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1.  Introduction
The thermal (0.1–5 keV) and energetic (5–300 keV) electron populations in the Earth's magnetotail arise by the 
energization of initially cold ≤100 eV electrons from the shocked solar wind or the ionosphere. An investigation 
of the relative contributions of different energization mechanisms is important, because electrons play a crucial 
role in magnetosphere-ionosphere coupling (Khazanov et  al.,  2018; Ni et  al.,  2016; Nishimura et  al.,  2020) 
and are responsible for magnetotail current sheet currents (Artemyev, Petrukovich, et al., 2011; Kamaletdinov 
et al., 2020; Lu et al., 2019; Runov et al., 2006). The two main electron acceleration mechanisms are adiabatic 
heating and wave-particle interactions. The former applies to heating by the convection (dawn-dusk) electric 
field during earthward transport, be it quasi-steady and large scale (Artemyev et al., 2012; Lyons, 1984; Zelenyi 
et al., 1990) or impulsive and localized (Birn et al., 2012, 2013; Fu et al., 2011, 2013; Gabrielse et al., 2012, 2014). 
The latter applies to field-aligned acceleration by kinetic Alfven waves (Artemyev, Rankin, & Blanco, 2015; 
Cheng et al., 2020; Damiano et al., 2015, 2016), lower-hybrid waves (Cairns & McMillan, 2005), and various 
electrostatic solitary waves (Lotekar et al., 2020; Vasko et al., 2015), as well as by electromagnetic whistler-mode 
waves (whistlers; Breuillard et al., 2016; Le Contel et al., 2009; Malykhin et al., 2021; Panov et al., 2013; Zhang 
et  al.,  2018) and electron cyclotron harmonic waves (Ni et  al.,  2012; Zhang & Angelopoulos,  2014; Zhang 
et al., 2021). Electron adiabatic heating and wave-electron interactions operate on different time scales, thus they 
are modeled using different approaches.

The average convection electric field in the Earth’s magnetotail is ∼0.05  mV/m (Angelopoulos et  al.,  1993; 
Sergeev et  al.,  1996), and corresponds to a ∼10 to 50  km/s earthward convection for an equatorial Bz  ∈  [1, 
10] nT in the middle tail (hereinafter we use the GSM coordinate system). Therefore, the typical time-scale of 
electron transport from ∼30RE to ∼10RE is ∼1.5 hr. This time-scale would be an order of magnitude smaller, 
∼10 min, for fast plasma flows transporting electrons earthward with velocity ∼200 to 500 km/s (Angelopoulos 
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et al., 2013; Liu et al., 2014; Runov, Angelopoulos, Zhou, et al., 2011). During their earthward transport, most 
electrons crossing the equator are bouncing between magnetic mirror points adjacent to the current sheet. This 
bounce motion affects the efficiency of adiabatic heating (Artemyev, Zelenyi, Petrukovich, & Nakamura, 2011; 
Birn et al., 2012; Fu et al., 2012; Tverskoy, 1969; Zelenyi et al., 2013). The typical time-scale of electron bounce 
motion is 𝐴𝐴 ∼ 4𝐿𝐿∕𝑣𝑣 ∼ 2 second∕

√

ℎ where L ∼ 1RE is the typical magnetotail current sheet half-thickness and h 
is the electron energy in kiloelectron volt. Therefore, accurate modeling of adiabatic electron heating requires 
resolving electron dynamics with a temporal resolution better than 1 s. This can be readily achieved with test 
particle simulations in dynamic electromagnetic fields obtained from global MHD simulations (see examples in 
Ashour-Abdalla et al., 2011; Birn et al., 2013; Eshetu et al., 2018, 2019; Sorathia et al., 2018) or from analytical 
approximations of spacecraft observations (see examples in Gabrielse et al., 2016, 2017; Zaharia et al., 2000). 
However, to model wave-electron interactions, which for classical cyclotron resonance occur within a frac-
tion of an electron gyroperiod, ∼1 to 10 ms, a much higher temporal resolution (smaller time step) is required, 
∼0.1 to 1 ms. This is computationally challenging for a large ensemble of electrons and for the long integration 
times needed to capture the full electron evolution (tens of minutes). Thus, electron interactions with waves are 
mostly modeled by solving the diffusion equation, which is mainly applicable in a strong background magnetic 
field, such as that of the near-Earth magnetotail (Ni et al., 2016) and inner magnetosphere (see reviews by Li & 
Hudson, 2019; Shprits et al., 2008; Thorne et al., 2021 and references therein). Merging these two approaches 
(test particle simulations to follow adiabatic heating and solving the diffusion equation to track the effect of waves 
on the electron distributions) has been proposed, mostly for applications to the inner magnetosphere (e.g., Elking-
ton et al., 2019; Lukin, Artemyev, & Petrukovich, 2021; Michael et al., 2021), but it has yet to be implemented.

It is particularly desirable to incorporate both adiabatic evolution and wave-electron interactions on electron ener-
gization in the near-Earth magnetotail: there, the most intense fluxes of energetic electrons are associated with 
plasma injections (Fu et al., 2013; Gabrielse et al., 2014, 2019). These are characterized by strong adiabatic heat-
ing of electrons trapped within the strong magnetic field of the dipolarizing flux bundle (Birn et al., 2013, 2014; 
Gabrielse et al., 2016; Lu et al., 2016; Zaharia et al., 2000). Such heating is predominantly anisotropic and mostly 
increases the transverse electron energy component, creating anisotropic electron populations (Fu et al., 2012; 
Motoba et al., 2020; Runov et al., 2013). Instabilities of these anisotropic populations are responsible for the 
generation of intense whistlers (Fu et al., 2014; Malykhin et al., 2021; Tao et al., 2011), as observed around 
dipolarizing flux bundles (Grigorenko et  al.,  2020; Khotyaintsev et  al.,  2011; Le Contel et  al.,  2009; Zhang 
et al., 2018, 2019). Electron resonant interaction with such whistlers can result in rapid electron acceleration, 
but also efficient pitch-angle scattering. Since adiabatic heating strongly depends on electron pitch angle (Birn 
et al., 2012; Lyons, 1984; Tverskoy, 1969), such pitch-angle scattering by whistlers is expected to affect the final 
electron heating and distribution function anisotropy.

There are two main regimes of electron resonant interaction with whistlers: electron diffusion by low-ampli-
tude waves and nonlinear resonant interactions including phase bunching and phase trapping (see reviews by 
Karpman, 1974; Shapiro & Sagdeev, 1997). Diffusion is well described by quasi-linear theory (Drummond & 
Pines, 1962; Vedenov et al., 1962) initially developed for whistlers (Andronov & Trakhtengerts, 1964; Kennel 
& Petschek, 1966; Trakhtengerts, 1963) and later generalized to systems with electron bounce motion (Lyons 
et  al.,  1972). The basic characteristics of this theory, that is, the pitch-angle and energy diffusion rates, can 
be evaluated from measured whistler wave properties (e.g., Albert, 2008; Glauert & Horne, 2005; Mourenas 
et  al.,  2012; Shprits & Ni,  2009; Summers et  al.,  2007) and incorporated into the Fokker-Planck diffusion 
equation describing the evolution of electron fluxes (see reviews by Lyons & Williams, 1984; Ni et al., 2016; 
Schulz & Lanzerotti, 1974; Shprits et al., 2008; Thorne et al., 2021 and references therein). Theoretical esti-
mates of these diffusion rates show that diffusive electron scattering around dipolarizing flux bundles can be 
quite effective (Ghaffari et al., 2021; Khotyaintsev et al., 2011). However, the observed whistler wave intensity 
is often sufficiently large to allow nonlinear resonant interactions, that may change electron pitch-angle and 
energy much faster than quasi-linear diffusion (see discussions of these two regimes in Allanson et al., 2020; 
Artemyev et al., 2019; Gan et al., 2020). The basic characteristics of nonlinear resonant interaction models are 
the pitch-angle and energy changes due to phase bunching (e.g., Albert, 2002; Allanson et al., 2021; Bell, 1984) 
and phase trapping (e.g., Demekhov et al., 2006; Omura et al., 2007), and the probability of phase trapping (e.g., 
Neishtadt,  1975; Shklyar,  1981). These characteristics can be evaluated using observed wave properties (see 
examples in Artemyev, Neishtadt, et al., 2021; Vainchtein et al., 2018) and can be incorporated into a non-diffu-
sive master equation providing the evolution of electron fluxes (see examples in Artemyev, Neishtadt, Vasiliev, & 
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Mourenas, 2018; Furuya et al., 2008; Hsieh et al., 2020; Omura et al., 2015). In the present study, we focus on the 
inclusion of such nonlinear interaction effects into the test-particle simulation scheme. In Section 5 we consider 
approaches for the future inclusion of diffusive effects.

A way to include effects of resonant wave-particle interaction into test particle simulations was proposed in Tao 
et al. (2008), where electron diffusion traditionally described by the Fokker-Planck equation was modeled with 
a set of stochastic differential equations. The idea is to use characteristics of the master (e.g., Fokker-Planck) 
equation as electron trajectories in phase space, and add diffusion in the form of random electron pitch-angle/
energy variations. The analog of the Fokker-Planck equation for systems with nonlinear wave-particle inter-
actions is the master equation including integral operators describing large pitch-angle/energy changes due to 
the phase trapping (see examples of such equations in Artemyev, Neishtadt, Hietala, et  al.,  2017; Artemyev, 
Neishtadt, Vasiliev, et al., 2017; Hsieh & Omura, 2017b; Omura et al., 2015; Vainchtein et al., 2018). Artemyev 
et al. (2020b) described a set of mapping equations that represent the characteristics of such a master equation. In 
this study we will modify the mapping approach of Artemyev et al. (2020b) to include nonlinear resonant effects 
into the test particle electron trajectories describing electron adiabatic heating. The proposed approach will then 
be applied to a simulation of electron energization around the dipolarizing flux bundle with characteristics typical 
for plasma injections.

This article consists of four main sections and a conclusion section. In Section 2 we describe our model of 
adiabatic electron heating. This model is based on the canonical theory of adiabatic invariants and differs 
slightly from the more widespread models using the noncanonical theory (see discussion in the review by Cary 
& Brizard, 2009). The basic elements of the canonical theory are reviewed in Appendix A and in Neishtadt 
and Artemyev  (2020). In Section3 we describe the inclusion of wave-particle resonant effects into the test 
particle simulation. Further description of this approach can be found in Appendices B and C and in Arte-
myev et al.  (2020b); Artemyev, Neishtadt, Vasiliev, et al.  (2021); Artemyev, Neishtadt, Zhang, et al.  (2021). 
In Section 4, we apply the model of adiabatic electron heating including wave-particle interactions to plasma 
injections observed by the Time History of Events and Macroscale Interactions during Substorms (THEMIS) 
mission (Angelopoulos, 2008). There we also compare model results of electron scattering into the loss-cone 
with electron precipitation observations by the low-altitude CubeSat ELFIN (Angelopoulos et  al.,  2020). In 
Section we discuss possible generalizations of the model. Finally, in Section 6 we briefly summarize the main 
conclusions of this study.

