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1. PROOFS OF MAIN RESULTS

Proof of Theorem 1. Let (X1,Y1) be independent copies of (X,Y).

RIDw(X,Y) =

∫
E2
[
δ>(X−Y)

]
w(δ)dδ

=

∫
E
[
δ>(X−Y)

]
E
[
δ>(X1 −Y1)

]
w(δ)dδ

=

∫
E
{[
δ>(X−Y)

] [
δ>(X1 −Y1)

]}
w(δ)dδ.

RIDw(X,Y) may be evaluated easily for certain properly chosen w. Next, we assume that

w(δ) = w(δ1)×· · ·×w(δp), and w(δi) is a density function with the mean αi and the variance

β2
i for i = 1, · · · , p. Then, by Fubini’s theorem, we have

RIDθ(X,Y) =

∫
E
{[

δ>(X−Y)
] [
δ>(X1 −Y1)

]}
w(δ)dδ

= E

{∫ [
δ>(X−Y)

] [
δ>(X1 −Y1)

]
w(δ)dδ

}
=

p∑
i=1

(µ1i − µ2i)
2(β2

i + α2
i ) +

∑
i 6=j

αiαj(µ1i − µ2i)(µ1j − µ2j)

= (µ1 − µ2)>B(µ1 − µ2) +
[
(µ1 − µ2)>a

]2
.

where θ = (α1, · · · , αp, β1, · · · , βp)>, a = (α1, α2, · · · , αp)>, and

B =



β2
1 0 · · · 0

0 β2
2 · · · 0

...
...

. . .
...

0 0 · · · β2
p


.

This completes the proof of Theorem 1. �

Proof of Theorem 2. Recall that

RIDθ,m,n = RID1
θ,m + RID2

θ,n − 2RID3
θ,m,n,
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where

RID1
θ,m =

1

C2
m

∑
1≤i<j≤m

X>iWθXj,

RID2
θ,n =

1

C2
n

∑
1≤i<j≤n

Y>iWθYj,

RID3
θ,m,n =

1

C1
mC

1
n

m∑
i=1

n∑
j=1

X>iWθYj.

It is very easy to show that

E(RIDθ,m,n) = E(RID1
θ,m) + E(RID2

θ,n)− 2E(RID3
θ,m,n)

= µ>1Wθµ1 + µ>2Wθµ2 − 2µ>1Wθµ2

= RIDθ(X,Y),

and

V ar(RIDθ,m,n) = V ar(RID1
θ,m) + V ar(RID2

θ,n) + 4V ar(RID3
θ,m,n)

−4Cov(RID1
θ,m,RID3

θ,m,n)− 4Cov(RID2
θ,n,RID3

θ,m,n).

Since

V ar(RID1
θ,m) =

1

(C2
m)2

[
C2
m

{
tr{(WθΣ1)2}+ 2µ>1WθΣ1Wθµ1

}
+2C2

m(m− 2)µ>1WθΣ1Wθµ1

]
=

tr{(WθΣ1)2}
C2
m

+
4µ>1WθΣ1Wθµ1

m
. (A.1)

Similarly, we have

V ar(RID2
θ,n) =

tr{(WθΣ2)2}
C2
n

+
4µ>2WθΣ2Wθµ2

n
, (A.2)

V ar(RID3
θ,m,n) =

tr(WθΣ1WθΣ2)

C1
mC

1
n

+
µ>2WθΣ1Wθµ2

m

+
µ>1WθΣ2Wθµ1

n
, (A.3)
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Cov(RID1
θ,m,RID3

θ,m,n) =
2µ>1WθΣ1Wθµ2

m
, (A.4)

and

Cov(RID2
θ,n,RID3

θ,m,n) =
2µ>1WθΣ2Wθµ2

n
. (A.5)

By (A.1)-(A.5), we have

V ar(RIDθ,m,n) =
tr{(WθΣ1)2}

C2
m

+
tr{(WθΣ2)2}

C2
n

+
4tr(WθΣ1WθΣ2)

C1
mC

1
n

+
4(µ1 − µ2)>WθΣ1Wθ(µ1 − µ2)

m
+

4(µ1 − µ2)>WθΣ2Wθ(µ1 − µ2)

n
.

