1|X,) = NBetaBin (k . dn,ZA)n,r). The intervened posterior parameters



k-a,—1 -
are T, = (a—, b, — 1>. Finally, the score function log (L, 1) will be given by
r

B <k iy + by, T+ an) B (an,7)

B (an b+ wn+1> B (k-an,r)

log (Lnt1) = log

A4: PRC for the mean of a Normal likelihood with known variance.

Let X;|0 ~ N (0,0%), where 02 is the known variance, and for the unknown mean parameter
we assume 0 ~ N (ug,02). The IC posterior and predictive will be 0|7, ~ N (fi,,62) and
[ (Xni1|X,) = N (fin, 6% + o) respectively, where

Np Np Np
fn = | oo + 00 Y wjd; / 0?24+ 00® Y, w; | and 62 = 00202/ o2+ 00® Y wj .

j=1 j=1 j=1
The vector of IC posterior parameters, the predictive’s sufficient statistic and K (1,), needed

in PRC are

2.2

02 An 'ITL 27TU2 g Tn
T, = (A—Q,/:L—Q> ;b (Tpg) = (17 O.;l) and K (7,) = exp{ 2T, 71}

Tn,0

For the OOC shift, we introduce a step change of size k-0 on the mean, i.e. the OOC mean is
0+ k-0 and the mean shift is upward or downward, depending on whether k£ > 0 or k < 0 re-
spectively. Since Normal is a location family, the OOC posterior is 0|7, ~ N (ji,, + k - 0,52)
and the corresponding OOC predictive will be [’ (X,11|X,) = N (fi, + k - 0,62 + 02). The

) ) ) o jipn+k-o )
vector of the intervened posterior parameters is 7, = 5~ |- 1f we will standard-
O-TL O-'I’L

ize the future observable, setting Z,.1 = (Xni11 — fin) /+/02 + 02, then the standardized
predictives will be f (Z,41|X,,) = N (0,1) and f' (Z,41|X,,) = <k: -0 /4/02 —1—02,1). The
score function log (L,+1) will be given by

= ol EenX) (2| X
log (Lni1) = log f( Xni1| X)) = log f n+1|X)

Zn+1
( 02—1-02) 02—1—02




A5: PRC for the variance of a Normal likelihood with known mean.
Let X602 ~ N (u,0%), where p is the known mean, and for the unknown variance parameter
we assume 6% ~ IG (a,b). The IC posterior and predictive distributions will be 6%|7, ~

N “ Np
1G <dn,bn> and f (X,41|Xn) = toa, <,u,bn/dn> respectively, where a, = a + ) wj/2 and
j=1

A Np
by =b+ > w;(dj — ,u)Q /2. The vector of IC posterior parameters, the predictive’s sufficient
j=1

statistic and K (7,), needed in PRC are

Tn = (2(an +1), 213n) Lt (@) = (1, (@ — ) and K () = ——2——2

)

(@ !
2

o

For the OOC shift, we multiply the variance by k, i.e. the OOC parameter is k - §% and this
shift corresponds to a (k — 1) - 100% variance increase if k > 1 or a (1 — k) - 100% decrease
if £ < 1. Since the Inverse Gamma is a scale family, the OOC posterior will be 0|71) ~
1G <dn, k - 5n> with the corresponding predictive being [’ (X,11|X,) = toa, (u, k- Z;n/dn)
Thus, the intervened parameters are given by 7, = (2(€Ln +1),k- 2?)”). Standardizing the
future observable we have Z,, 11 = (X401 — ftn) / b, /@y, resulting the IC and OOC predic-
tive distributions to be f (Z,41]|X,) = t2a, (0,1) and f' (Z,11]|X,) = t2a, (0, k) respectively.

Finally, the score function will be

2a, + 22
log (L, = (G, +1/2) log—2—"""FL_ JogVk
09 (Ln41) (an +1/2) 092dn+zg+l/k ogVk

A6: PRC for the mean of a Normal likelihood with both parameters unknown.
Let X;| (01,05) ~ N (61,603) with both parameters being unknown and assumed (61, 63) ~
NIG (po, A, a,b). The IC posterior and predictive distributions will be given by

(01,62) |7 ~ NIG (gn,ﬁn,an,6n> and £ (Xp1| X)) = toa, </ln, o+ 1) - bo/ (A an)) re-

Np Np " Np Np
spectively, where i, = | Ao + > w;d; / A S wi |, A= A2 wy, G =a+ )y, w;/2
=1 =1 =1 =1