2.  Adiabatic Electron Dynamics
In this section we consider adiabatic dynamics of non-relativistic electrons (with magnetic moment conservation, 
μ = const) in the magnetotail’s magnetic field in the presence of a moving dipolarizing flux bundle. The goal 
is to derive equations of motion for the electron gyrocenter’s fast bouncing along magnetic field lines and slow 
cross-field drift due to gradient effects. The most common approach for the zero-order description of the gyro-
center motion is the non-canonical guiding center theory (see Cary & Brizard, 2009; Morozov & Solov’ev, 1966; 
Northrop, 1963 and references therein). Although this theory introduces the magnetic moment μ as an adiabatic 
invariant of motion, this invariant is not incorporated further in the Hamiltonian description of the motion as 
a canonical variable. The resultant non-canonical guiding center equations are adequate for the description of 
electron dynamics in large-scale electromagnetic fields (e.g., those generated by global MHD simulations, see 
Eshetu et al., 2018; Ukhorskiy et al., 2011). However, incorporating effects of electron-scale wave perturbations 
to the electron motion using such guiding-averaged equations is not straightforward. Because our final goal 
is to describe effects of electron resonant scattering by whistlers on electron interaction with a dipolarizing 
flux bundle, we need to derive a canonical set of guiding center equations (Gardner, 1959; Neishtadt & Arte-
myev, 2020). In this canonical set of Hamiltonian equations μ is a Hamiltonian variable, which is considered 
conserved (invariant) in the absence of waves and its conservation is violated when wave-particle interactions 
occur. We will see that the canonical guiding center theory approach is quite useful for investigating electron 
dynamics in the presence of both large-scale magnetic field gradients and electron-scale waves. However, in this 
approach, the canonical Hamiltonian variables responsible for electron cross-field drift are not Cartesian (spatial) 
coordinates. These variables are Euler potentials (Stern, 1970), generally used for the description of magnetic 
field configurations (Birn, 1989; Birn et al., 1977), but much more rarely used to describe electron dynamics 
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(see examples in Cary & Brizard, 2009). Therefore, the background magnetic field should be expressed in Euler 
potentials to be included into equations of motion. Below, in Section 2.1 we describe such a background magnetic 
field configuration, and in Section 2.2 we show that the adiabatic electron dynamics using this approach has all 
the effects of electron drifts and adiabatic heating.

2.1.  Background Magnetic Field Model

We start with a 2D magnetotail current sheet configuration, whose generalized formulation relies on a single 
component of the vector potential A = A(x, z)ey (Schindler, 1975; Schindler & Birn, 1978). We next incorporate 
a dipolarizing flux bundle as a Bz enhancement, localized in the (x, y) equatorial plane (Gabrielse et al., 2016). 
Although such a Bz-enhancement changes significantly the current sheet thickness (i.e., it changes the current 
sheet configuration in the (x, z) plane; Liu et al., 2013; Nakamura et al., 2004), we do not include this effect in 
order to simplify the description of the electron motion. In the (x, z) plane, the current sheet embedding dipolar-
izing flux bundle can be modeled as a simple field configuration:

� = − �̄� ⋅ ln
(

1
� (�)

cosh
(

� ⋅ � (�)
�

))

�� = − ��
��

= �̄� (�) tanh
(

� ⋅ � (�)
�

)

�� =
��
��

= �̄� �
′

�

(
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� ⋅ � (�)
�
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� ⋅ � (�)
�

))

� (1)

where 𝐴𝐴 𝐵̄𝐵 is the typical magnetic field magnitude, ɛ = L/Lx is the ratio of the current sheet thickness L and the 
typical scale of the magnetotail inhomogeneity along x, l′ = dl/d(ɛx/L) and

𝑙𝑙 (𝑥𝑥) =
𝐿𝐿

−𝜀𝜀 ⋅ (𝑥𝑥 + 𝑥𝑥0)

(

1 + ℎ𝑓𝑓𝑅𝑅 ⋅ tanh
(

𝑋𝑋

𝑅𝑅

))

� (2)

where x0 represents the range of the Bz variation along x in the absence of the dipolarizing flux bundle. The 
dipolarizing flux bundle is described by the second part of Equation 2. The Bz-enhancement’s relative ampli-
tude is hf, the bundle size is R (this is the spatial scale of the magnetic field enhancement), and X is the relative 
distance to the bundle: X = x − x0f for a stationary 1D bundle located at x0f. It follows that X = x − x0f − vft for 
a bundle moving earthward with a constant speed vf. Figure 1a shows a set of Bz(x) profiles in z = 0 plane at 
different x0f. Although we do not describe the sharp leading boundary of the dipolarizing flux bundle (Nakamura 
et al., 2002, 2004; Runov, Angelopoulos, Zhou, et al., 2011; Sitnov et al., 2009), we can model adequately the 
spatial localization of the Bz enhancement. Figure 1b shows a set of 2D distributions of B(x, z) field magnitude 
with overplotted magnetic field lines (that are A = const lines). For such a magnetic field configuration, the Euler 
potentials are 𝐴𝐴 𝐴𝐴 = 𝐴𝐴∕𝐵̄𝐵 and β = y with 𝐴𝐴 𝐁𝐁 = 𝐵̄𝐵∇𝛽𝛽 × ∇𝛼𝛼 (Birn, 1989; Birn et al., 1977).

Let us now replot the magnetic field magnitude B as a function of the field-aligned coordinate s and equatorial 
vector potential A(x, 0). Figure 1c shows B(s) profiles for several equatorial x values (i.e., for three fixed values 
of A corresponding to those equatorial x values), whereas Figure 1d shows B(A) profile for s = 0, that is, at the 
equator (A is monotonically decreasing with absolute distance |x|/L). These profiles show that B(s) can generally 
be approximated by some combination of polynomial and exponential functions, and that B(A) for s = 0 can be 
fitted as B ∼ exp(A/AR). Therefore, we can approximate the magnetotail configuration with an embedded dipo-
larizing flux bundle as:

� = �̄�� (�)�� (�) , �� (�) = �0
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where we modify the B(s) dependence to include the effect of the very strong dipole field in the near-Earth region 
(this would guarantee that most electrons will be reflected near Earth and do not escape from the magnetotail, 
as it should be, given the ≤2° loss-cone in the magnetotail plasma sheet; see, e.g., Zhang et al., 2015). Figure 1e 
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shows fb(s), whereas Figure 1f shows B(A, 0). Both functional forms are good representations of the original 
magnetic field from Figures 1c and 1d). To localize the dipolarizing flux bundle in the dawn/dusk direction 
(along the Y coordinate), we generalize the Gb function as:

�� (�, � , �) = �0 exp (� − �0) ⋅

(

1 + �� exp

(

−
(� − �0� )2

�2
�

−
(� − �0� )2

�2

))

� (4)

Figure 2 shows a set of 2D distributions of the field magnitude, B in the (A, s) and (A, Y) planes, for different loca-
tions of the dipolarizing flux bundle. This configuration includes all needed properties of the magnetotail current 
sheet with the moving dipolarizing flux bundle, and can be used for an investigation of electron adiabatic motion.

2.2.  Electron Adiabatic Heating

In Appendix A we have derived the guiding center Hamiltonian for non-relativistic electrons (mass m, charge −e) 
moving in the strong magnetic field (μ = const):

𝐻𝐻 =
1

2𝑚𝑚
𝑝𝑝
2
‖

+ 𝜇𝜇Ω0 (𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠 − 𝑐𝑐𝑐𝑐𝑓𝑓 𝑡𝑡𝑡 𝑡𝑡 )� (5)

where (s, p∥) are the conjugate variables of field-aligned coordinate and momentum, respectively; μ = h sin 2 αeq/
Ω0(0, Ainit, Yinit) is the electron magnetic moment, conserved and determined by the initial coordinates, equatorial 
pitch-angle αeq and energy h; and Ω0 = eB(s, A, Y)/mc is the electron gyrofrequency. The factor A − cEft with 
the constant eclectic field Ef describes the front motion, that is, the magnetic field reconfiguration with time. 
Note that μ’s conjugate, the gyrophase angle, does not appear in the Hamiltonian, consistent with the fact that μ 

Figure 1.  (a) Profiles of 𝐴𝐴 𝐴𝐴𝑧𝑧∕𝐵̄𝐵 magnetic field given by Equation 1 for z = 0, ɛ = 1/20, hf = 5, and three bundle normalized distances: x0f/L = (−5, −10, −15). (b) 
𝐴𝐴 𝐴𝐴(𝑥𝑥𝑥 𝑥𝑥)∕𝐵̄𝐵 given by Equation 1 for ɛ = 1/20, hf = 5, and x0f/L = −10. Black lines show magnetic field lines, defined as: A = const. (c) Magnetic field magnitude 𝐴𝐴 𝐴𝐴∕𝐵̄𝐵 

along three magnetic field-lines with the same equatorial crossings as in (a). (d) Equatorial magnetic field magnitude as a function of 𝐴𝐴 𝐴𝐴∕𝐿𝐿𝐵̄𝐵 for the same parameters 
as in (a). (e) Magnetic field magnitude 𝐴𝐴 𝐴𝐴∕𝐵̄𝐵 along magnetic field-line given by Equation 3 with a0 = 5, a1 = 2, and a2 = 5. Dashed curve show 𝐴𝐴 𝐴𝐴∕𝐵̄𝐵 from (c) with 
the normalization to the equatorial value. (f) Equatorial magnetic field magnitude as a function of 𝐴𝐴 𝐴𝐴∕𝐿𝐿𝐵̄𝐵 given by Equation 3 with G0 = 6, 𝐴𝐴 𝐴𝐴0∕𝐿𝐿𝐵̄𝐵 = 6 , Gf = 6, 

𝐴𝐴 𝐴𝐴𝑅𝑅 = 𝐿𝐿𝐵̄𝐵∕2 , and three values of A0f =(1.1, 1.5.2.5).
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is a conserved quantity in this treatment. The conjugate variables describing electron cross-field drift are (A, Y). 
Hamiltonian equations for (5) are

�̇ = 1
�
�
‖

, �̇
‖

= −� �Ω0
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�
�Ω0

��
, �̇ = −� �

�
�Ω0
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Figure 3a shows electron bounce motion for three αeq values. There are typical electron oscillations between 
magnetic mirror points determined by the h = μΩ0(s) condition. Figure 3b shows electron 3D trajectories in (s, A, 
Y) coordinate space for a dipolarizing flux bundle that has come to rest. Electrons oscillate fast along the magnetic 
field lines and drift around the magnetic field enhancement in the (A, Y) plane. This is typical of electron trap-
ping by the magnetic field gradient drift, well described for electrons interacting with dipolarizing flux bundles 
(e.g., Gabrielse et al., 2017). Figure 3c shows the same 3D trajectories for a moving dipolarizing flux bundle. 
Electrons trapped around the bundle due to the cross-field drift are transported by the dipolarizing flux bundle 
toward the Earth (larger A). When electrons reach sufficiently large background magnetic field, they can escape 
from the bundle and start drifting along Y. This is the classical mechanism of electron transport by dipolarizing 
flux bundles from the magnetotail toward the Earth (Eshetu et al., 2019; Gabrielse et al., 2016, 2017; Sorathia 
et al., 2018).

Electron interactions with a moving dipolarizing flux bundle are accompanied by electron adiabatic heating due 
to magnetic field increase, given that μ is constant (Birn et al., 2014; Gabrielse et al., 2016). Figure 4 shows 
electron energy and equatorial pitch-angle αeq evolution along the orbits of Figure 3, though shown here for 
longer time intervals. For electrons with αeq close to 90°, the energy increases almost linearly with the magnetic 
field magnitude, as expected for betatron heating h ∼ Beq. Electrons with smaller pitch-angles spend more time 

Figure 2.  2D 𝐴𝐴 𝐴𝐴∕𝐵̄𝐵 plot in the (A, s) plane for three A0f values [2.5, 1.5 and 1.1 for (a), (b), and (c), respectively], and in the 
(A, Y) plane for A0f = 1.5 (d). System parameters are the same as in Figure 1.
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far from the equatorial plane in the weakly changing, off-equatorial field. Their parallel energy increases due 
to Fermi acceleration along a shrinking field line length, brought about by the motion of the dipolarizing flux 
bundle. If the field grows in intensity and shrinks in length as a dipole, the parallel energy increase occurs at a 
slower rate than the perpendicular energy increase (Tverskoy, 1969). Accordingly, the average electron energy 

Figure 3.  Three trajectories of electrons with 20 keV initial energy. Initial 𝐴𝐴 𝐴𝐴∕𝐿𝐿𝐵̄𝐵 = 1 (and 𝐴𝐴 𝐴𝐴0𝑓𝑓∕𝐿𝐿𝐵̄𝐵 = 1 ) and Y/L = 0.4, αeq = 75° (red), Y/L = 0.2, αeq = 45° (green), 
Y/L = 0.05, αeq = 15° (blue). Other system parameters are the same as in Figure 1. Figures 1a and 1b shows trajectory projections in (s, p∥) plane and in 3D space (A, Y, 
s) for a short time interval. (c) Shows trajectory projections in (A, Y) plane for a long time interval.