Denote

σ2
m,n =

tr{(WθΣ1)2}
C2
m

+
tr{(WθΣ2)2}

C2
n

+
4tr(WθΣ1WθΣ2)

C1
mC

1
n

.

Therefore, under H0 : µ1 = µ2, we have V ar(RIDθ,m,n) = σ2
m,n. By condition E3, under

H1 : µ1 6= µ2, we have V ar(RIDθ,m,n) = σ2
m,n(1 + o(1)).

Since

RID1
θ,m =

1

C2
m

∑
1≤i<j≤m

(Xi − µ1 + µ1)>Wθ(Xj − µ1 + µ1),

RID2
θ,n =

1

C2
n

∑
1≤i<j≤n

(Yi − µ2 + µ2)>Wθ(Yj − µ2 + µ2),

RID3
θ,m,n =

1

C1
mC

1
n

m∑
i=1

n∑
j=1

(Xi − µ1 + µ1)>Wθ(Yj − µ2 + µ2),

then, we have

RIDθ,m,n = R̂IDθ,m,n + R̃IDθ,m,n,

where

R̂IDθ,m,n =
1

C2
m

∑
1≤i<j≤m

(Xi − µ1)>Wθ(Xj − µ1)

+
1

C2
n

∑
1≤i<j≤n

(Yi − µ2)>Wθ(Yj − µ2)

−2
1

C1
mC

1
n

m∑
i=1

n∑
j=1

(Xi − µ1)>Wθ(Yj − µ2),
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and

R̃IDθ,m,n =
2

m

m∑
i=1

(Xi − µ1)>Wθ(µ1 − µ2)

+
2

n

n∑
j=1

(Yj − µ2)>Wθ(µ2 − µ1) + RIDθ(X,Y).

It is straightforward to show that

E(R̂IDθ,m,n) = 0, E(R̃IDθ,m,n) = RIDθ(X,Y),

V ar(R̃IDθ,m,n) =
4(µ1 − µ2)>WθΣ1Wθ(µ1 − µ2)

m
+

4(µ1 − µ2)>WθΣ2Wθ(µ1 − µ2)

n
.

Under Condition E3, we have

V ar

(
R̃IDθ,m,n − RIDθ(X,Y)

σm,n

)
= o(1).

Therefore, we can obtain

RIDθ,m,n − RIDθ(X,Y)

σm,n
=

R̂IDθ,m,n

σm,n
+

R̃IDθ,m,n − RIDθ(X,Y)

σm,n

=
R̂IDθ,m,n

σm,n
+ op(1).

Thus, in order to show Theorem 2, it is sufficient to show that

R̂IDθ,m,n

σm,n

D−→ N (0, 1).

To obtain the asymptotic normality of R̂IDθ,m,n, we can assume without loss of generality

that µ1 = µ2 = 0. Let Ei = W
1/2
θ Xi for i = 1, · · · ,m, and Ej+m = W

1/2
θ Yj for j = 1, · · · , n,

and for i 6= j

ρij =


(C2

m)−1E>iEj, if i, j ∈ {1, 2, · · · ,m},

−2(mn)−1E>iEj, if i ∈ {1, 2, · · · ,m} and j ∈ {m+ 1, 2, · · · ,m+ n}.

(C2
n)−1E>iEj, if i, j ∈ {m+ 1, 2, · · · ,m+ n}.
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DenoteRj =
∑j−1

i=1 ρij for j = 2, · · · ,m+n, and Sk =
∑k

j=2 Rj, and Fk = σ{E1,E2, · · · ,Ek}

which is the σ-algebra generated by {E1,E2, · · · ,Ek}. Then, we have

R̂IDθ,m,n =
m+n∑
j=2

Rj.

Note

E(R2
j |Fj−1) = E

( j−1∑
i=1

ρij

)2 ∣∣∣Fj−1

 = E

(
j−1∑

i1,i2=1

ρi1jρi2j

∣∣∣Fj−1

)

=

j−1∑
i1,i2=1

E
(
ρi1jρi2j

∣∣∣Fj−1

)

=



(C2
m)−2

∑j−1
i1,i2=1 E

>
ii
W

1/2
θ Σ1W

1/2
θ Ei2 , if j ≤ m,

4(mn)−2
∑m

i1,i2=1 E
>
ii
W

1/2
θ Σ2W

1/2
θ Ei2 , if j = m+ 1.