J= J= J=



2
R Np Np Np

and b, = b+ <)\u3 + > wﬂ?) /2 - ()\,uo + > wjdj> / (2 (/\ + > wj>>. The vector
j=1 j=1 J=1

of IC posterior parameters, the predictive’s sufficient statistic and K (7,), needed in PRC

are

~

T, = (Q(dn + 1),2?% + S\n/li, )\n,&n,S\n> , b (Tpy1) = (1,azi+1,$n+1, 1) and

Tn0_3
F i
V2T ( 2 )

Tn,3 ) Tn,0 — 3
Tn,1 Tn2 2
2 27'”’3

For the OOC shift, we introduce a step change of size k - f5 to the mean (i.e. the OOC
parameter will be 6; + kég), where 0, = \/Bn /@, (the shift will be upward or downward,

depending on whether £ > 0 or £ < 0 respectively). The parameter 05 is the mean of the
posterior marginal for the standard deviation 5. This choice preserves the conjugacy and
expresses the shift in terms of the estimated standard deviation. Furthermore, it is always
well defined when the predictive is available and it allows the pivotal statistic to depend only
on \,. Given that the posterior marginal Student ¢ is a location family, the OOC posterior
is (01,03) |7, ~ NIG ([Ln + k- Oy, N, . l;n), while the corresponding predictive and the in-
tervened posterior parameters are

I (Xua| X0) = taa, (jin + k0, (A +1) b/ (A ) ) and

T = <2(dn +1),2b, 4 Mfi2, A (i + K - 05), 5\n> respectively. Standardizing the future ob-

servable (using the IC parameters) we get Z,11 = (X411 — fin) /\/(5\71 + 1> . ZA)n/ <5\n . &n).
Then the IC and OOC predictive will be f(Z,11|X,) = taa, (0,1) and f' (Z,11]1X,) =

toa, (k‘ 4/ S\n/ (5\n + 1), 1) respectively. The score function log (L, 1) will be given by

P 2
20 + 25,4

2, + (2w — k- A/ 1)

log (Lpy1) = (an+1/2)-log



AT7: PRC for the variance of a Normal likelihood with both parameters unknown.
In this scenario, the likelihood, prior and the IC posterior distributions are identical to the
ones of scenario A6. However, here we consider the PRC for the variance term and so for the
OOC shift, we multiply the variance by k, i.e. k-603. The shift corresponds to a (k—1)-100%
variance increase if £ > 1 or a (1 — k) - 100% decrease when k < 1. Furthermore, as the
posterior marginal of 63 is Inverse Gamma, i.e. a scale family, the OOC posterior will be
given by (01,0%) |7 ~ NIG (ﬂn, Moy G,y Ko - &Z), while the corresponding predictive will be
[ (X1 X5) = toa, (ﬂn,k~ (5\” + 1) l;n/ <;\n . &n>). Thus the vector of the intervened
posterior parameters will be 7/ = (2(&n +1),2k - b, + ;\nﬂi, j\n,&n, ;\n) Standardizing the
future observable (just as in A6) we get the standardized IC and OOC predictive distribu-
tions to be f(Z,11|X,) = tas, (0,1) and f'(Z,11|X.,) = taa, (0, k) respectively. Finally, the

score function log (L,+1) will be

24, + 22
log (L, = (G,+1/2)-1 _—m Tt g L
0g (Ln+1) (an +1/2) Og2dn+z7%+1/k‘ ogV'k

A8: PRC for the rate of a Gamma likelihood.
Let X;|0 ~ G(a,0), where « is the known shape parameter, and for the unknown rate

parameter we assume that 0 ~ G (c,d). Then, the resulting IC posterior and predictive

will be 0|7, ~ Cns An an ni1|Xn) = CompG ( a, ¢, An i.e. Compound Gamma
ill be 6 G ¢y, d d f(X,11]|X C G d C d G

ND ~ ND
respectively, where ¢, = ¢+ a >, w; and d, = d + Y w;d;. Therefore, the vector of IC
j=1 j=1

posterior parameters, the predictive’s sufficient statistic and K (7,), needed in PRC are

6 —1 - I'lar,o+1
™ (Tadn) ; tp(@ng1) = (Lizp) and K (7,) = <OéTn—’00+1)
Lo,

n,l
Just as in the Poisson case, the OOC scenario is introduced as a shift to the rate 6 pa-

rameter, by multiplying it by k, representing a (k — 1) - 100% rate increase if k > 1

or a (1 —k)-100% decrease when k£ < 1. As Gamma is a scale family it follows that



the OOC posterior will be 0|7 ~ G (én, dy, / k:), and the corresponding predictive will be