Figure 4.  (a) Shows a fragment of (red) trajectory from Figure 3 in 3D space (A, Y, s), energies in colors. Bottom panels show energy and pitch-angle change of three 
trajectories of electrons with 20 keV initial energy. The equatorial field Beq is B for s = 0. Initial 𝐴𝐴 𝐴𝐴∕𝐿𝐿𝐵̄𝐵 = 1 (and 𝐴𝐴 𝐴𝐴0𝑓𝑓∕𝐿𝐿𝐵̄𝐵 = 1 ) and Y/L = 0.05, whereas αeq = 75° (red), 
αeq = 45° (green), αeq = 15° (blue). Other parameters are the same as in Figure 1.
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increases as h ∼ B a with a < 1 (Artemyev et al., 2012; Lyons, 1984; Zelenyi et al., 2013). Such anisotropic heat-
ing can result in energetic electron distributions peaked around 90° (Fu et al., 2011, 2012; Motoba et al., 2020). 
However, local (energy and pitch-angle) electron distributions are often dominated by a fine interplay between 
dipolarizing flux bundle reconfiguration (Fu et al., 2013) and competing betatron and Fermi acceleration mech-
anisms (Birn et al., 2013; Fu et al., 2011; Runov et al., 2013). In our model, we use a stationary bundle config-
uration (without reconfiguration) and all the electron energization is due to the earthward motion of the dipo-
larizing flux bundle.

We numerically integrate 10 6 trajectories of electrons initially trapped (drifting around) within the dipolarizing 
flux bundle and calculate the evolution of their energy and pitch-angle distribution. Because the model back-
ground equatorial magnetic field B = B(s, A, Y) (without the dipolarizing flux bundle) is a monotonic function 
of radial distance, it can be used as a proxy of that distance. We thus plot electron distributions for three different 
background magnetic field values represented by three different values of the vector potential in the three panels 
of Figure 5a. The figure shows that the energy of large pitch-angle electrons increases preferentially as the field 
increases (vector potential decreases), resulting in a pancake anisotropy (αeq ∼ 90°) for tens to one hundred keV 
electrons. Such distributions are indeed observed around dipolarization fronts (Runov et al., 2013) and have been 
previously reproduced in numerical simulations (Birn et al., 2013, 2014). Figure 5b shows the evolution of the 
electron spectrum (pitch-angle averaged) during the earthward motion of the dipolarizing flux bundle. Adiabatic 
electron heating is clearly seen, with a self-similar evolution of the electron spectrum (in agreement with space-
craft observations of energetic electrons, see Fu et al., 2011; Runov et al., 2015).

The adiabatic heating accompanied by transverse anisotropy observed in the model is, in fact, typical of ener-
getic electrons in Earth’s magnetotail. This transverse anisotropy drives whistlers (Malykhin et al., 2021; Zhang 

Figure 5.  (a) Shows the normalized phase space density of electrons for three ranges of A/AR (see Figure 1(f)). The initial electron phase space density is ∼h 1/2 
exp(−h/1 keV) sin 1/4αeq. (b) Shows the electron distribution in (energy, 𝐴𝐴 𝐴𝐴∕𝐿𝐿𝐵̄𝐵 ) space and several pitch-angle averaged electron spectra for different A/AR. Model 
parameters are same as in Figure 1.
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et al., 2019) often observed around dipolarizing flux bundles (Breuillard et al., 2016; Khotyaintsev et al., 2011; 
Le Contel et al., 2008; Zhang et al., 2018). Thus, in the next section we investigate electron resonant interaction 
with such waves over the time-scale of electron transport by a dipolarizing flux bundle.

3.  Resonant Wave-Particle Interaction
We now revise the Hamiltonian Equation  5 by adding in Equation  7 a term describing the electron interac-
tion with a field-aligned whistler wave of amplitude ∼Bw and phase ϕ (∂ϕ/∂t = −ω is the wave frequency and 
∂ϕ/∂s = k(s) is the wavenumber; see Appendix B and Vainchtein et al. (2018)).

𝐻𝐻 =
1

2𝑚𝑚
𝑝𝑝
2
‖

+ 𝜇𝜇Ω0 +

√

2𝜇𝜇Ω0

𝑚𝑚𝑚𝑚2

𝑒𝑒𝑒𝑒𝑤𝑤

𝑘𝑘
sin (𝜙𝜙 + 𝜓𝜓)� (7)

The wave term also depends on the electron gyrophase, ψ. Thus the magnetic moment is not conserved in new 
Hamiltonian (7), because 𝐴𝐴 𝐴𝐴𝐴 = −𝜕𝜕𝜕𝜕∕𝜕𝜕𝜕𝜕 . We introduce the quantity ζ = ϕ + ψ with a time derivative:

𝜁̇𝜁 = 𝑘𝑘
𝑝𝑝
‖

𝑚𝑚
− 𝜔𝜔 + Ω0 = Ω𝑒𝑒𝑒𝑒 (𝑌𝑌 𝑌 𝑌𝑌) ⋅

(

𝑘𝑘𝑘𝑘

Ω𝑒𝑒𝑒𝑒

𝑝𝑝
‖

𝑚𝑚𝑚𝑚
−

𝜔𝜔

Ω𝑒𝑒𝑒𝑒

+ 𝑓𝑓𝑏𝑏(𝑠𝑠)

)

� (8)

where the wavenumber is given by the cold plasma dispersion relation (Stix, 1962):

𝑘𝑘𝑘𝑘∕Ω𝑒𝑒𝑒𝑒 = (Ω𝑝𝑝𝑝𝑝∕Ω𝑒𝑒𝑒𝑒) ⋅ (Ω𝑒𝑒𝑒𝑒𝑓𝑓𝑏𝑏(𝑠𝑠)∕𝜔𝜔 − 1)−1∕2�

In Equation 8, fb(s) describes the background magnetic field intensity along magnetic field lines (see Figure 1e), 
whereas Ωeq is a proxy of the magnetic field variation on the equatorial plane (Y, A) (see Figures 1f and 2d). Since 
whistlers are generated locally near the equator at all radial distances, the ω/Ωeq distribution can be kept fixed 
independently of Y and A. The equatorial plasma density increases with A (as the radial distance decreases, see, 
e.g., Artemyev, Angelopoulos, et al., 2017) and we take Ωpe/Ωeq to be constant in order to simplify the evalua-
tion of wave-particle resonant interactions. (In reality, this ratio will vary both with Y and A as the density and 
magnetic field vary with equatorial distance from a dipolarizing flux bundle, see e.g., Liu et al., 2013; Runov, 
Angelopoulos, Zhou, et al., 2011, so in future direct comparisons with observations wave-particle resonant effects 
should be evaluated separately for different (Y, A) locations.) For simplicity in our calculations we also assume an 
adiabatic equation of state for the flux tube plasma, implying a constant density along magnetic field lines, that is, 
Ωpe is independent of s (this simplification may not be accurate in the near-Earth magnetotail where field-aligned 
gradients of plasma density are expected to be strong, see Artemyev, Zhang, et al., 2018).

Figure 6 shows several examples of electron trajectories, including both effects of adiabatic heating and nonlinear 
resonant interactions comprising phase bunching (evidenced in (a) as a gradual energy decrease due to many small 
Δhscat < 0 energy changes in each interaction) and phase trapping (due to few large energy increases, Δhtrap > 0). 
As the electron bounce time is much faster than their adiabatic transport and associated heating, several incidents 
of wave trapping and scattering can occur around the equator before the electron energy can evolve adiabati-
cally due to transport. Therefore, electron energy changes occur cyclically, each cycle comprising large energy 
increases due to trapping and gradual energy decreases due to bunching (see details in Artemyev, Neishtadt, 
et al., 2021). To mimic wave generation at the magnetic field minimum and propagation along magnetic field 
lines, we assume that wave amplitude Bw grows from zero at the equator to saturation at a peak value at some 
off-equatorial distance beyond which it stays constant (see the empirical models for the the inner magnetosphere, 
e.g., Agapitov et al., 2015, 2018). This distribution of wave power along magnetic field lines is such that trapping 
occurs for small energies and accelerates electrons, and then bunching can bring those electrons back from large 
energies to smaller energies where trapping becomes possible again (see details in, e.g., Artemyev, Vasiliev, 
et al., 2015; Vainchtein et al., 2018). Such large energy variations due to resonant wave-particle interactions can 
mask the much slower adiabatic heating on short timescales, but such heating should be distinguishable over the 
much longer, adiabatic transport timescales. The energy increase due to trapping is accompanied by a pitch-angle 
increase, whereas energy decrease due to bunching is accompanied by pitch-angle decrease. The latter moves 
electrons closer to the loss-cone. These rapid pitch-angle variations also affect the slower, adiabatic heating as 
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the latter depends on the μ value (∂H/∂B ∼ μ). In Figure 6 we consider only one wave propagating with k > 0 
above the equator, and a single resonance per bounce period, to simplify test particle simulations. Appendix C 
generalizes this description to multiple resonances with more than one wave.

A numerical evaluation of the trajectories of electrons interacting with whistlers requires a sufficiently accurate 
tracing of the fast rotating wave phase and gyrophase. Therefore, for a large electron ensemble and multiple 
wave characteristics, such simulations cannot be performed within the test particle approach with present-day 
computers. Instead, we use the mapping technique initially proposed for the description of diffusive electron 
scattering (e.g., Chirikov, 1979; Vasilev et al., 1988) and generalized for nonlinear wave-particle interactions in 
Artemyev et al. (2020b). The approach is to consider electron resonant interactions as independent and instan-
taneous changes of the energy (μ and pitch-angle), that is, we describe electron motion with μ = const (using 
Hamiltonian (5)), and change μ after each half of the bounce period (e.g., at the equator) with a μ change (energy 
and pitch-angle changes) described by a probability distribution function. This function describes the probability 
of electron interaction with different waves from a wave distribution 𝐴𝐴  (𝐵𝐵𝑤𝑤, 𝜔𝜔) including the probability of elec-
tron to be phase trapped or bunched (see details in Appendix C and Artemyev et al. (2020b); Artemyev, Neishtadt, 
et al. (2021)). The inputs are the wave distribution 𝐴𝐴  (𝐵𝐵𝑤𝑤, 𝜔𝜔) and a model of Δhscat,trap changes. Appendix B gives 
Δhscat,trap evaluated for given characteristics of the background magnetic field Ω0 and waves Bw, ω. Note that we 
normalize the wave frequency to the equatorial gyrofrequency, Ωeq = Ω0|s = 0.

Figure  7 shows several electron trajectories calculated for the wave amplitude and frequency probability 
distribution

 ∼ exp
(

−(𝐵𝐵𝑤𝑤 − 200pT)2∕1502pT2 − (𝜔𝜔∕Ω𝑒𝑒𝑒𝑒 − 0.35)2∕0.225
)

�

with 〈Bw〉 = 200 pT and 〈ω〉 = 0.35Ωeq, same as used for the calculations in Figure 6. Electron trajectories 
obtained using this mapping technique reproduce the main features of the test-particle trajectories, but the numer-
ical evaluation is much faster allowing us to trace a large ensemble of electrons even with limited computer 
resources. Then we will use a realistic 𝐴𝐴  (𝐵𝐵𝑤𝑤, 𝜔𝜔) distribution and a realistic initial electron distribution F(h, αeq). 
In the next section, we obtain such distributions from an example of spacecraft measurements in the magnetotail, 
and then examine the role played by whistlers in the evolution of the electron distribution as it interacts with the 
dipolarizing flux bundle.

