Supplementary Material for
Nonparametric two-sample tests of high dimensional

mean vectors via random integration



1. PROOFS OF MAIN RESULTS

Proof of Theorem 1. Let (X;,Y;) be independent copies of (X,Y).

RID,(X,Y) = / E*[6" (X —Y)] w(d)dé
= /E [6'(X-Y)] E[6 (Xi—Y1)] w(b)dé
= [ E{I5 X -] [87 (X0 - 0]} w(@)is
RID,,(X,Y) may be evaluated easily for certain properly chosen w. Next, we assume that

w(d) = w(dy) x---xw(d,), and w(d;) is a density function with the mean a; and the variance

B? for i = 1,--- ,p. Then, by Fubini’s theorem, we have
RIDp(X,Y) = /E {[6"(X=Y)] [6" (X1 —Y1)]} w(d)ds

= B[ [57x -] [ (X - X)) w(@)as
{f )

= > (s — ) (87 + af) + ) e — poi) (hay — o)

i=1 i)
2

= (kg — po) Bpy — po) + [(pty — py)"a] ™

where 0 = (ay, -+ ,p, B1, -+, 8,), a= (ay, ag, - - ,ozp)T, and
512 0O --- 0
5 0 53 o0
o o0 -.-- 53
This completes the proof of Theorem 1. O

Proof of Theorem 2. Recall that

RIDg » = RIDg,, + RIDG ,, — 2RID;

6,m,n>



where

1 T
RIDy,, = o > XWX,
m1<z<]<m
1
RIDG, = = D>, YWY,
7 1<i<j<n

m

RID},., = 011 = > XWeY;.

mTn =1 j=1

It is very easy to show that

E(RIDg,,,) = E(RID,,)+ E(RID},)—2E(RID},. )
= i Wop + s Wopty — 21, Wops,

= RIDe(X,Y),

and

Var(RIDg ) = Var(RIDy,,)+ Var(RIDg,) +4Var(RIDg,,.,)

—4Cov(RID} ,,, RID} . ) — 4Cov(RID3,,, RID} . ).

Since

Var(RID},,) = (02) [02 [tr{(WoS1)2} + 20T WoX, Wops, }

+2C% (m — 2) WX Wep,

t 2 T

r{{(WeX1) }+ A Woa Wop, (A1)
c2 m

Similarly, we have

t S5)2) AplWen
Var(RiDg, ) — Ao} | ApsWo2oWop, (A.2)
’ C2 n
tr(WoXiWela)  ubWeXiWap,
Var(RID ,,,,) = el + -
WS
pinleZalath, (A3)



Q[IIWQEleMz (A 4)

m

Cov(RID},,, RID} ., .) =

and

QH—IFWQEQWQIJIZ (A 5)
n

Cov(RIDg,,, RIDg ., ,,) =

By (A.1)-(A.5), we have

tr{(We;)? tr{(WeXy)? Atr(WeX1 Wkl
Var(RIDgmn) = r{( 092 ) }+ r{( 6?2 2) }+ r( Col 51 922)
Ay — o) WX Wo (g — t1y) | 41ty — ) WoSa W (pty — pay)

+ +
m n

Denote
2 . tT{(Wng)Q} tT{(WgEQ)z} 4tT(W921W922)
me =TT e T anar

Therefore, under Hy : py; = po, we have Var(RIDg nn) = (772”’”. By condition E3, under

g

Hy : py # py, we have Var(RIDgmn) = 07, ,,(1+ 0(1)).
Since

RIDg,, = Z (Xi = gy + ) Wo(X; = py + ),

1<i<

RIDg,, = Z (Yi = po + p2) Wo(Y; — p1y + o),

1
2
1
_2

RIDg ., = C’lCl ZZX oy + 1) Wo (Y — py + o),

mTn =1 j=1

then, we have

RIDB,m,n = 1iIT)O,m,n_’_f{ﬁ)e,m,na

where

) WB (X )

1
e Z (X —
m <i<j
Lz Z (Yi = p15) Wo(Y; — py)
Ca <j<
(X; — W(Y ),
C'},,LC'}LZ; 1) We Mo
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and

N 2
RIDg mn = EZ (Xi — 1) TWG( — )

=1

3

2
+E Z(Yj — 12) Wo(pz — py) + RIDg(X,Y).