4(mn)−2
∑m

i1,i2=1 E
>
ii
W

1/2
θ Σ2W

1/2
θ Ei2 if j ≥ m+ 2

+(C2
n)−2

∑j−1
i1,i2=m+1W

1/2
θ Σ2W

1/2
θ Ei2 .

Denote

ςm,n =
m+n∑
j=2

E(R2
j |Fj−1).

Then, we have

E(ςm,n) =
1

(C2
m)2

m∑
j=2

j−1∑
i1,i2=1

E(E>iiW
1/2
θ Σ1W

1/2
θ Ei2)

+
4

(mn)2

m∑
i1,i2=1

E(E>iiW
1/2
θ Σ2W

1/2
θ Ei2) (A.6)

+
m+n∑
j=m+2

[ 4

(mn)2

m∑
i1,i2=1

E(E>iiW
1/2
θ Σ2W

1/2
θ Ei2)

+
1

(C2
n)2

j−1∑
i1,i2=m+1

E(W
1/2
θ Σ2W

1/2
θ Ei2)

]
=

tr{(WθΣ1)2}
C2
m

+
tr{(WθΣ2)2}

C2
n

+
4tr(WθΣ1WθΣ2)

C1
mC

1
n

= σ2
m,n.
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and

E(ς2
m,n) = E

{ 1

(C2
m)2

m∑
j=2

j−1∑
i1,i2=1

E>iiW
1/2
θ Σ1W

1/2
θ Ei2

+
4

(mn)2

m∑
i1,i2=1

E>iiW
1/2
θ Σ2W

1/2
θ Ei2

+
m+n∑
j=m+2

[ 4

(mn)2

m∑
i1,i2=1

E>iiW
1/2
θ Σ2W

1/2
θ Ei2

+
1

(C2
n)2

j−1∑
i1,i2=m+1

E>iiW
1/2
θ Σ2W

1/2
θ Ei2

]}2

= σ4
m,n(1 + o(1)).

Therefore, we have

V ar(ςm,n) = E(ς2
m,n)− (E(ςm,n))2 = o(σ4

m,n). (A.7)

By (A.6) and (A.7), we have

σ−2
m,nE

{
m+n∑
j=2

E(R2
j |Fj−1)

}
= σ−2

m,nE(ςm,n) = 1,

and

σ−4
m,nV ar

{
m+n∑
j=2

E(R2
j |Fj−1)

}
= σ−4

m,nV ar(ςm,n) = o(1).

Therefore, we have ∑m+n
j=2 E(R2

j |Fj−1)

σ2
m,n

P−→ 1. (A.8)

Note that

m+n∑
j=2

σ−2
m,nE

{
R2
jI(|Rj| > εσm,n)|Fj−1)

}
≤ σ−4

m,nε
−2

m+n∑
j=2

E
(
R4
j |Fj−1

)
,

and

E(R4
j |Fj−1) = E

( j−1∑
i=1

ρij

)4 ∣∣∣Fj−1

 = E

(
j−1∑

i1,i2,i3,i4=1

ρi1jρi2jρi3jρi4j

∣∣∣Fj−1

)
.
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Therefore, we have

E

{
m+n∑
j=2

E
(
R4
j |Fj−1

)}
=

m+n∑
j=2

j−1∑
i1,i2,i3,i4=1

E(ρi1jρi2jρi3jρi4j)

= O((m+ n)−8)
m+n∑
j=2

j−1∑
i1,i2,i3,i4=1

E(E>jEi1E
>
i2
EjE

>
jEi3E

>
i4
Ej)

= O((m+ n)−8)(3D +Q), (A.9)

where

D =
m+n∑
j=2

j−1∑
i1 6=i2

E(E>jEi1E
>
i1
EjE

>
jEi2E

>
i2
Ej)

and

Q =
m+n∑
j=2

j−1∑
i1=1

E(E>jEi1)
4.