Figure 6.  Three examples of electron trajectories from numerical integration of Hamiltonian equations for Hamiltonian (7). The background magnetic field parameters 
are the same as in Figure 1. The wave field amplitude is 0.02 ⋅ Beq ⋅ fw(s/L), where L = 1RE is the typical spatial scale of magnetic field inhomogeneity, fw = s/(s + L/4) 
for s > 0 and fw = 0 for s < 0 (i.e., we consider a wave generated at the equator s = 0, propagating to s > 0 with an amplitude increase and saturation to peak value at 
around L/4 distance from the equator). Wave frequency is 0.35Ωeq, and plasma frequency is 10Ωeq. Note. (c) Shows 3D fragments of orbits from (a) and (b), that is, the 
energy range of (c) are limited to 150 keV for illustration purpose.
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4.  Examples of Dipolarizing Flux Bundles
To use a realistic 𝐴𝐴  (𝐵𝐵𝑤𝑤, 𝜔𝜔) wave probability distribution, we examine one dipolarizing flux bundle event meas-
ured by THEMIS. We use magnetic field measurements by the fluxgate magnetometer (Auster et al., 2008) with 
1/3 s resolution, thermal (<25 keV) ion and electron moments measured by the electrostatic analyzers (McFad-
den et al., 2008) with 3 s resolution, electron spectra (100 eV–100 keV) from combined measurements of the 
electrostatic analyzer and solid state telescope (Angelopoulos et al., 2008; Turner et al., 2012), and magnetic 
field fluctuations in the 10–4,000 Hz frequency range measured by the search-coil (Le Contel et al., 2008). We 
use both waveforms measured in the wave burst mode and wave spectra evaluated on board at 1s time resolution 
(Cully et al., 2008).

Figure 8 shows observations of the plasma injection, including increase of energetic electron fluxes and surround-
ing wave activity. THEMIS observed this injection well within the flow breaking region (Dubyagin et al., 2011; 
Nakamura et al., 2009), and there is no clear Bz enhancement (typical for dipolarizing flux bundle) and a quite 
weak earthward plasma flow (see Figure 8a). However THEMIS observed a clear energetic electron injection 
(see Figure 8b), which is typical signatures of dipolarizing flux bundles downtail (Nakamura et al., 2002, 2004; 
Runov et al., 2009). Therefore, we assume that THEMIS observed electrons transported by a dipolarizing flux 
bundle from the magnetotail. THEMIS observed this injection around the equatorial plane: |Bx| is smaller than 
(or comparable to) Bz. The injection is also associated with a decrease in plasma density and a minimum of 
the local plasma frequency to gyrofrequency ratio (not shown). Based on these observations, for evaluation of 
wave-particle interactions we will use Ωpe/Ωce = 10 at the equator and a constant Ωpe along magnetic field lines 
(in agreement with the approximately constant density along magnetic field lines in magnetotail models; see, e.g., 
discussion in Artemyev & Zelenyi, 2013).

There is a clear enhancement of energetic electron fluxes (see Figures 8b and 8c), that is, the dipolarizing flux 
bundle transports and adiabatically heats electrons from the magnetotail (Birn et al., 2015; Gabrielse et al., 2016; 
Runov et  al.,  2015). The electron pitch-angle distribution (see Figure 8d) is dominated by cold field-aligned 
electrons (<1 keV; seen behind the injection front) and hot transversely anisotropic electrons (>5 keV; seen on 
THEMIS A and E behind the injection front). The transverse heating of hot electrons may be explained by adiaba-
tic effects of electron transport into the spatially growing magnetic field (Birn et al., 2012; Fu et al., 2013; Gabri-
else et al., 2014; Turner et al., 2016), whereas cold field-aligned beams are likely of ionospheric origin or result 
from electron field-aligned acceleration/scattering by kinetic Alfven waves (Artemyev, Rankin, & Blanco, 2015; 
Damiano et al., 2015) and/or electrostatic turbulence (Mozer et al., 2015; Shen et al., 2021; Vasko et al., 2017). 

Figure 7.  Three examples of electron trajectories from the numerical integration of Hamiltonian Equation 6 with the mapping technique, to evaluate electron 
resonant interactions with whistlers. The background magnetic field parameters are the same as in Figure 1. Wave amplitudes and frequencies are distributed with 

𝐴𝐴  ∼ exp
(

−(𝐵𝐵𝑤𝑤 − 200pT)2∕1502pT2 −
(

𝜔𝜔∕Ω𝑒𝑒𝑒𝑒 − 0.35
)2
∕0.225

)

 . Plasma frequency is 10Ωeq, and Ωeq = Ω0|s = 0 is the equatorial gyrofrequency. Note. (c) Shows 3D 
fragments of orbits from (a) and (b), that is, the energy range of (c) are limited to 600 keV for illustration purpose.
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The description of the dynamics of this cold electron population would require to include field-aligned electric 
fields (see discussion in An et al., 2021; Génot et al., 2004; Shen et al., 2020), but this population is not consid-
ered in our study.

There are sporadic and transient bursts of whistlers around the dipolarizing flux bundles (see Figure  8e for 
THEMIS E). The wave spectrum 𝐴𝐴 

2
𝑤𝑤(𝑓𝑓 ) with f  =  ω/2π shows intense bursts around f  ∈  [0.1, 0.4]fce (with 

fce = Ω0/2π), in the typical frequency range of whistlers captured around dipolarizing flux bundles (Breuillard 
et  al.,  2016; Grigorenko et  al.,  2020; Le Contel et  al.,  2009; Zhang et  al.,  2018). Waves are mostly seen by 
THEMIS E, and less by THEMIS A, whereas THEMIS D observed only electron cyclotron harmonics (elec-
tric field bursts above fce). These differences in spacecraft observations can be explained by the differences 
of local electron anisotropic populations (see Figure 8d): THEMIS E and A observed transversely anisotropic 
hot electrons (>5 keV) that are the primary free-energy source for whistler waves (Kennel, 1966; Sagdeev & 

Figure 8.  Overview of a plasma sheet injection observed by three THEMIS spacecraft on 4 July 2021: ThA data are on the left column with #1 panels, ThD data are 
on the center column with #2 panels, ThE data are on the right column with #3 panels. (a) Shows two magnetic field components (left axis) and ion flow vx in red 
(right axis). (b) and (c) Shows electron energy flux from SST and ESA. (d) Shows anisotropy of electron flux in the ESA energy range. (e) and (f) Shows magnetic and 
electric field spectra and three characteristic frequencies depicted by white curves (fce is the local electron cyclotron frequency). (f) Showd the electron temperature 
anisotropy (left axis) and electron βe, the ratio of electron to magnetic field pressure (right axis).
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Shafranov, 1961). Figure 8g show that electron temperature anisotropy and electron β are larger on THEMIS E, 
leading to a higher amount of whistlers there.

For each 1s spectrum we calculate the RMS time-averaged wave amplitude 𝐴𝐴 𝐴𝐴𝑤𝑤 =
(

∫
𝑓𝑓𝑐𝑐𝑐𝑐∕2

𝑓𝑓𝑐𝑐𝑐𝑐∕10


2
𝑤𝑤𝑑𝑑𝑑𝑑

)1∕2

 and mean 

wave frequency 𝐴𝐴 𝐴𝐴𝑚𝑚 = ∫
𝑓𝑓𝑐𝑐𝑐𝑐∕2

𝑓𝑓𝑐𝑐𝑐𝑐∕10


2
𝑤𝑤𝑓𝑓𝑓𝑓𝑓𝑓∕𝐵𝐵

2
𝑤𝑤 . These wave characteristics are input parameters for the mapping 

technique. 𝐴𝐴 𝐴𝐴
2
𝑤𝑤 is the time-averaged wave intensity calculated from wave spectra. The amplitude of individual 

wave-packets can be significantly larger than Bw. This difference is not important for the quasi-linear diffusion 
describing wave-particle resonant interaction by diffusion rates that depend only on the time-averaged Bw (Lyons 
& Williams, 1984; Schulz & Lanzerotti, 1974). For nonlinear resonant interactions, however, the electron dynam-
ics are determined by peak wave amplitudes and the occurrence rate of intense waves. Therefore, we need to 
recalculate the Bw distribution derived from the wave spectra integration to estimate the actual occurrence rate 
of intense waves. This is done by using simultaneous measurements of whistler wave packets (see Figure 9a). 
Typical wave packet amplitudes during this event are ∼100 pT, that is, a factor K ≈ 20 larger than the average 
Bw ∼ 5 pT and a factor K ≈ 5 larger than the level Bw ∼ 20 pT of the most intense wave population (see the 

𝐴𝐴  (𝐵𝐵𝑤𝑤, 𝑓𝑓∕𝑓𝑓𝑐𝑐𝑐𝑐) distribution in Figure 9b). Accordingly, we multiply the time-averaged Bw by K = 5. To keep the 
same time-averaged wave intensity 𝐴𝐴 𝐴𝐴

2
𝑤𝑤 we assume that such intense wave packets are observed only a fraction 

1/K 2 of the time, whereas during the rest 1 − 1/K 2 of the time there are no whistlers. This may be simplistic but 
nonetheless captures the essential features of the wave packet for the purpose of nonlinear interactions. Thus, 
during each half of the bounce period, there is a probability 1/K 2 that an electron resonates with one of the waves 
from the 𝐴𝐴  distribution, and a probability 1 − 1/K 2 that there is no resonant interaction and thus electron charac-
teristics remain unchanged.

Figure 9.  (a) Shows several examples of whistler wave packets observed by ThE (frequency range is between 300 Hz and 1 kHz). (b) Shows the distribution of whistler 
wave amplitude and frequency from FFF dataset with the power spectra integration within [fce/10, fce/2] frequency range. (c) Shows measured electron energy spectrum 
and pitch-angle spectra (in black) for the interval 05:30–05:45, and results of our fitting procedure (in red).
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To set the initial electron distribution function F = F0(h) sin Cαeq, we determine C, F0(h) by fitting the measured 
electron fluxes. Figure 9c shows such fits of the pitch-angle averaged phase space density which provide fitting 
parameters F0 = ∑k = 1,2Ak ⋅ exp(−h/hk) with A1 ≈ 1.5 ⋅ 10 −13, A2 ≈ 5 ⋅ 10 −15, h1 ≈ 0.1 keV, and h2 ≈ 1 keV. Note 
that we only fit the low-energy part of the electron distribution and do not include the high-energy electron 
population into the initial distribution for the simulation, because we assume that this population is formed 
during adiabatic heating and, thus, should be reproduced (at least partially) by our model. Figure 9c also shows 
fits of the pitch-angle distributions for several energy ranges: thermal electrons are transversely anisotropic, and 
high energy electrons are almost isotropic or weakly parallel anisotropic. Thus, we use C ≈ 1/4 for h < 50 keV. 
Note that THEMIS is located in the injection region, whereas the initial cold F distribution should be taken 
further down the magnetotail where electron density is much smaller. Thus, we keep the energy spectrum of 
cold electrons, but normalize the electron density (the integral of F) at the starting point of the particle trajectory 
(where 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 0.2 ) such that it attains the measured density at the observation region (where for our model 
we have 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 6 ). For such a normalization, we use a factor 𝐴𝐴 ∼ 𝐵𝐵

2∕3
𝑒𝑒𝑒𝑒  that reflects the typical variation of the 

electron density along the magnetotail (Tsyganenko & Mukai, 2003; Wang et al., 2009).