J=1

It is straightforward to show that

E(RIDg,m,) = 0, E(RIDgy,) = RIDg(X,Y),

V&T(R/—'I\]/De,m,n) _ 4(py — N2)TW07§1W0(N1 — Hy) 4 4(py — H2)TW0§2W0(H1 - NQ)_

Under Condition E3, we have

RID — RIDy(X,Y
Var (R DO,m,n R DB( ) )) _ 0<1)

Om,n
Therefore, we can obtain

RIDg . — RIDg(X,Y) RIDg . N RIDg, .. — RIDg(X,Y)

Om,n Om,n Om,n

RIDg
=——2me g op(1).

Om,n
Thus, in order to show Theorem 2, it is sufficient to show that

RIDg,un. 2,

Om,n

7y N(0,1).

To obtain the asymptotic normality of ﬁ)g,mm, we can assume without loss of generality
that py = puy, = 0. Let E; = W;/QXi fort=1,---,m,and E;,, = W;/QYj foryj=1,---,n,
and for i # j

(C2)'EJE;, ifi,j € {1,2,---,m},
pij =1 —2(mn)'E;E;, ific{1,2,---,m}andj€ {m+1,2,--- ,m+n}.
(C'EIE;, ifi,j € {m+1,2,--- ,m+n}.



Denote R; = Zz;ll pijforj =2,--- m+n,and Sy = E?:z R;, and Z#, = o{E1,E,, - -

which is the o-algebra generated by {E;, Ey, -+ Ex}. Then, we have

m-+n

Pﬁ\DO,m,n = Z Rj .
=2

Note

j—1 2 j—1
sz = £((Sn) 12n) =2 (S nunfsi)
i=1 i1,i2=1
j—1

- Z E(pi1jp'izj

i1,d9=1

( .
(C2) 25 B WP W, PE

i1,d2=1

F;1)

if j <m,

125

4mn) 2 ELW RS, W PRy, if j=m + 1.

i1,d0=1

4(mn) 2 ELW, 5, W, °E

i1,d0=1

o2yl W PS5 W, E,,.

K i1,02=m~+1

if j >m+2
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Denote

Then, we have

E(smn) = > E(E[W,*S,W,*E,,)

3
+
3
=~
3

S [(mn)? Y BE W *S Wy Ey,)

i1,i0=1

j—1

1/2 1/2
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and

2
2 11,12=1

i Z E,| W,/*5, W, *E;

TW1/222 1/2E-

12

i1,82=1
m-+n
+ ) [ Z EL W25, WK,
j=m+2 ) i1,02=1
1 s Torrl/2 1/2 2
o > ELW W, B

i1,i2=m-+1

= aﬁm(l +0(1)).

Therefore, we have

Var(Gmn) = E(grzn,n) - (E<§m,n))2 = O(O—fn,n)' (A7)

By (A.6) and (A.7), we have

m—+n
i {Z EW?‘%O} = O B (Smn) = 1,

=2
and
m—+n
o Var {Z E(R?L?j_l)} =0, Var(Gn,) = o(1).
=2

Therefore, we have

m-+n
Zj:2 E(RJ?LQZ]-?I) ﬁl

= (A.8)
Note that
m+n m4+n
> 0, 2 E{RI(|R| > €0 n)|Fi1)} < 0,072 E(RIF)
Jj=2 Jj=2
and

j—1
E(R}|Zj-1) (Z%) ‘Ja 1] = ( > PuiPiniPisiPisi «%’1)-

11,02,13,14=1




Therefore, we have

m+n m+n
E{ZE(R;*!% 1 } > Z E(pirjPirj Pis Piaj)
j:2 j =2 Zl Z2 13 7,4 1
m+n
oS S B, B R EE, L,