' (Xpi1|Xn) = CompG (a, én,a?n/ k) Therefore, the vector of intervened posterior pa-
rameters will be 7/ = (C ,?) Finally, the score function log (L,.1) will be given
«

by

log (Lnt1) = (én+0z)-logd

A9: PRC for the scale of a Weibull likelihood.
If X;|60 ~ W(60,k), where  is the known shape parameter, and for the unknown scale

parameter we assume 0 ~ IG (a,b). The IC posterior and predictive distributions will be
N A Np
0|1, ~ IG <dn, bn> and f (X,,1|X,) = Burr (Ii, Qs b}/”) respectively, where @, = a+ Y w;

j=1

R Np
and b, = b+ Y w;df. Thus, the vector of IC posterior parameters, the predictive’s sufficient
j=1
statistic and K (7,), needed in PRC are

F(Tn’o — 1)
Tn,0—1
n,l

T, = (dn + 1,13n> , () = (1,3:7’1“) and K (1,) =

Similarly to scenario A5, we introduce the OOC shift by multiplying the scale parameter
0% by k. The shift corresponds to a (k — 1) - 100% scale increase if &k > 1 or a (1 — k) -
100% decrease when k < 1. The Inverse Gamma is a scale family, thus the OOC posterior
will be 0%|7) ~ IG <&n,k . Z;n> and the corresponding OOC predictive will be given by

" 1/k
' (Xni1|Xn) = Burr (/{,&n, (k: . bn> ) Finally, the vector of the intervened posterior

parameters is 7, = (dn +1,k- Bn>, while the score function becomes

log(Lpy1) = (an+1)-log=



A10: PRC for the scale of an Inverse Gamma likelihood.
Let X;|0 ~ IG(«,0), where « is the known shape parameter while for the unknown scale

parameter we assume 6 ~ G (¢, d). The IC posterior is 0|1, ~ G <én, cin>, while the resulting
predictive is f (X, 41|X,) = GB2 (—17 1/cZn,(x,én> (i.e. Generalized Beta of the second

Np " Np

kind), where ¢, = c+a ) w; and d,, = d+ > w;/d;. The vector of IC posterior parameters,
j=1 j=1

the predictive’s sufficient statistic and K (7,), needed in PRC are

I'lat,o+1)

(7_ L )on'n,o—&—l
n7

Cp—1 = 1
T, = (T,dn) , ti(zp) = (1, $n+1) and K (1,) =

Similarly to earlier scenarios, where Gamma was the prior, we introduce the shift to the
shape 6 by multiplying it by &, which represents a (k — 1) - 100% scale increase if k > 1
or a (1 —k)-100% decrease if k < 1. Gamma is a scale family, thus the OOC poste-
rior will be 0|7, ~ G (én, d,/ k), and the corresponding predictive will be f'(X,+1]|X,) =

. fo—1
GB2 (—1, k/d,,«, én> The intervened posterior parameters will be 7, = (C ,dn/k‘)
o
and the score function log (L,+1) will be given by

~ Czn'xn—l-l_"l
log (L, = (¢, + ) log—
9 (Ln+1) ( ) AT

— Cp - logk

A11: PRC for the shape of Pareto likelihood.
Let X;|0 ~ Pa(0,m), where m is the known minimum parameter, and for the shape pa-

rameter we assume 6 ~ G (¢,d). The IC posterior and predictive distribution are 6|7, ~

G (én, czn> and f (X,41]|X,) = expGPD <czn/ (m - ¢,) ,é,jl) (i.e. exponentiated Generalized
ND ~ ND

Pareto Distribution) respectively, where ¢, = ¢+ > w; and d, = d + ) wjlog(d;/m). The
j=1 j=1

vector of IC posterior parameters, the predictive’s sufficient statistic and K (7,), needed in



R A I'(rh0+1
ro= (60— 1)ty = (Lloglee /m) and K () = 120t D)

n,1

Just as it was done in the earlier cases where Gamma was involved as prior, we multiply the
shape 0 by k, which represents a (k — 1) - 100% shape increase if k£ > 1 or to a (1 — k) - 100%
decrease when k < 1. As Gamma is a scale family, the OOC posterior 0|7 ~ G (én, d, / k),
and the OOC predictive: f'(X,11|X,) = expGPD (a?n/ (k-m-¢,) 6_1>. The intervened