By applying Proposition A.1. in Chen et al. (2010), we have

D =
m∑
j=2

j−1∑
i1 6=i2

E(E>jW
1/2
θ Σ1W

1/2
θ EjE

>
jW

1/2
θ Σ1W

1/2
θ Ej)

+
m∑

i1 6=i2

E(E>m+1W
1/2
θ Σ1W

1/2
θ Em+1E

>
m+1W

1/2
θ Σ1W

1/2
θ Em+1)

+
m+n∑
j=m+2

j−1∑
i1 6=i2

E(E>jW
1/2
θ Σ2W

1/2
θ EjE

>
jW

1/2
θ Σ2W

1/2
θ Ej)

= o{(m+ n)8σ4
m,n},

and

Q =
m+n∑
j=2

j−1∑
i1=1

E(E>jEi1)
4

=
m∑
j=2

j−1∑
i1=1

E(E>jEi1)
4 +

m+n∑
j=m+1

m∑
i1=1

E(E>jEi1)
4 +

m+n∑
j=m+1

j−1∑
i1=m+1

E(E>jEi1)
4

= Q1 +Q2 +Q3,
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Q1 =
m∑
j=2

j−1∑
i1=1

E(E>jEi1)
4,

Q2 =
m+n∑
j=m+1

m∑
i1=1

E(E>jEi1)
4,

Q3 =
m+n∑
j=m+1

j−1∑
i1=m+1

E(E>jEi1)
4.

Denote M = Γ>2WθΓ1 = (Mij)k2×k1 . Then, by Condition E1 and E4, we have

E(E>jEi1)
4 = E(Z>2jMZ1i1)

4,

=

k2∑
i=1

k1∑
j=1

(3 + ∆1)(3 + ∆2)M4
ij +

k2∑
i=1

k1∑
j1 6=j2

(3 + ∆1)M2
ij1
M2

ij2

+

k2∑
i1 6=i2

k1∑
j=1

(3 + ∆2)M2
i1j
M2

i2j
+ 9

k2∑
i1 6=i2

k1∑
j1 6=j2

M2
i1j1
M2

i1j2
M2

i2j1
M2

i2j2

≤ (3 + ∆1)(3 + ∆2)tr2(WθΣ1WθΣ2) + (3 + ∆1)tr2(WθΣ1WθΣ2)

+(3 + ∆2)tr2(WθΣ1WθΣ2) + 9tr{(WθΣ1WθΣ2)2}.

Therefore, we have

O((m+ n)−8)Q2 = O((m+ n)−6)[O{tr2(WθΣ1WθΣ2)}+O{tr(WθΣ1WθΣ2)2}]

= o(σ4
m,n).

Similarly, we have

O((m+ n)−8)Q1 = o(σ4
m,n), and O((m+ n)−8)Q3 = o(σ4

m,n).

Therefore, we have

m+n∑
j=2

σ−2
m,nE

{
R2
jI(|Rj| > εσm,n)|Fj−1)

}
= op(1). (A.10)

Based on (A.9), (A.10) and Corollary 3.1 in Hall and Heyde (1980), we have

R̂IDθ,m,n

σm,n

D−→ N (0, 1).
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This completes the proof of Theorem 2. �

Proof of Theorem 3.

̂tr{(WθΣ1)2}

=
1

2C2
m

tr

{∑
i 6=j

W
1/2
θ (Xi − X̄(i,j))X

>
iWθ(Xj − X̄(i,j))X

>
jW

1/2
θ

}
,

=
1

2C2
m

tr
{∑

i 6=j

W
1/2
θ (Xi − µ1 + µ1 − X̄(i,j))(Xi − µ1 + µ1)>Wθ

(Xj − µ1 + µ1 − X̄(i,j))(Xj − µ1 + µ1)>W
1/2
θ

}
,

= C1 + C2 + C3 + C4 + C5 + C6 + C7 + C8 + C9 + C10,

where

C1 =
1

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (Xi − µ1)(Xi − µ1)>Wθ(Xj − µ1)(Xj − µ1)>W

1/2
θ

}
,

C2 = − 2

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (X̄(i,j) − µ1)(Xi − µ1)>Wθ(Xj − µ1)(Xj − µ1)>W

1/2
θ

}
,

C3 =
2

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (Xi − µ1)µ>1Wθ(Xj − µ1)(Xj − µ1)>W

1/2
θ

}
,

C4 = − 2

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (X̄(i,j) − µ1)µ>1Wθ(Xj − µ1)(Xj − µ1)>W