J=2 11,i2,13,14=1

=0((m+n)"%) (3D +Q), (A.9)
where
m+n j—1
D=> > E(EJE,E EEE,E.E)
J=2 i1#iz
and
m—+n j—1
Q=2 > E(EE,)
j=2 i1=1

By applying Proposition A.1. in Chen et al. (2010), we have

m j—1
D = Y N BEW, S W, "EEIW, 5, W, °E))

Jj=2 i175i2

- Z E(E! Wy S\ Wy PEpy 1B W *Si W "B, i1)

117102
m+n J—1
+ 3 BEIW, W, B EIW, W, E,)
J=m2 4y F#ig
= 0{(m+n)8 izn )
and
m+n j—1
0 - S5 nwm
=2 i1=1
m j—1 m+n m m+n
S EEEy S YEEE) Y S pEE
j=2141=1 j=m+1li1=1 j=m+1i1=m+1
= Q1+ Q2+ Qs



m j—1

Q1 = > > EEE,)",
=2 i=1

m+n m

Q = Y. Y EEE,),
j=m+1li1=1

m+n

Q:»,:ZZ E(EJE;)

j=m+1lii=m+1

Denote M = I'JW,l') = (M;j)kyxky - Then, by Condition E1 and E4, we have

E(EIE“)4 = E(zngzul)‘*,

ko k1 ko k1
= DY ) BHANBHA)ME+D D (B4 A)M MY,
i=1 j=1 =1 j1#j2
ka k1 ka k1
+ Z Z (3+Aq) MIQUMZQM +9 Z Z 11]1 zug Z2J1MZ22]2
i1742 j=1 i1742 1752

IN

(34 A3+ A)tr? (WX WeXa) + (3 4+ A tr* (WX Wes)

+(3 + A)tr? (Wo X1 WeSs) + 9tr{ (WX 1 WeXs)?}.
Therefore, we have

O((m+n)"")Qs = O((m+n) ") O{tr*(WgSiWaSa)} + Oftr(WeS1WeSs)*}]

Similarly, we have
O((m +m) Q1 = o(e,), and O((m+n)™)Qs = o(c, ).

Therefore, we have

m+n

> 02 E{RI(|R;| > e0mn)|Fi—1)} = 0p(1). (A.10)

Jj=2

Based on (A.9), (A.10) and Corollary 3.1 in Hall and Heyde (1980), we have

RIDOmn j

Om,n

7y N(0,1).



This completes the proof of Theorem 2.

Proof of Theorem 3.

where

Cy

Cs

Cy

Cs

Cs

tr{(WeX1)?}
1 _ _
T {Z Wy (X — X)) X[ Wo (X, — X(i,j))X;Wel/z} ,
m Uiz
1
= 3= tr{ S WX — g+ — X)) (Xi — iy + ) We

i#£]
(Xj — Ky Ty — X(z‘,j))(Xj - Mg+ ﬂq)TW;/Q},

= C1+0+ 05+ Cy+C54+Co+ Cr 4+ Cs + Cy + Cho,

202 Z {VV@;/2 Xi — py) (X5 — Nl) WO(X /J'l)(Xj - “1)TW01/2}7

Z#J
202 > tr{ W (Risy = 1) (K5 = 1) Wo (X = ) (X5 — 1) W*},
1#]
2 1/2 T 1/2
2C2 Z {We (Xi — Ml)#lWG(X p) (X5 — py) W }7
Z#J
202 > tr { Xig) = ) Wo(X; — py) (X —MI)TW(;/2},
i#£]
s {8 () = ) (0K = i Wo (R — ) (0%, — ) 13}
i#j
2 1/2 T < Trr71/2
T tr{We (Xs = ) Wo(Xeig) — pa)(X5 = 1) Wy }
M oi]

202 Zt { 1/2 z]) l"’l)l’l’lwﬂ(X l’l’l)(X] _I‘Ll)TW;/Z}’
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By Condition E3, it is straightforward to show that

E(C) = tr{(WeS1)?}, E(C;)=0,for i=2,---,9,

E(Ci) = mWeSiWop,/(m —2) = o(tr{(WeX1)*}).