’rTn

Cn—1

posterior parameters will be 7, = ( d,/ k) and the score function log (L,1) will be

given by

cZn + log(xpy1/m)
dy [k + 10g (w41 /m)

log(Lps1) = (én+1)-lo — &y - logk

A12: PRC for the scale of Lognormal likelihood with known shape parameter.
Let X;|0 ~ LogN (0,0%), where o2 is the known shape parameter, and for the scale pa-
rameter we assume 6 ~ N (po,02). Similarly to the corresponding Normal case (scenario
A4) we have that the IC posterior and predictive distributions to be 0|7, ~ N (fi,, ¢2) and
f (X111 X,) = LogN (fi,, 6% + 0?) respectively, where

. 2 s W& 2 s W& ~9 2 2 2 s W&
fon, = | 0%o + 00" Y wjlog(d;) o+ og ij and 6, = 0’0 o° + o9 ij )

7j=1 7j=1 7j=1
The vector of IC posterior parameters, the predictive’s sufficient statistic and K (1,), needed

in PRC are
% fin log(xn1) 272 0’72,

For the OOC shift, we introduce a step change of size of k-o for 6, i.e. the OOC parameter is
0+ k- o with the shift being upwards or downwards depending if £ > 0 or k£ < 0 respectively.

Since the Normal is a location family, the OOC posterior will be 0|7/ ~ N (ji, + k- o, 62)

10



with the corresponding predictive f’ (X, 11|X,) = LogN (fi, + k - o, 62 + 02). The vector

k
%) . If we will standardize

(log(Xnt1) — fn) /\/02 + 02, then the
1)

and ' ( nHrX> N (k-o/ /57 +0%1).

L
of the intervened posterior parameters will be 7/, = (
the log-transformed future observable, setting Z,,,1 =
standardized predictives will be f (Z,,4+1|X,,) = N (0,

The score function log (L,1) will be given by:

10g (Lnss) k o k-o
og (L, = |z .
g T2 v or) 2t

A13: PRC for the shape of Lognormal likelihood with known scale parameter.
Let X;|60% ~ LogN (p, 6?%), where p is the known scale, and for the shape parameter we assume
6? ~ IG (a,b). Similarly to the corresponding Normal case (scenario A5) we have that the

IC posterior and predictive distributions to be 92\Tn ~ IG <€Ln, IA)n), and f(X,11]|X,) =

Logtag, (u, b /an) respectively, where a,, = a+z w; /2 and b, = b—i—Z wj (log(d /2
The vector of IC posterior parameters, the predlctwe s sufficient statlstlc and K (Tn>, needed

in PRC are

Ty = (2(€Ln + 1), 2l;n> , b (@nr1) = (1, (log(wns) — ’u)Q) and K () = r (T - 1)

Tn,0
(@ !
2

For the OOC shift, we multiply the shape parameter by k, i.e. k- 6?. The shift corresponds
toa (k—1)-100% increase if £ > 1 or to a (1 —k)-100% decrease when k < 1. Since, Inverse
Gamma is a scale family, the OOC posterior and predictive will be 0|7/ ~ IG (&n, k - I;n) and
' (Xy1|X) = Logtas, (,u, k - l;n/dn). The vector of the intervened posterior parameters
will be 7, = <2(dn +1), k-2b ) Standardizing the log-transformed future observable we
have Z,11 = (log(Xp41) — / m, resulting the IC and OOC predictive distributions
to be f(Zn41|Xn) = taa, (0,1) and f' (Z,41|X,) = taa, (0, k) respectively. Finally, the score

11



function will be

2a, + 22
log (L, = (G, +1/2) log—=-"2FL _ 1ogVk

A14: PRC for the scale of Lognormal likelihood with both parameters unknown.
Let X;| (61,03) ~ LogN (6, 63), where both parameters are being unknown and we assume
(61,603) ~ NIG (po, A, a,b). Similarly to the corresponding Normal case (scenario A6) we
have that the IC posterior and predictive distributions will be (0y,65) |, ~ NIG (/ln, S\n, (i, l;n>
and f(X,11|X,) = Logtaa, </ln, A+ 1)- l;n/ (A - dn)> respectively, where

Np Np o Np Np
fn = | Mo + > wjilog(dy) / A S wil, Avv = X+ Y wj, @, = a+ >, w;/2 and
i—1 i—1 i—1 i—1