The magnetic field model includes a term A − cEft that determines the time-scale (or electric field magnitude) of 
dipolarizing flux bundle motion. This time-scale can be estimated based on the measured front speed vf together 
with a magnetic field model. The front velocity can be as large as 500−1,000 km/s in the middle tail (Hwang 
et al., 2011; Runov, Angelopoulos, Sitnov, et al., 2011; Runov et al., 2009), but it decreases to tens of km/s around 
the plasma flow braking region (Dubyagin et al., 2011; Liu et al., 2014, 2016). Thus, we use vf ≈ 200 km/s, which 
is typical, and for simplicity's sake do not include effects of flow braking (such braking can be incorporated into 
the model, if needed, as a variable profile of vf(x), see Artemyev, 2014; Gabrielse et al., 2017). The magnetic field 
model assumes that the equatorial non-perturbed (without dipolarizing flux bundle) magnetic field magnitude 
changes from 1 to 100 nT for 𝐴𝐴 𝐴𝐴∕𝐿𝐿𝐵̄𝐵 ∈ [0.5, 5] (see Figure 1f for 𝐴𝐴 𝐵̄𝐵 = 30 nT). This range of magnetic field variation 
generally corresponds to the range of radial distances [26, 6]RE. Therefore, the dipolarizing flux bundle will travel 
this distance in Δt = 24RE/vf ≈ 600 s, and have an electric field 𝐴𝐴 𝐴𝐴𝑓𝑓 = Δ𝐴𝐴∕Δ𝑡𝑡𝑡𝑡 = 4.5 ⋅ 𝐵̄𝐵𝐵𝐵∕Δ𝑡𝑡𝑡𝑡 ≈ 2 mV/m (which 
is typical of the average electric field on dipolarization fronts, see Runov, Angelopoulos, Zhou, et al. (2011)). 
Since such simplified estimates do not take into account the front braking (Liu et al., 2014, 2016), we likely 
underestimate the travel time and the number of resonant wave-particle interactions. We should also note that 
electrons are not (all) transported by the dipolarizing flux bundle to the region of >100 nT background field, but 
rather (most) manage to escape from the bundle when the background field reaches the bundle field intensity the 
electrons are trapped in (see Gabrielse et al., 2016, 2017).

Figures  10a1–10c1 shows a set of electron distribution functions F(h, αeq) obtained from numerical integra-
tion of 10 6 electron orbits, without effects of resonant interactions with whistlers. The electron distributions 
are shown at different magnitudes of the equatorial magnetic field, a proxy of the radial distance. There is clear 
adiabatic heating and the formation of a transverse anisotropy, as previously seen in Figure 5a. These distribu-
tions are computed after spatial averaging around the dipolarizing flux bundle (𝐴𝐴 𝐴𝐴∕𝐵̄𝐵𝐵𝐵 ∈

(

𝑐𝑐𝑐𝑐𝑓𝑓 𝑡𝑡∕𝐵̄𝐵𝐵𝐵
)

⋅ [0.5, 1.5] , 
Y ∈ [ − 1, 1]). Next, Figures 10a2–10c2 shows electron distributions at the same radial distances as Figures 10a1–
10c1 above them, but now with the effects of whistlers included. Electron resonant interactions with whistlers 
mix electrons in (energy and pitch-angle) space along the resonance curves. This results in energetic electron 
deceleration due to phase bunching by whistlers and a reduction of electron pitch-angle perpendicular anisotropy 
at such energies. Electron transport to smaller pitch-angles by phase bunching also creates a secondary energetic 
population at low pitch-angles, αeq < 30°. This population is less energized than the main, adiabatically heated 
population with αeq > 60°, because of the aforementioned phase bunching and also because adiabatic heating is 
much less efficient for low pitch-angle electrons. The particular shape of F(h, αeq) depends on the current sheet 
configuration (which ultimately dictates the efficiency of adiabatic heating for different αeq, see, e.g., Artemyev 
et al., 2012) and on the spatial distribution of whistler wave intensity along magnetic field lines (Bw(s) determines 
the energy range of cyclotron resonant electrons for different αeq (Agapitov et al., 2018; Mourenas et al., 2014) 
and the efficiency of phase trapping (Artemyev, Vasiliev, et al., 2015; Vainchtein et al., 2018). Therefore, addi-
tional simulations with different current sheet configurations, fb(s), and wave amplitude profiles Bw(s) would be 
needed to investigate the full range of possible F(h, αeq) shapes.

Figure 11 compares electron energy spectra (pitch-angle averaged) at several radial distances (denoted by their 
equatorial magnetic field values) and three interaction models: adiabatic heating only (top row), and adiabatic 
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heating plus wave-particle resonant interactions for K = 5 (middle row) and for K = 10 (bottom row). (We use a 
higher K to check if this parameter affects significantly simulation results.) Evidently, these pitch-angle averaged 
energy spectra are not significantly influenced by electron scattering by whistlers, that is, such scattering mostly 
changes the electron pitch-angle distribution, but not the omni-directional energy spectrum. Interestingly, results 
for K = 5 and 10 are very close. This indicates that increasing the wave intensity and decreasing of probability of 
electron nonlinear resonant interaction with waves does not change the simulation results significantly, as long as 
there is a sufficiently large number of resonances for each electron in the tracing ensemble.

Electron scattering by whistlers may significantly decrease electron pitch-angles and move particles to the 
loss-cone. An accurate estimate of the loss-cone size for the near-Earth magnetotail is almost impossible, 
because empirical magnetic field models (Andreeva & Tsyganenko, 2019; Tsyganenko, 1995; Tsyganenko & 
Sitnov, 2007), with only few exceptions (Sitnov et al., 2021; Stephens et al., 2019; Tsyganenko et al., 2021), do 
not include the effects of dipolarization associated with plasma injection and strong variations of the equatorial 
magnetic field (such variations may significantly change the loss-cone size and precipitating electron fluxes, 
see, e.g., Eshetu et al., 2018). Typical loss-cone angle αLC estimates give ≤2° in the magnetotail (see Figure 3d 
in Zhang et al., 2015), and this value can be larger closer to the Earth. For a simulation of precipitating electron 
fluxes, we use αLC = 3°. This value could overestimate the precipitating flux magnitude, but there is almost no 
energy change due to the wave-particle resonant interaction at pitch-angles <3°. Therefore, the energy spec-
trum of precipitating electrons derived from our simulation should reproduce the expected spectrum of electrons 

Figure 10.  Electron (energy and pitch-angle) distributions for different Beq values (shown as inserts on the top row panels). (a1–c1) show results of electron tracing 
without wave-particle interaction effects. Rows show results of electron tracing after including effects of electron scattering by whistlers for K = 5 in (a2–c2), and 
K = 10 in (a3–c3; see text for details). Tracing was started at 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 0.2 . The initial distribution function was taken from a fit to the electron spectrum of Figure 9c 
below <5 keV after maintaining the spectrum but rescaling the electron density (zero moment of the electron distribution function) to correspond to 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 0.2 , 
down from 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 6 at its measurement location on THEMIS, using a multiplication factor 𝐴𝐴 ∼ 𝐵𝐵

2∕3
𝑒𝑒𝑒𝑒  that mimics the observed variation of the electron density along the 

magnetotail (Tsyganenko & Mukai, 2003; Wang et al., 2009).
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precipitating from the dipolarizing flux bundle region. To check this, we compare model results with observa-
tions from the low-altitude, polar-orbiting CubeSats ELFIN (Angelopoulos et al., 2020) that provide conjugate 
measurements for the event in Figure 8 (see Figure 12g for details of ELFIN and THEMIS orbits). Energetic 
particle detectors on board ELFIN measure electron pitch-angle and energy distributions, and thus allow us to 
investigate electron fluxes within the loss-cone jloss as well as trapped fluxes jtrap (see details in, e.g., Artemyev, 
Demekhov, et al., 2021; Mourenas et al., 2021). We use 1.5 s (half-spin) time resolution ELFIN measurements, 
which provides full pitch-angle resolution. Figure 12 shows an overview of ELFIN A and ELFIN B trapped and 
precipitating fluxes for two times: First, ELFIN A crosses the L-shell region of THEMIS observations of plasma 
injection around the injection time (see Figure 12g denoting the conjunction times). Then, an hour later, ELFIN 
B visited the same L-shell range. (Note that L-shell values derived for projections of the low-altitude spacecraft 
are based on the empirical magnetic field model, which does not account for the magnetic field reconfiguration 
during the plasma injection, i.e., there is some uncertainty in ELFIN projections to the magnetotail.) Figures 12a 
and 12b shows jtrap distributions (from left to right, spacecraft move from larger to smaller L). Recurrent patterns 
of strong jtrap increase at the inner edge of the plasma sheet (05:39:00–05:39:45 for ELFIN A; 06:44:00–06:44:30 
for ELFIN B). This flux increase is also associated with a high ratio jloss/jtrap ∼ 1 showing strong energy disper-
sion: larger energies with jloss/jtrap ∼ 1 are closer to the Earth (see Figures 12c and 12d). This pattern most likely 
corresponds to the electron isotropic boundary (Imhof et al., 1979; Sergeev et al., 2012; Yahnin et al., 1997), that 
is, energetic electron scattering in the current sheet due to the magnetic field line curvature (Birmingham, 1984; 
Büchner & Zelenyi, 1989; Lukin, Artemyev, Petrukovich, & Zhang, 2021; Young et al., 2002). The curvature 
scattering efficiency depends on energy and the equatorial magnetic field curvature radius and intensity. These 
dependencies are responsible for the observed energy dispersion (Dubyagin et al., 2021; Sergeev et al., 2018). 
Closer to the Earth, both ELFINs show a secondary burst of jloss/jtrap ∼ 1 and an increase of jtrap (around 05:39:55 
for ELFIN A and 06:44:50 for ELFIN B), and this second precipitation pattern is not due to electron curvature 
scattering, because energies of precipitating electrons are lower than energies of the pattern associated with 
the isotropic boundary observed farther away from the Earth. For ELFIN A this second precipitation pattern is 
observed around its conjunction to the equatorial injection region observed by THEMIS. We thus attribute this 
pattern to electron scattering from the injection region (see Figures 12g). Figure 12e shows spectra of precipitat-
ing electrons. Their average spectral shape is similar to the precipitating electron fluxes derived from the simula-
tion driven by THEMIS equatorial measurements of electron fluxes and whistlers (compare red and gray curves; 
see also Figure 11c). Therefore, our simulation confirms the importance of electron scattering by whistlers for 
electron losses (Ni et  al.,  2016; Nishimura et  al.,  2020) and the contribution of the energy input (Khazanov 
et al., 2018; Ni, Thorne, Meredith, et al., 2011) to the ionosphere by the injections.

Figure 11.  Pitch-angle-averaged electron spectra from Figure 10 for 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 2.8 (a) and 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 6.1 (b). In both figures, 
results without wave-particle interactions are shown in black, and with wave-particle interactions with K = 5 in blue, and with 
K = 10 in red. (c) Shows fluxes of precipitating electrons at 𝐴𝐴 𝐴𝐴𝑒𝑒𝑒𝑒∕𝐵̄𝐵 ≈ 6.1 for K = 5 (blue) and K = 10 (red). Vertical dashed 
line shows the starting energy of ELFIN measurements.
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THEMIS observations show that the plasma flow associated with the injection in Figure 9 is almost completely 
suppressed, or the flow nearly completely brakes (as expected for plasma injections in the near-Earth region, see 
Dubyagin et al., 2011; Liu et al., 2014; Runov et al., 2015). Such stopped flux bundles containing trapped ener-
getic electrons and whistlers can survive for a long time and form the so-called pile-up region in the near-Earth 
magnetotail (see Gabrielse et al., 2019 and reference therein). This region is continuously supplied new flux and 
associated particle fluxes (which appear as new injections), and gradually expands downtail (see discussion in 
Baumjohann, 2002). This may explain why ELFIN B still observed an enhanced jtrap and jtrap/jloss earthward of the 
isotropic boundary as much as 1 hr after ELFIN A observations.