Therefore, we have

B (tr{(WoS1)2} ) = tr{ (WS 2H(1 + o(1)), (A.11)
Note that
- 10
Var {tr{(Wgzl)Q}} <10 Var(Cy).
=1
Since
1
BC; = D (W (X — ) (Xi, = 1) WolX, — i) X, — ) 15%)
m i17#J1
x Y tr <W91/2(Xz‘2 — 1) (X, — 1) W (X, — 1) (X, — N1)TW;/2> }’
i27#£j2

then, we have
2E{[(X1 — py) Wo(Xo — py)]"}
m(m — 1)
| 4m = 2 B{I(% — ) WS Wo (X — )}

m(m — 1)

Var(Cy) =

+ o (tr*{(WeX1)?}) .

Denote L = I'{Wpl'y = (L;;) and U = ['{WpXWpI';. Then, by using Proposition A.1. in
Chen et al. (2010) and Conditions E1, E3, and E4, we have
E{[(Xy — ) Wo(Xo — )"} = B(Zy,LZ,)"
k1
= 3tr*(L?) + 6tr(L*) + 6Atr(L* o L*) + A} > L,

i,j=1

= O (tr*{(WeX1)?}) , (A.12)
and

E{[(X1 — py) WoiWo(Xy — u))?} = E(Zy,UZ1Z1,UZy)
= tr*(U) + 2tr(U?) + Agtr(U o U)

= Ot {(We)?}), (A.13)
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where t7(S7 0 .53) = (571452;;) for the matrices Sy and S;. By (A.12) and (A.13), we have

Var(Cy) = o(tr*{(We%:1)?}).

By carrying out similar procedures, we can obtain

Therefore, we have

Var(C;) = o (tr*{(WeXy)?}), for i=2,---,10.

Var {tr{(@m}} — o (tr{(WeX1)?}) |

By (A.11) and (A.14), we have

Similarly, we have

and

By (A.15), (A.16),

By Theorem 2 and

tr{(We1)2} 25 tr{(Wex,)?2).

tr{(WoX)2} L tr{(WoL2)’},

tr (WS WeSa) Zs tr(WeSi WeXs).
and (A.17), we have

Omn P
UL

~
Om,n

Slutsky’s theorem, we complete the proof of Theorem 3.

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

Proof of Theorem 4. By Theorem 2, Theorem 3, (A.18) and Conditions E1-E4, under

Hy @ py # poy, we have

m,n,p—o0
1D — RIDy(X,Y Y — RIDy(X,Y
_ lim P (R 0,m,n R 0( 3 ) Z Om,n?9 R 0( ) )
m,n,p—oo O'mm Um,n

lim P (RIDgmn > Gmnza)

lim @ {—219 I (m+n)7(1 — 7)RIDg(X,Y) }

P00 2tr(X3(7))
dim @ (gt ()L 7) Palan iy BT},

11
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where Yg(7) = We{(1 — 7)¥; + 7%}, and

(Nl - N2)TW0(N1 - N2)
K — [y, i1, 29) = .
o (1 — g, X1, o) 2”(23(7))

This completes the proof of Theorem 4. 0

Proof of Theorem 5. Let Ay < Ay--- < Ayand \] < A5+ < )\; be eigenvalues of Wy and

3(7), respectively. According to the definition of Wy, we have A\; = --- = \,_; = %, and

Ay = % 4+ pa®. By some simple calculations, we have

» 2
(11 = p2) Wolpy — py) = (Z(Nz‘l - Mi2)> + 52|y — mo.

i=1
According to Bushell and Trustrum (1990), we have

tr(Sh(r)) = tr {(WQE(T))Z} <Y A = At {E(r)} + (A2 = ADA.