J J J J

b, = b+ (Aug + gwj(log(dj))2> /2 — ()\uo + iwjlog(dj)) / (2 ()\ + Ngiw]>)

The vector of IC posterior parameters, the predictive’s sufficient statistic and K (14,), needed

in PRC are

T, = <2(dn +1), 2b,, + S\n,&i, S\nﬂn, 5\n> , by (Tpg1) = (1, (log(2n41))?, log(2ni1), 1) and

Tn0_3
F i
V2T ( 2 )

Tn,3 ) Tn,0 — 3
Tn,1 Tn2 2
2 27'”’3

For the OOC shift, we introduce a step change of size of k-0 to the mean, where 0y = \/ by [,

(i.e the expected value of the posterior marginal for the ;) and so the OOC parame-
ter will be 6, + kfy. The shift is upward or downward depending on whether & > 0 or
k < 0 respectively. As the posterior marginal Student t is a location family, the OOC
posterior is (01,03) |1, ~ NIG </ln + k- Oy, Ay, i, l;n>, while the corresponding predictive
is f'(Xn1|X,) = Logtas, (ﬂn + k-, M+1)bo/ (- dn)>. The vector of intervened

12



posterior parameters is 7, = <2(dn +1), b, + S\n,&i, ;\n(ﬂn +k- ég), ;\n> Standardizing the
the log-transformed future observable (using the IC parameters) we get

Zni1 = (log(Xni1) — fin) /\/(5\" + 1) I;n/ (5\” . dn>. Then the IC and OOC predictive

will be f (ZnJrl’Xn) = thn (07 1) and f/ (Zn+1|Xn) = t2&n (k : M 5‘n/ <5\n + 1)7 1) respec-

tively. The score function log (L,1) will be given by

p 2
20, + 254

6+ (2011 — k- huf (4 1)

log(Lpy1) = (an+1/2)-log

A15: PRC for the shape of Lognormal likelihood with both parameters un-
known.

The likelihood and the IC distributions and parameters are identical with the ones pre-
sented in scenario A14, but for the OOC shift, we multiply the shape parameter 62 by
k, referring to a (k — 1) - 100% increase if & > 1 or (1 — k) - 100% decrease when k < 1.
Furthermore, as the posterior marginal (Inverse Gamma) is a scale family, the OOC pos-
terior and predictive will be (61,03) |7, ~ NIG <[Ln,5\n,dn,k~i)n> and [ (X,11|Xn) =
Logtag, (/ftn, E-(A+1)- by / (A - dn)> respectively. The intervened posterior parameters
will be 77 = (2(&n +1),2k- b, + j\nﬂi, j\n,&n, ;\n> Standardizing the the log-transformed
future observable (just as in A14) we get the standardized IC and OOC predictive distribu-
tions to be f(Z,11|X,) = tes, (0,1) and f'(Z,11|X.,) = taa, (0, k) respectively. Finally, the

score function log (L,+1) will be

24, + 2>
log (L, = (G,+1/2)-1 _—m Tl g L
0g (Ln+1) (G +1/2) Og2dn+2721+1/k5 ogV'k

13



Appendix B: PRC Algorithm

Algorithm 1 PRC algorithm

I

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

Determine the PRC model from the Table 1 and define the size of the shift £ > Model
Is prior information available? > initial prior m(+)
YES

Determine the hyperparameters of the initial prior 7
NO

Set the initial reference prior
Are prior data available? > power prior
YES

Provide the historical data Y and determine o
NO

Set Qp = 0

: Choose the appropriate threshold h from Bourazas et al. (2023) >  Decision Threshold
. Once the data point z,, (n > 1%) arrives, derive the predictive distribution of next

observable X, 1| (X,,,Y, ag, T)

Obtain z,.; and calculate log(L,.1) in (7) and S, in (8) > Spit
if S,41 < h (or S,.1 > h for downward shifts) then > test
n<—n+1
goto 13
else > Stopping time alarm

Raise an Alarm
if you do not take a corrective action then
goto 16
else
end PRC scheme
endif
endif

*Tor the likelihoods with two unknown parameters and total prior ignorance (i.e. initial

reference prior and «p = 0 in the power prior) we need n = 3 to initiate PRC, while for all

other cases PRC starts right after x; becomes available.
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Appendix C: Tabulated Simulation Results

Table S1 provides the simulation results depicted in Figure 2 of section 4.

15
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