5.  Discussion
In this study, we examined the effect of electron resonant interactions with whistlers around a dipolarizing flux 
bundle. Our approach combines the canonical guiding center theory and the mapping technique, allowing us to 
trace electrons in a magnetotail magnetic field configuration. There are, however, two important phenomena 
that we did not take into account. The first is electron curvature scattering in the magnetotail current sheet 
(Birmingham, 1984; Büchner & Zelenyi, 1989). This curvature scattering should destroy the conservation of 
μ, which is only an approximate integral of motion (Chirikov, 1979; Cohen et al., 1978; Howard, 1971; Neish-
tadt, 1984). Each electron crossing of the equatorial plane is associated with a jump Δμ ∼ exp(−1/κ 2) (Neish-
tadt, 2000; Slutskin, 1964; Su, 2012); here κ 2 ≪ 1 is the ratio of the election gyroradius to the magnetic field 
line curvature radius. This μ variation does not change electron energy, but provides electron isotropization that 

Figure 12.  Overview of ELFIN A and B observations during the THEMIS injection event of Figure 9. (a) and (b) Show electron trapped fluxes (outside of the loss-
cone) measured by ELFIN A during injection and ELFIN B 1 hr after injection, respectively. (c) and (d) Shows the ratio of precipitating to trapped electron fluxes. (e) 
and (f) Show energy spectra from ELFIN A and ELFIN B for two time intervals (listed within the panels) associated with enhanced electron precipitations. The gray 
curve in (e) shows the model result from Figure 11c. (g) Shows L-shell profiles of three THEMIS and two ELFIN satellites determined from the (Tsyganenko, 1989) 
model.
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may be as effective as scattering by whistlers (Artemyev et al., 2013). Such curvature scattering is well modeled 
in test particle simulations of electron interaction with dipolarizing flux bundles (Eshetu et al., 2018; Sorathia 
et al., 2018), but it is omitted in our model of guiding center (μ = const) motion. The mapping technique, however, 
can include this effect of scattering by the magnetic field line curvature in the same way as scattering by whistlers. 
There are analytical models of electron μ jumps due to the curvature scattering (Anderson et al., 1997; Delcourt 
et al., 1994, 1995; Shustov et al., 2015; Young et al., 2008), and these models provide the magnitude of Δμ as 
a function of αeq and κ. Thus, under an assumption of electron diffusion (zero mean Δμ), in the future we can 
include the Δαeq changes due to the curvature scattering given our magnetic model’s κ(A) profile.

The second important phenomenon we have not included is the electron feedback to the whistler wave inten-
sity. Currents of phase trapped and phase bunched electrons change the whistler wave amplitude and frequency 
(Demekhov, 2011; Nunn, 1974; Nunn et al., 2009; Omura et al., 2007; Shklyar & Matsumoto, 2009), and thus 
wave intensity should depend on the local electron pitch-angle/energy distribution (see reviews by Omura, 2021; 
Tao et al., 2020). The most advanced and detailed models of such relationship either use particle-in-cell simula-
tions (Katoh & Omura, 2007, 2016; Tao et al., 2017, 2021) or operate with joint Hamiltonians describing both 
electron and wave ensembles, including wave-particle energy exchange (Crabtree et al., 2017; Krafft & Voloki-
tin, 2018). However, such a self-consistent approach of wave-particle interaction is computationally quite expen-
sive. A simplified approach includes only the linear Landau damping of waves by suprathermal electrons (Bell 
et al., 2002; Bortnik et al., 2007; Chen et al., 2013; Katoh, 2014; Watt et al., 2013) or nonlinear wave damping/
growth rates that are calculated for a given electron distribution and describe wave intensity variation along the 
wave ray path (Omura et al., 2013; Shklyar, 2011, 2017). But this alternative approach requires the consideration 
of 2D/3D wave motion with the wave ray divergence effect (Breuillard et al., 2012, 2013; Chen et al., 2013; 
Katoh, 2014). Furthermore, theoretical investigations would be needed to determine the best way for including 
electron feedback to the whistler wave ensemble into the proposed mapping technique.

As we aim to describe nonlinear effects of electron resonant interactions with whistlers, we did not include the 
effects of diffusion into the mapping. This excludes all low-intensity waves from the consideration. Electron diffu-
sion by whistlers around the plasma injection region can be quite effective (Khotyaintsev et al., 2011; Ni, Thorne, 
Shprits, et al., 2011; Panov et al., 2013) and may exceed the strong diffusion limit (jloss/jtrap ∼ 1) in the ∼1–10 keV 
energy range (Ghaffari et al., 2021). Thus, this diffusion may also contribute to electron scattering and losses. For 
the proposed mapping technique, there are two possible generalizations allowing us to include electron diffusion 
by low amplitude whistlers. First, the electron phase space trajectory equations can be supplemented by stochas-
tic differential terms (Lukin, Artemyev, & Petrukovich, 2021; Tao et al., 2008) modeling the random electron 
pitch-angle/energy changes due to scattering by waves. Second, the scattering can be added directly into the map 
(see, e.g., the description of diffusion by the Chirikov map; Chirikov, 1979; Lichtenberg & Lieberman, 1983) and 
more sophisticated maps (Benkadda et al., 1996; Khazanov et al., 2014)). Both approaches rely on diffusion coef-
ficients that can be derived in the quasi-linear approach for low-intensity waves (Ni et al., 2016) and directly from 
the analysis of electron trajectories for high-intensity waves (Albert, 2010; Artemyev et al., 2014; Karpman & 
Shkliar, 1977). Note that the natural inhomogeneity of the background magnetic field results in a stochastization 
of electron resonant interactions and allows an evaluation of the diffusion coefficients even for monochromatic 
whistlers (Albert, 2001, 2010; Solovev & Shkliar, 1986).

6.  Conclusions
We proposed and tested a new approach for evaluating electron phase space dynamical evolution in response to 
both adiabatic heating due to transport across magnetic field gradient and wave-particle interactions. The approach 
combines the canonical guiding center model of electron adiabatic dynamics and the mapping technique for mode-
ling electron resonances with whistlers. Using this approach we investigated the role of whistlers in scattering and 
acceleration of electrons interacting with a dipolarizing flux bundle in the Earth’s magnetotail. We found that:

1.	 �Electron scattering by whistlers around a dipolarizing flux bundle does not affect the electron omni-direc-
tional (pitch-angle averaged) energy distribution much. However, such scattering does change the electron 
pitch-angle distribution by reducing the perpendicular fluxes and enhancing the low pitch-angle fluxes of 
energetic electrons. This results in an isotropization that influences the evolution of electron adiabatic heating. 
In previous test-particle simulations, similar isotropization was achieved by energetic electron scattering due 
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to magnetic field line curvature (Birn et al., 2013; Eshetu et al., 2018). The relative contributions of curvature 
scattering and wave-driven scattering needs to be investigated in future studies

2.	 �Electron scattering by whistlers (mostly from phase bunching) drives energetic electron precipitation from 
the injection region. Simulation results show significant precipitating fluxes over a wide energy range includ-
ing 10 keV electrons, which ought to be contributing to the diffusive aurora (see Ni et al., 2016; Nishimura 
et al., 2020), and ∼100 keV electrons, which ought to be detectable as riometer signatures of plasma injec-
tions (see Gabrielse et al., 2019; Spanswick et al., 2007). Therefore, electron scattering by whistlers from the 
plasma injection region can contribute significantly to the ground-based observations of such injections

Appendix A:  Guiding Center Hamiltonian
We start with the Hamiltonian of a non-relativistic electron moving in the electromagnetic fields that can be 
described by the vector potential A = A(x, y, z, t)ey:

𝐻𝐻 =
1

2𝑚𝑚

(

𝐩𝐩 −
𝑒𝑒

𝑐𝑐
𝐀𝐀

)2

� (A1)

where p = (px, py, pz) is the momentum conjugate to r = (x, y, z). The equations of motion for this Hamiltonian are
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where E = −c −1∂A/∂t and B = ∇ × A. The system of Equation A2 can be written as Hamiltonian equations for (r, 
v) if we introduce time as a new variable ϑ (such that 𝐴𝐴 𝜗̇𝜗 = 1 ) and will use the non-degenerate 2-form
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where Pϑ is the momentum conjugate to ϑ, (r1, r2, r3) = (x, y, z), Γ12 = −Bz, Γ13 = By, Γ23 = −Bx. Symbol ∧ in 
Equation A3 means the exterior product operator (Arnold, 1989; Arnold et al., 2006) with the following proper-
ties: the exterior product of two vectors a1 and a2, a1 ∧ a2 (called bivector) has the magnitude equal to the area of 
the parallelogram with sides corresponding to vectors a1 and a2; this operation is antisymmetric, a1 ∧ a2 = −a2 
∧ a1, and a1 ∧ a1 = 0.

Implying that Θϑ is closed (dΘϑ = 0) and using it as a symplectic structure for Hamiltonian (dH = Θϑ(W, V) with 
W = (dr, dv, dϑ), and 𝐴𝐴 𝐕𝐕 =
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 ), we can write Hamiltonian (A1) as

𝐻𝐻𝜗𝜗 = 𝑃𝑃𝜗𝜗 +
𝑚𝑚𝐯𝐯

2

2
� (A4)

with the Hamiltonian equations identical to Equation A2. The main idea of the application of symplectic structure 
approach is that we can make a noncanonical change of variables (e.g., introduce v as a Hamiltonian variable), 
but keep the Hamiltonian form of equations that can be obtained from dH = Θϑ as.
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Equation A5 reproduces Equation A2 for 𝐴𝐴 𝐯̇𝐯 and 𝐴𝐴 𝐫̇𝐫 , and adds two new equations: 𝐴𝐴 𝜗̇𝜗 = 1 (i.e., ϑ is the time) and 
𝐴𝐴 𝑃̇𝑃𝜗𝜗 = −𝑒𝑒𝐯𝐯𝐯𝐯 (or 𝐴𝐴 𝑃̇𝑃𝜗𝜗 = −𝑚𝑚𝐯𝐯𝐯̇𝐯 from Equation A4; note H = const in Equation A4 because after introducing ϑ Hamil-
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tonian does not depend on time explicitly). Therefore, we can make any variable change through the symplectic 
structure, but keep the Hamiltonian form of equations with dH = Θϑ (Arnold, 1989; Arnold et al., 2006).

Then we shall transform spatial coordinates r → q = (α, β, s), where s = B ⋅ r/B is the field-aligned coordinate, 
and α, β are normalized Euler potentials (Stern, 1970) determined as 𝐴𝐴 𝐁𝐁 = 𝐵̄𝐵∇𝛼𝛼 × ∇𝛽𝛽 (𝐴𝐴 𝐵̄𝐵 is a typical B value). For 
the magnetic field configuration given by the single vector potential component we have β = y, 𝐴𝐴 𝐴𝐴 = 𝐴𝐴∕𝐵̄𝐵 (Birn 
et al., 1977). Let this coordinate transformation be determined as r = g(q, t). Then

�
�
∑

�<�
Γ����� ∧ ��� =

�
�
�̄�� ∧ �� − �

∑

�<�
Γ������� ∧ ��

��� =
1
�
���
��

∇��� −
1
�
���
��

∇���
� (A6)

and ∇q is the gradient in q space. We introduce 3 × 3 matrix Rij = ∂gi/∂qj and rewrite mdv ∧ r as

��� ∧ �� = �� (���) = �� (���) = ��
(

��̂�� + �����
)

= �
(

��� + ��̂−1����
)

= �� ∧ �� + �� ∧ ��
� (A7)

where 𝐴𝐴 𝐩𝐩 = 𝑚𝑚𝐯𝐯𝑅̂𝑅 = (𝑝𝑝𝛼𝛼, 𝑝𝑝𝛽𝛽 , 𝑝𝑝‖) is the momentum conjugate to q, VD = ∂g/∂ϑ, and 𝐴𝐴 𝐴𝐴 = 𝐩𝐩𝑅̂𝑅
−1
𝐕𝐕𝐷𝐷 (note we keep the 

p notation for the new momentum, and through the main paper text we use only p∥).