1/2
θ

}
,

C5 =
1

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (X̄(i,j) − µ1)(Xi − µ1)>Wθ(X̄(i,j) − µ1)(Xj − µ1)>W

1/2
θ

}
,

C6 = − 2

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (Xi − µ1)µ>1Wθ(X̄(i,j) − µ1)(Xj − µ1)>W

1/2
θ

}
,

C7 = − 2

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (X̄(i,j) − µ1)µ>1Wθ(X̄(i,j) − µ1)(Xj − µ1)>W

1/2
θ

}
,

C8 =
1

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (Xi − µ1)µ>1Wθ(Xj − µ1)µ>1W

1/2
θ

}
,

C9 = − 2

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (X̄(i,j) − µ1)µ>1Wθ(Xj − µ1)µ>1W

1/2
θ

}
,

C10 =
1

2C2
m

∑
i 6=j

tr
{
W

1/2
θ (X̄(i,j) − µ1)µ>1Wθ(X̄(i,j) − µ1)µ>1W

1/2
θ

}
.
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By Condition E3, it is straightforward to show that

E(C1) = tr{(WθΣ1)2}, E(Ci) = 0, for i = 2, · · · , 9,

E(C10) = µ>1WθΣ1Wθµ1/(m− 2) = o(tr{(WθΣ1)2}).

Therefore, we have

E
(

̂tr{(WθΣ1)2}
)

= tr{(WθΣ1)2}(1 + o(1)). (A.11)

Note that

V ar
{

̂tr{(WθΣ1)2}
}
≤ 10

10∑
i=1

V ar(Ci).

Since

EC2
1 =

1

(2C2
m)2

E
{ ∑
i1 6=j1

tr
(
W

1/2
θ (Xi1 − µ1)(Xi1 − µ1)>Wθ(Xj1 − µ1)(Xj1 − µ1)>W

1/2
θ

)
×
∑
i2 6=j2

tr
(
W

1/2
θ (Xi2 − µ1)(Xi2 − µ1)>Wθ(Xj2 − µ1)(Xj2 − µ1)>W

1/2
θ

)}
,

then, we have

V ar(C1) =
2E{[(X1 − µ1)>Wθ(X2 − µ1)]4}

m(m− 1)

+
4(m− 2)E{[(X1 − µ1)>WθΣ1Wθ(X1 − µ1)]2}

m(m− 1)
+ o

(
tr2{(WθΣ1)2}

)
.

Denote L = Γ>1WθΓ1 = (Lij) and U = Γ>1WθΣ1WθΓ1. Then, by using Proposition A.1. in

Chen et al. (2010) and Conditions E1, E3, and E4, we have

E{[(X1 − µ1)>Wθ(X1 − µ1)]4} = E(Z>11LZ12)4

= 3tr2(L2) + 6tr(L4) + 6∆1tr(L
2 ◦ L2) + ∆2

1

k1∑
i,j=1

L4
ij

= O
(
tr2{(WθΣ1)2}

)
, (A.12)

and

E{[(X1 − µ1)>WθΣ1Wθ(X1 − µ1)]2} = E(Z>11UZ11Z
>
11UZ11)

= tr2(U) + 2tr(U2) + ∆1tr(U ◦ U)

= O
(
tr2{(WθΣ1)2}

)
, (A.13)
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where tr(S1 ◦ S2) = (S1ijS2ij) for the matrices S1 and S2. By (A.12) and (A.13), we have

V ar(C1) = o
(
tr2{(WθΣ1)2}

)
.

By carrying out similar procedures, we can obtain

V ar(Ci) = o
(
tr2{(WθΣ1)2}

)
, for i = 2, · · · , 10.

Therefore, we have

V ar
{

̂tr{(WθΣ1)2}
}

= o
(
tr2{(WθΣ1)2}

)
. (A.14)

By (A.11) and (A.14), we have

̂tr{(WθΣ1)2} P−→ tr{(WθΣ1)2}. (A.15)

Similarly, we have

̂tr{(WθΣ2)2} P−→ tr{(WθΣ2)2}, (A.16)

and

̂tr(WθΣ1WθΣ2)
P−→ tr(WθΣ1WθΣ2). (A.17)

By (A.15), (A.16), and (A.17), we have

σm,n
σ̂m,n

P−→ 1. (A.18)