=1

Therefore,

(1y — IJ'2)TW0(N1 Sy tr{i(r)Q}
3 — ol P2 (S5 (1)
|02 (S0 (i = 2))? + By — paol 2] ({502}
iy — bl 24/ N2t {02} + (02 — M) z2
2(25):1(%1*/%2))2
A

2])1"2()\*)2 p27,4(>\*)2 '
\/ L aGem T eGon

ARE(Brip, Beq) =

v

1+

Since max {pr2(\*)2, p2ri(A5)2} = o(tr{S(7)%}), then we have
p p

hm ARE(BR[D,ﬁCQ) Z 1

m,n,p—00

This completes the proof of Theorem 5. 0J
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2. SIMULATION RESULTS

Example 1. The empirical powers are reported when Z;; follows the following three distri-

butions:

1. The standardized t-distribution with degrees of freedom 5, i.e., (5/3)7'/%t(5);

2. The standardized chi-squared distribution with degrees of freedom 4, i.e., 8 71/2{\?(4) —
4};

3. The standardized Gamma distribution with a = 4,b = 0.5, i.e., I'(4,0.5) — 2.

The corresponding results are shown in Figures 1-12.
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Method -+ aSPU -4~ CQ -+- Cai -*- Multl o L2 - DCF W s 4= RID

p=0.1, p=600 p=0.1, p=1000
1.00+

0.75
0.50{¢

0.254

1.00- 1.00{
0.75- 0.75]
0.50- 0.50-
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_ 0.00- ) . . 1t : . J0.001*
g obz ob4 ob6 obs o0bz obs o0b6 obs
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0.751 0.75/
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0.25- 0.251

0.004 i i i
0.02 0.04 0.06 0.08

Figure 1: Empirical powers with Z;; follows (5/3)~*/?¢(5) and m = 60,n = 80 for Scenario

1 under different signal levels of r and sparsity levels of p in Example 1.
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Method -+ aSPU -4~ CQ -+- Cai -*- Multl o L2 - DCF W s 4= RID

p=0.1, p=200 . = p=0.1, p=1000
1.001
0.75+
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0.25+
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it s enity y
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Figure 2: Empirical powers with Z;; follows (5/3)~*/?¢(5) and m = 60,n = 80 for Scenario

2 under different signal levels of r and sparsity levels of p in Example 1.
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Method -+ aSPU -4~ CQ -+- Cai -*- Multl o L2 - DCF W s 4= RID

p=0.1, p=600 p=0.1, p=1000

1.004

0.75-
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0.25-
_ 0.001%~ . . . . . . . ¥ . .
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1.004 1.00 1.00

0.75- 0.751
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0.25- 0.251
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1.00- 1.00 1.00
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002 004 006 008 002 004 006 008 002 004 006 008

r

Figure 3: Empirical powers with Z;; follows (5/3)71/2¢(5) and m = 90,n = 120 for Scenario

1 under different signal levels of r and sparsity levels of p in Example 1.
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Method -+ aSPU -4 CQ -+- Cai -*- Multl o L2 --o- DCF HJ;SVS -4- RID
p=0.1, p=200 p=0.1, p=600 p=0.1, p=1000
1.00+
0.75+
0.50+
0.257 .
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Figure 4: Empirical powers with Z;; follows (5/3)71/2¢(5) and m = 90,n = 120 for Scenario

2 under different signal levels of r and sparsity levels of p in Example 1.
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Method -+ aSPU -4~ CQ -+- Cai -*- Multl o L2 - DCF W s 4= RID
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Figure 5: Empirical powers with Z;; follows 8 %/2{y?(4) — 4} and m = 60,n = 80 for

Scenario 1 under different signal levels of r and sparsity levels of p in Example 1.