We combine two terms of the symplectic structure to define the electric field in the new coordinates, 𝐴𝐴 𝐄̃𝐄 :

− �
∑

�<�
Γ������� ∧ �� − ���� ∧ �� = −�

∑

�<�
Γ������� ∧ �� − ���� ∧ �̂��

= −��̃�� ∧ �� = −��� ∧ ��
� (A8)

where 𝐴𝐴 𝐄̃𝐄 = −∇𝐪𝐪𝜑𝜑 , that is, the fact that Θϑ is closed (dΘϑ = 0) guarantees that there is only potential electric field 
in q coordinates.

Thus, Hamiltonian (A4) in new coordinates takes the form

�� = �� +
1
2�

(

��̂−1
)2

Θ� = �� ∧ �� + � (� + �� − ��) ∧ �� − �
�
�̄�� ∧ ��

� (A9)

Here, dϑ is the variable substituting time, and we can return to the time-dependent system by subtracting 
F + Pϑ − eφ from the Hamiltonian:

��=
1
2�

(

��̂−1
)2

− ��̂−1�� + ��

Θ� = �� ∧ �� − �
�
�̄�� ∧ ��

� (A10)

The velocity VD is due to time-dependence of the coordinate transformation r → q, and thus this velocity is 
proportional to the induction electric field, ∼∂A/∂t. The direct contribution of the induction field to the electron 
energy is limited to the cE × B/B 2 speed that is much smaller than electron speed and can be neglected.

Coordinates α, β describe both gyrorotation and cross-field drift, but in the case of a strong magnetic field these 
two types of motion are well separated. Thus, to separate them in the Hamiltonian we use the guiding-center 
variable transformation: 𝐴𝐴 𝐴𝐴 =  + 𝑐𝑐𝑐𝑐𝛽𝛽∕𝑒𝑒𝐵̄𝐵 , 𝐴𝐴 𝐴𝐴 = 𝑌𝑌 − 𝑐𝑐𝑐𝑐𝛼𝛼∕𝑒𝑒𝐵̄𝐵 . The new symplectic structure is

Θ� = �� ∧ �� − �
�
�̄�� ∧ �� = ��

‖

∧ �� + ��� ∧ �
(

 + �
��̄

��
)

+ ��� ∧ �
(

� − �
��̄

��
)

− �
�
�̄�

(

 + �
��̄

��
)

∧ �
(

� − �
��̄

��
)

= ��
‖

∧ �� + �
��̄

��� ∧ ��� +
��̄
�
�� ∧ �

� (A11)
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This symplectic structure defines three pairs of canonically conjugate variables: 𝐴𝐴
(

𝑝𝑝𝛼𝛼, 𝑐𝑐𝑐𝑐𝛽𝛽∕𝑒𝑒𝐵̄𝐵
)

 are fast gyroro-
tating coordinates, (p∥, s) are coordinates of field-aligned motion, 𝐴𝐴

(

, 𝑒𝑒𝐵̄𝐵𝐵𝐵 ∕𝑐𝑐
)

 are coordinates of electron slow 
cross-field drift. After separating three main time-scales we can introduce the adiabatic invariant corresponding 
to the fastest scale, gyrorotation. Using the transformation Jacobian 𝐴𝐴 𝑅̂𝑅

−1

𝑅̂𝑅
−1 =

⎛

⎜

⎜

⎜

⎜

⎝

𝐵𝐵𝑧𝑧∕𝐵̄𝐵 −𝛼𝛼𝑦𝑦 −𝐵𝐵𝑥𝑥∕𝐵̄𝐵

0 1 0

𝐵𝐵𝑥𝑥∕𝐵𝐵 0 𝐵𝐵𝑧𝑧∕𝐵𝐵

⎞

⎟

⎟

⎟

⎟

⎠

� (A12)

for 𝐴𝐴 ∇𝛼𝛼 = (−𝐵𝐵𝑧𝑧, 𝛼𝛼𝑦𝑦, 𝐵𝐵𝑥𝑥) ∕𝐵̄𝐵 and 𝐴𝐴 ∇𝑠𝑠 = (𝐵𝐵𝑥𝑥, 0, 𝐵𝐵𝑧𝑧) ∕𝐵̄𝐵 , we rewrite the kinetic energy of Hamiltonian (A10) as

(

��̂−1
)2

=
(

−��

�̄
�� +

��

�̄
�
‖

)2

+
(

��

�̄
�� +

��

�̄
�
‖

)2

+ (�� + ����)2

= �2
‖

+ �2

�̄2
�2� + (�� + ����)2

� (A13)

Taking into account that 𝐴𝐴
(

𝑝𝑝𝛼𝛼, 𝑐𝑐𝑐𝑐𝛽𝛽∕𝑒𝑒𝐵̄𝐵
)

 are conjugate variables, we write the equation for the magnetic moment:

� = 1
2�

�
��̄

∮ ����� =
1
�

�
��̄

∫
√

2� (� − ��) − �2
‖

− �2

�̄2
�2����

= �
2��

(

2� (� − ��) − �2
‖

)

� (A14)

Therefore, Hamiltonian (A10) can be rewritten as

� = 1
2�

�2
‖

+ Ω0� + ��

Θ� = ��
‖

∧ �� + ��̄
�
�� ∧ �

� (A15)

where Ω0 = eB/mc depends on 𝐴𝐴 𝐴𝐴𝐴, 𝑌𝑌  . Hamiltonian equations are

�̇ = 1
�
�
‖

, �̇
‖

= −� �Ω0

��

̇ = � �
��̄

�Ω0

��
, �̇ = −� �

��̄
�Ω0

�

� (A16)

By definition of α, 𝐴𝐴  is the gyroaveraged component of the vector potential 𝐴𝐴 𝐴𝐴∕𝐵̄𝐵 , and thus Equation A16 can be 
rewritten as

�̇ = 1
�
�
‖

, �̇
‖

= −� �Ω0

��
�̇ = � �

�
�Ω0

��
, �̇ = −� �

�
�Ω0

��

� (A17)

where A substitutes the gyroaveraged Cartesian coordinate X.

Appendix B:  Wave-Particle Resonant Interaction
A single wave-particle resonant interaction takes about a quarter of the bounce period (or much less), and elec-
trons do not significantly change (Y, A) drift coordinates during this short time. Thus, we can freeze (Y, A) in 
Hamiltonian (A15) and add the field-aligned whistler wave as a perturbation of the electron bounce motion (i.e., 
the wave amplitude Bw is much smaller than the background magnetic field magnitude). The field-aligned wave 
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propagation excludes the cross-field coordinates from the wave phase, and thus the Hamiltonian for an electron 
bouncing and interacting with the wave can be written as (e.g., Vainchtein et al., 2018):

𝐻𝐻 =
1

2𝑚𝑚
𝑝𝑝
2
‖

+ Ω0𝜇𝜇 +

√

2𝜇𝜇Ω0

𝑚𝑚𝑚𝑚2

𝑒𝑒𝑒𝑒𝑤𝑤

𝑘𝑘
sin (𝜙𝜙 + 𝜃𝜃)� (B1)

where θ is the gyrophase conjugate to μ, ϕ is the wave phase determined by ∂ϕ/∂t = −ω wave frequency and 
∂ϕ/∂s = k(s) wavenumber (note we consider (d/ds)/k ≪ 1 approximation that wells work whistlers propagating in 
the magnetotail plasma with the current sheet thickness L much larger than the wavelength). The wave dispersion 
relation is given by the cold dense plasma approximation for parallel whistlers: 𝐴𝐴 𝐴𝐴𝐴𝐴𝑒𝑒 = (Ω0∕𝜔𝜔 − 1)−1∕2 and de is 
the electron inertial length determined by the plasma density that we assume to be constant within the region of 
a nonzero wave amplitude. This amplitude Bw is given as a function of cross-field coordinates (Bw → Bw ⋅ Gw(A, 
Y)) and/or field-aligned coordinate (Bw → Bw ⋅ fw(s)). Function Gb(A, Y) is determined by the dipolarizing flux 
bundle configuration (see the main text for details), and function fw(s) = s/(s + L/4) describes wave generation 
around the equator within s ∈ [0, L/4], where we scale the generation region with the current sheet thickness L. 
The background magnetic field is given as Ω0 = Ωeqfb(s)Gb(A, Y), but for investigation of the individual wave-par-
ticle interaction we can set Gw,b = 1, because this factor only controls Bw/B0 at the equator. Thus, the Hamiltonian 
equations for Hamiltonian (B1) are

�̇ =
�
‖

�
, �̇

‖

≈ −� �Ω0

��
−
√

2�Ω0

��2
��� cos (� + �)

�̇ ≈ −
√

2�Ω0

��2
���

�
cos (� + �) , �̇ = Ω0 +

√

Ω0

2���2
���

�
sin (� + �)

� (B2)

Figure B1.  Energy and equatorial pitch-angle of two electrons with initial h = 20 keV, αeq = 60° (a) and h = 55 keV, 
αeq = 20° (b). Trajectories are calculated by numerical integration of Hamiltonian Equation B2 with background magnetic 
field 10 nT ⋅ fb(s/L) and wave field 0.2 nT ⋅ fw(s/L), where L = 1RE is the typical spatial scale of magnetic field inhomogeneity, 
fb is given by Equation 3, fw = s/(s + L/4) for s > 0 and fw = 0 for s < 0 (i.e., we consider a wave generated at the equator, 
s = 0, propagating to s > 0 with its amplitude increase and saturation around L/4 distance from the equator). Wave frequency 
is 0.35Ωeq, and plasma frequency is 10Ωeq, and Ωeq is the electron equatorial gyrofrequency.
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and 𝐴𝐴 𝜙̇𝜙 = 𝑘𝑘 𝑘𝑘𝑘 − 𝜔𝜔 . Figure B1 shows examples of electron resonances with whistlers: both trapping and bunching 
effects are shown. Trapping occurs rarely, but results in a significant energy increase, whereas bunching occurs 
at each resonant interaction and results in gradual energy decrease. The pitch-angle variation is correlated with 
energy variations, as it should be for the first cyclotron resonance (Shklyar & Matsumoto, 2009).

To derive the characteristics of energy change due to trapping and bunching, we follow the approach described in 
Neishtadt and Vasiliev (2006) and Artemyev, Neishtadt, et al. (2018). The first step is to introduce ζ = ϕ + θ as a 
new canonical variable through the generating function W = (ϕ + θ)I + P∥s:

�� = −�� + 1
2�

(�
‖

+ ��)2 + �Ω0 +
√

2�Ω0

��2
���

�
sin �� (B3)

where I = μ and P∥ = p∥ − kI are new momenta conjugate to ζ and s. Hamiltonian HI does not depend on time, and 
thus we have the invariant of motion 𝐴𝐴  = −𝜔𝜔𝜔𝜔 + ℎ where h is the total energy of Hamiltonian (B1). Hamiltonian 
(B3) can be rewritten as

�� =
�2

2�
(� − ��)2 +

1
2�

�� (�� − 2���) +
√

2��Ω0

��2
���

�
sin �

�� = �� − Ω0

�
, �� =

�� − �
‖

�

� (B4)

The resonance ∂HI/∂ζ = 0 is at I = IR, where

 =
1

2𝑚𝑚
𝑝𝑝𝑅𝑅 (𝑝𝑝𝑅𝑅 − 2𝑘𝑘𝑘𝑘𝑅𝑅) = const� (B5)

determines P∥ as a function of s.