By Theorem 2 and Slutsky’s theorem, we complete the proof of Theorem 3. �

Proof of Theorem 4. By Theorem 2, Theorem 3, (A.18) and Conditions E1-E4, under

H1 : µ1 6= µ2, we have

lim
m,n,p→∞

P (RIDθ,m,n ≥ σ̂m,nzα)

= lim
m,n,p→∞

P

(
RIDθ,m,n − RIDθ(X,Y)

σm,n
≥ σ̂m,nzϑ − RIDθ(X,Y)

σm,n

)
= lim

m,n,p→∞
Φ

{
−zϑ +

(m+ n)τ(1− τ)RIDθ(X,Y)√
2tr(Σ2

θ(τ))

}
= lim

m,n,p→∞
Φ {−zϑ + (m+ n)τ(1− τ)Pθ(µ1 − µ2,Σ1,Σ2)} ,

11



where Σθ(τ) = Wθ{(1− τ)Σ1 + τΣ2}, and

Pθ(µ1 − µ2,Σ1,Σ2) =
(µ1 − µ2)>Wθ(µ1 − µ2)√

2tr(Σ2
θ(τ))

.

This completes the proof of Theorem 4. �

Proof of Theorem 5. Let λ1 ≤ λ2 · · · ≤ λp and λ∗1 ≤ λ∗2 · · · ≤ λ∗p be eigenvalues of Wθ and

Σ̃(τ), respectively. According to the definition of Wθ, we have λ1 = · · · = λp−1 = β2, and

λp = β2 + pα2. By some simple calculations, we have

(µ1 − µ2)>Wθ(µ1 − µ2) = α2

(
p∑
i=1

(µi1 − µi2)

)2

+ β2||µ1 − µ2||2.

According to Bushell and Trustrum (1990), we have

tr(Σ2
θ(τ)) = tr

{
(WθΣ̃(τ))2

}
≤

p∑
i=1

(λiλ
∗
i )

2 = λ2
1tr{Σ̃(τ)2}+ (λ2

p − λ2
1)λ∗2p .

Therefore,

ARE(βRID, βCQ) =
(µ1 − µ2)>Wθ(µ1 − µ2)

√
tr{Σ̃(τ)2}

||µ1 − µ2||2
√
tr(Σ2

θ(τ))

≥

[
α2 (
∑p

i=1(µi1 − µi2))
2

+ β2||µ1 − µ2||2
]√

tr{Σ̃(τ)2}

||µ1 − µ2||2
√
λ2

1tr{Σ̃(τ)2}+ (λ2
p − λ2

1)λ∗2p

=
1 +

r2(
∑p

i=1(µi1−µi2))
2

||µ1−µ2||2√
1 +

2pr2(λ∗p)2

tr{Σ̃(τ)2}
+

p2r4(λ∗p)2

tr{Σ̃(τ)2}

.

Since max
{
pr2(λ∗p)

2, p2r4(λ∗p)
2
}

= o(tr{Σ̃(τ)2}), then we have

lim
m,n,p→∞

ARE(βRID, βCQ) ≥ 1.

This completes the proof of Theorem 5. �
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2. SIMULATION RESULTS

Example 1. The empirical powers are reported when Zik follows the following three distri-

butions:

1. The standardized t-distribution with degrees of freedom 5, i.e., (5/3)−1/2t(5);

2. The standardized chi-squared distribution with degrees of freedom 4, i.e., 8−1/2{χ2(4)−

4};

3. The standardized Gamma distribution with a = 4, b = 0.5, i.e., Γ(4, 0.5)− 2.

The corresponding results are shown in Figures 1-12.
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Figure 1: Empirical powers with Zij follows (5/3)−1/2t(5) and m = 60, n = 80 for Scenario

1 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 2: Empirical powers with Zij follows (5/3)−1/2t(5) and m = 60, n = 80 for Scenario

2 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 3: Empirical powers with Zij follows (5/3)−1/2t(5) and m = 90, n = 120 for Scenario

1 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 4: Empirical powers with Zij follows (5/3)−1/2t(5) and m = 90, n = 120 for Scenario

2 under different signal levels of r and sparsity levels of ρ in Example 1.