18



Method -+ aSPU -4~ CQ -+- Cai -*- Multl o L2 - DCF W s 4= RID
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Figure 6: Empirical powers with Z;; follows 8 %/2{y?(4) — 4} and m = 60,n = 80 for

Scenario 2 under different signal levels of r and sparsity levels of p in Example 1.
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Figure 7: Empirical powers with Z;; follows 8 %/2{y?(4) — 4} and m = 90,n = 120 for

Scenario 1 under different signal levels of r and sparsity levels of p in Example 1.
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Figure 8: Empirical powers with Z;; follows 8 %/2{y?(4) — 4} and m = 90,n = 120 for

Scenario 2 under different signal levels of r and sparsity levels of p in Example 1.
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Figure 9: Empirical powers with Z;; follows I'(4,0.5) — 2 and m = 60,n = 80 for Scenario

1 under different signal levels of r and sparsity levels of p in Example 1.
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Figure 10: Empirical powers with Z;; follows I'(4,0.5) — 2 and m = 60,n = 80 for Scenario

2 under different signal levels of r and sparsity levels of p in Example 1.
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Figure 11: Empirical powers with Z;; follows I'(4, 0.5) — 2 and m = 90, n = 120 for Scenario

1 under different signal levels of r and sparsity levels of p in Example 1.
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Figure 12: Empirical powers with Z;; follows I'(4, 0.5) — 2 and m = 90, n = 120 for Scenario

2 under different signal levels of r and sparsity levels of p in Example 1.
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Example 2. The empirical powers are reported when Z;; follows the following three distri-

butions:

1. The standardized t-distribution with degrees of freedom 5, i.e., (5/3)~Y2t(5);

2. The standardized chi-squared distribution with degrees of freedom 4, i.e., 871/2{\?(4) —
4};

3. The standardized Gamma distribution with a = 4,6 = 0.5, i.e., I'(4,0.5) — 2.

The corresponding results are shown in Figures 13-15.
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Figure 13: Empirical power when Z;; follows (5/3)71/2¢(5), (m,n) = (60, 80), p = 200 under

different signal levels of r in Example 2.
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Figure 14: Empirical power when Z;; follows 8 %/2{x2(4) — 4}, (m,n) = (60, 80), p = 200

under different signal levels of r in Example 2.
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Figure 15: Empirical power when Z;; follows I'(4,0.5) — 2, (m,n) = (60, 80), p = 200 under

different signal levels of r in Example 2.
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Example 3. The empirical powers are reported when Z;; follows the following three distri-

butions:

1. The standardized t-distribution with degrees of freedom 5, i.e., (5/3)~Y2t(5);

2. The standardized chi-squared distribution with degrees of freedom 4, i.e., 871/2{\?(4) —
4};

3. The standardized Gamma distribution with a = 4,6 = 0.5, i.e., I'(4,0.5) — 2.

The corresponding results are shown in Figures 16-18.
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Figure 16: Empirical power when Z;; follows (5/3)~Y2¢(5), (m,n) = (60,80) and (m,n)

(90, 120) under different signal levels of r in Example 3.
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Figure 17: Empirical power when Z;; follows 871/2{x%(4) —4}, (m,n) = (60, 80) and (m, n) =
(90, 120) under different signal levels of r in Example 3.
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Figure 18: Empirical power when Z;; follows I'(4,0.5) — 2, (m,n) = (60,80) and (m,n) =
(90, 120) under different signal levels of r in Example 3.
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3. REAL DATA ANALYSIS

The p-values of the various methods applied to the breast cancer data and the differences
in gene expression levels between the two groups in other chromosomes are shown in Table
1 and Figures 19. Because the dimensions are lower than 50 and the default candidate
bandwidths of aSPU are uniformly chosen as 50, the p-values in chromosomes 19 and 21 can

not be calculated.
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Figure 19: Differences in the ratios of Cy5/Cy3 signals between the two groups in other

chromosomes.
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