We then introduce I − IR as a new momentum Pζ through the generating function 𝐴𝐴 𝐴𝐴 = (𝐼𝐼 − 𝐼𝐼𝑅𝑅) 𝜁𝜁 + 𝑃𝑃
‖

𝑠̃𝑠 :

�� =
�2

2�
� 2
� + 1

2�
�� (�� − 2���) +

√

2��Ω0

��2
���

�
sin �� (B6)

and pR, IR are functions of new variables 𝐴𝐴 𝑃𝑃
‖

= 𝑃𝑃
‖

− 𝜁𝜁𝜁𝜁𝜁𝜁𝑅𝑅∕𝜕𝜕𝜕𝜕 , 𝐴𝐴 𝐴𝐴𝐴
‖

= 𝑠𝑠 + 𝜁𝜁𝜁𝜁𝜁𝜁𝑅𝑅∕𝜕𝜕𝜕𝜕‖

 . Taking into account that the 
ζ variation range within the resonance is 𝐴𝐴 ∼

√

𝐵𝐵𝑤𝑤∕𝐵𝐵0 , we rewrite Hamiltonian (B6) as (see details in, e.g., Arte-
myev, Neishtadt, et al., 2018; Neishtadt, 1999; Neishtadt & Vasiliev, 2006): HI = Λ(P∥, s) + Hζ with
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where ' = ∂/∂s and 𝐴𝐴 𝐴𝐴
′
𝑅𝑅
= −𝑚𝑚Ω′

0
∕𝑘𝑘2 + 𝑝𝑝

2
𝑅𝑅
𝑘𝑘
′∕𝑘𝑘2

𝑚𝑚 . Note Λ depends on old variables P∥, s. For cold plasma disper-
sion relation with 𝐴𝐴 𝐴𝐴

′
𝑒𝑒 = 0 we can write

𝑘𝑘
′

𝑘𝑘
=

1

2

Ω′
0

𝜔𝜔 − Ω0

=
1

2

Ω′
0
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2
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In Hamiltonian Hζ variables (ζ, Pζ) change fast, whereas variables (s, P∥) can be considered as slowly changing 
parameters. For constant (s, P∥) the phase portraits of Hζ for different s and constant 𝐴𝐴  are shown in Figure B2a. 
There are two types of phase portraits: for intermediate s we have portraits with a finite area S filled by closed 
trajectories, whereas for near equatorial s (where Bw → 0) and for large s (where 𝐴𝐴 Ω′

0
 is large) there are only open 
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trajectories on the phase portrait (i.e., S = 0). In systems with S = 0 there are only electron diffusive scattering by 
whistlers with the diffusion rates described by quasi-linear theory (see Albert, 2010; Karpman, 1974), and we do 
not consider such diffusion in this study because it changes electron distribution much slower than the nonlinear 
wave-particle resonances do (Artemyev et al., 2019). Such nonlinear resonance effects (phase trapping and phase 
bunching) are fully described by S(s) profile that can be rewritten as S(hR) profile with 𝐴𝐴 𝐴𝑅𝑅(𝑠𝑠) = 𝑝𝑝

2
𝑅𝑅
∕2𝑚𝑚 + Ω0𝐼𝐼𝑅𝑅 

being the resonant energy with P∥ = P∥(s) from 𝐴𝐴  = −𝜔𝜔𝜔𝜔𝑅𝑅 + ℎ𝑅𝑅 conservation

𝑃𝑃
‖
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1

2
𝑝𝑝𝑅𝑅 +

𝑚𝑚

𝑝𝑝𝑅𝑅
, ℎ𝑅𝑅 =

𝑝𝑝
2
𝑅𝑅

2𝑚𝑚
+

Ω0

𝑘𝑘
(𝑝𝑝𝑅𝑅 − 𝑃𝑃

‖
)� (B9)

Figures B2b and B2c shows hR(s) profile and S(hR) profile.

Electrons resonating with whistlers that propagate away from the equator (k > 0) should move with s decrease, 
because pR < 0. Therefore S(s) first increases along the resonant electron orbit, and then (around the equator) 
decreases. The increase of S means that electrons on open orbits can be trapped into the region of closed trajec-
tories (see Figure B2a), and this is the phase trapping. The probability of the phase trapping (i.e., the relative 
amount of trajectories trapped at given resonant s for a single resonance) is determined as (Artemyev, Vasiliev, 
et al., 2015; Neishtadt, 1975, 1999; Shklyar, 1981):

Π =
1

2𝜋𝜋

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
=

𝜔𝜔

2𝜋𝜋

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑅𝑅

� (B10)

for Π ≪ 1. Motion along the closed trajectories in the (ζ, Pζ) plane is much faster than the phase portrait evolution 
due to s change. This motion corresponds to the conservation of adiabatic invariant (2π) −1 ∮ Pζdζ. Thus, electrons 
escape from the trapping at sescape where dS/dhR < 0 and S equals to S on the trapping. The energy gain due to trap-
ping, Δhtrap, is the difference of hR between trapping and escaping s values. Figure B3 confirms this estimate of 
the electron energy gain (see more results of tests in, e.g., Artemyev, Vasiliev, et al., 2015; Artemyev et al., 2020b; 
Itin et al., 2000; Vainchtein et al., 2018).

Nontrapped electrons (i.e., majority of resonant electrons) will be scattered (phase bunched) on the resonance 
with the energy decrease (for the resonant interaction with field-aligned whistlers). This energy decrease is 
Δhscat = −S/2πω (see derivation and testing of this equation in, e.g., Albert, 1993, 2002; Artemyev et al., 2014; 
Neishtadt, 1999). Therefore, profile S(hR) describes both trapping and scattering energy changes.

Figure B2.  (a) Shows two phase portraits of Hamiltonian Hζ from Equation B7 with 𝐴𝐴 | {Λ, 𝐼𝐼𝑅𝑅} | = (1∕2) ⋅
√

2𝐼𝐼𝑅𝑅Ω0∕𝑚𝑚𝑚𝑚2𝑒𝑒𝑒𝑒𝑤𝑤∕𝑘𝑘 (top) and 
|{Λ, ��}| = 2 ⋅

√

2��Ω0∕��2���∕� (bottom). The momentum is normalized on 𝐴𝐴 𝐴𝐴0 =
√

𝑚𝑚| {Λ, 𝐼𝐼𝑅𝑅} |∕𝑘𝑘2 . (b) Shows hR and αR (pitch-angle the trapped electron) as a 
function of s for three initial electron energy and pitch-angles. Note. hR equals the initial energy at the resonant s that is different for different hinit, αinit. (c) Shows S as a 
function of hR − hinit and s (note trapped electrons move with pR < 0 from larger s toward the equator s = 0). System parameters are the same as in Figure B1.
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Appendix C:  Mapping Technique
Phase trapping is a probabilistic process and can be described by the trapping probability, Π (Neishtadt, 1975; 
Shklyar, 1981). The wave phase in the resonance ζR determines the resonant energy hζ,R = ζR + a sin ζR (with 

𝐴𝐴 𝐴𝐴 =
√

2𝐼𝐼𝑅𝑅Ω0∕𝑚𝑚𝑚𝑚2𝑒𝑒𝑒𝑒𝑤𝑤∕𝑘𝑘 {Λ, 𝐼𝐼𝑅𝑅} ), and ξ  =  hζ,R/2π mod  1 defines if electrons will be trapped or scattered. 
Because ζ is the fast oscillating variable, a small change of ζ can change ξ value sufficiently to change the trap-
ping to scattering (and vice versa). Therefore, we can consider ξ as a random variable and we do not trace it along 
the electron trajectory (see justification of this assumption in, e.g., Artemyev et al., 2020a, 2020b). This allows us 
to write the mapping equations for the electron energy (Artemyev, Neishtadt, et al., 2021):

ℎ�+1 = ℎ� +

{

Δℎ����, � ∈ [0,Π]
Δℎ����, � ∈ (Π, 1]� (C1)

where n is the number of map iteration (number of resonances), ξ is the random value with the uniform distribu-
tion within [0, 1], and all map characteristics (Δhscat,trap and Π) are determined by S(hR) profile. Map (C1) should 
be supplemented by the time iteration tn+1 = tn + τb(hn)/2 where τb is the electron bounce period and there are 
two identical resonances for one period (one resonance for s > 0 and one for s < 0). Figure C1 shows several 
trajectories calculated with map (C1). These trajectories resemble well the energy profiles for test particle simu-
lations (see Figure B1). Integration of a large ensemble of trajectories with map (C1) can describe the evolution 
of electron distribution for fixed 𝐴𝐴  on the time-scale of multiple resonances (see tests in Artemyev et al., 2020b).

Map (C1) describes the resonant energy dynamics for a single wave system (wave frequency ω determines 𝐴𝐴  
value). Therefore, for the wave ensemble with the probability distribution 𝐴𝐴  (𝜔𝜔∕Ω𝑒𝑒𝑒𝑒 , 𝐵𝐵𝑤𝑤) this map should be 
generalized as (Artemyev, Neishtadt, et al., 2021):

ℎ�+1 = ℎ� +

⎧

⎪

⎨

⎪

⎩

Δℎ����,�, � ∈ [0,Π�]

Δℎ����,�, � ∈ (Π� , 1]

���,�+1 = ���,� + Δ���,� (ℎ�+1, ℎ�)

� (C2)

where l is the index of 𝐴𝐴  binning (see schematic in Figure C2) and Δαeq is the solution of 𝐴𝐴 𝑙𝑙 = const equation 
(change of pitch-angle for given energy change) for ω/Ωeq from l-bin.

Figure B3.  (a) and (b) Shows electron energy and pitch-angle change due to the phase trapping as a function of initial 
energy. (c) Shows the probability of trapping Π. Dashed curves are analytical results and black dots are results of numerical 
integration of 10 4 test particle trajectories for each hinit. Each trajectory integrated during the interval including one resonant 
interaction, and the probability of trapping is calculated as a ratio of trapped particles and total number (10 4) of particles. 
System parameters are the same as in Figure B1, for all electrons 𝐴𝐴  is the same and equal to 𝐴𝐴  for h = 55 keV, αeq = 20°.
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This multiple wave mapping technique resembles the Green function method (Hsieh & Omura, 2017a; Omura 
et al., 2015) and generalized Fokker-Planck equation (Vainchtein et al., 2018), but instead of evaluation of the 
entire electron distribution this map provides dynamics of individual electrons. Figure C3a shows dynamics of 
electron orbits for a model 𝐴𝐴  (𝜔𝜔∕Ω𝑒𝑒𝑒𝑒 , 𝐵𝐵𝑤𝑤) distribution. There are energy and pitch-angle gradual decrease due 
to the phase bunching effect and rare large amplitude increases due to the trapping. As 𝐴𝐴  (𝜔𝜔∕Ω𝑒𝑒𝑒𝑒, 𝐵𝐵𝑤𝑤) contains 
many waves, some of these waves may not resonate with electrons for given energy and pitch-angle. Thus, the 
electron energy and pitch-angles do not change for each bounce period and can remain constant on some time 
intervals.

Running a numerical evaluation of trajectories of a large ensemble of electrons, we can trace the evolution of the 
electron distribution function. Figure C3b shows an example of such evolution obtained for the initial ∼h −3 sin αeq 
distribution and 10 6 orbits. Because the initial ∼sin αeq distribution has more electrons with larger pitch-angle, the 
resonant wave-particle interaction mostly increases the phase space density in the low pitch-angle range due to 
the phase bunching, whereas the acceleration of low pitch-angle electrons due to trapping remains less effective 

Figure C2.  The example of 𝐴𝐴 
(

𝐵𝐵𝑤𝑤, 𝜔𝜔∕Ω𝑒𝑒𝑒𝑒

)

 distribution (left) with two Π(E, αeq) distributions (right) for particular bins of (Bw, ω/Ωeq) space.

Figure C1.  Three examples of test particle trajectories obtained with map (C1): energy versus map iteration number is shown. System parameters are the same as in 
Figure C1.
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for the phase space density evolution. This example shows that the mapping technique reproduces the main effect 
of the wave-particle resonant interaction: the smoothing and reduction of the phase space density gradients along 
the resonant curves (see discussion in Artemyev et al., 2016, 2019).

Data Availability Statement
ELFIN data is available at http://themis-data.igpp.ucla.edu/ela/. THEMIS data is available at http://themis.ssl.
berkeley.edu. Data access and processing was done using SPEDAS V4.1, see Angelopoulos et al. (2019).
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