17



ρ = 0. 4, p = 200 ρ = 0. 4, p = 600 ρ = 0. 4, p = 1000

ρ = 0. 3, p = 200 ρ = 0. 3, p = 600 ρ = 0. 3, p = 1000

ρ = 0. 2, p = 200 ρ = 0. 2, p = 600 ρ = 0. 2, p = 1000

ρ = 0. 1, p = 200 ρ = 0. 1, p = 600 ρ = 0. 1, p = 1000

0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08

0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08

0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08

0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08 0.02 0.04 0.06 0.08
0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

0.00

0.25

0.50

0.75

1.00

r

P
ow

er

Method aSPU CQ Cai Mult1 L2 DCF Ψns , ϑ
f RID

Figure 5: Empirical powers with Zij follows 8−1/2{χ2(4) − 4} and m = 60, n = 80 for

Scenario 1 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 6: Empirical powers with Zij follows 8−1/2{χ2(4) − 4} and m = 60, n = 80 for

Scenario 2 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 7: Empirical powers with Zij follows 8−1/2{χ2(4) − 4} and m = 90, n = 120 for

Scenario 1 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 8: Empirical powers with Zij follows 8−1/2{χ2(4) − 4} and m = 90, n = 120 for

Scenario 2 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 9: Empirical powers with Zij follows Γ(4, 0.5)− 2 and m = 60, n = 80 for Scenario

1 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 10: Empirical powers with Zij follows Γ(4, 0.5)− 2 and m = 60, n = 80 for Scenario

2 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 11: Empirical powers with Zij follows Γ(4, 0.5)−2 and m = 90, n = 120 for Scenario

1 under different signal levels of r and sparsity levels of ρ in Example 1.
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Figure 12: Empirical powers with Zij follows Γ(4, 0.5)−2 and m = 90, n = 120 for Scenario

2 under different signal levels of r and sparsity levels of ρ in Example 1.
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Example 2. The empirical powers are reported when Zik follows the following three distri-

butions:

1. The standardized t-distribution with degrees of freedom 5, i.e., (5/3)−1/2t(5);

2. The standardized chi-squared distribution with degrees of freedom 4, i.e., 8−1/2{χ2(4)−

4};

3. The standardized Gamma distribution with a = 4, b = 0.5, i.e., Γ(4, 0.5)− 2.

The corresponding results are shown in Figures 13-15.
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Figure 13: Empirical power when Zij follows (5/3)−1/2t(5), (m,n) = (60, 80), p = 200 under

different signal levels of r in Example 2.
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Figure 14: Empirical power when Zij follows 8−1/2{χ2(4) − 4}, (m,n) = (60, 80), p = 200

under different signal levels of r in Example 2.
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Figure 15: Empirical power when Zij follows Γ(4, 0.5)− 2, (m,n) = (60, 80), p = 200 under

different signal levels of r in Example 2.
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Example 3. The empirical powers are reported when Zik follows the following three distri-

butions:

1. The standardized t-distribution with degrees of freedom 5, i.e., (5/3)−1/2t(5);

2. The standardized chi-squared distribution with degrees of freedom 4, i.e., 8−1/2{χ2(4)−

4};

3. The standardized Gamma distribution with a = 4, b = 0.5, i.e., Γ(4, 0.5)− 2.

The corresponding results are shown in Figures 16-18.
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Figure 16: Empirical power when Zij follows (5/3)−1/2t(5), (m,n) = (60, 80) and (m,n) =

(90, 120) under different signal levels of r in Example 3.
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Figure 17: Empirical power when Zij follows 8−1/2{χ2(4)−4}, (m,n) = (60, 80) and (m,n) =

(90, 120) under different signal levels of r in Example 3.
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Figure 18: Empirical power when Zij follows Γ(4, 0.5) − 2, (m,n) = (60, 80) and (m,n) =

(90, 120) under different signal levels of r in Example 3.
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3. REAL DATA ANALYSIS

The p-values of the various methods applied to the breast cancer data and the differences

in gene expression levels between the two groups in other chromosomes are shown in Table

1 and Figures 19. Because the dimensions are lower than 50 and the default candidate

bandwidths of aSPU are uniformly chosen as 50, the p-values in chromosomes 19 and 21 can

not be calculated.
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Figure 19: Differences in the ratios of Cy5/Cy3 signals between the two groups in other

chromosomes.
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