Localising temperature risk:
Supplementary Material*

October 23, 2015

*Data is available from Risk Data Center (RDC) of the CRC 649 “Okonomisches Risiko” (http://sfb649.wiwi.hu-
berlin.de/)
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Figure 9: h = 1,...,150 days (OX axis) ahead forecast for Beijing, Chicago, Houston and Essen
(left to right, top to bottom); averaged absolute error (Y axis, upper panel), averaged coverage
days (Y axis, middle panel), averaged width of the confidence 95% intervals (Y axis, lower panel),
SeMe adMe adVo (solid black), Locmax (dashed grey), JoMe adMe adVo (dotted black), truncated
Fourier (solid grey), CD (dashed black), fitted using 2 years of historical data and 10000 samples.
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Figure 10: h =1,...,150 days (OX axis) ahead forecast for Beijing, Chicago, Houston and Essen
(left to right, top to bottom); averaged absolute error (Y axis, upper panel), averaged coverage
days (Y axis, middle panel), averaged width of the confidence 95% intervals (Y axis, lower panel),
SeMe adMe adVo (solid black), Locmax (dashed grey), JoMe adMe adVo (dotted black), truncated
Fourier (solid grey), CD (dashed black), fitted using 3 years of historical data and 10000 samples.
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Figure 11: h =1,...,150 days (OX axis) ahead forecast for Atlanta, Osaka, Portland and Taipei
(left to right, top to bottom); averaged absolute error (Y axis, upper panel), averaged coverage
days (Y axis, middle panel), averaged width of the confidence 95% intervals (Y axis, lower panel),
SeMe adMe adVo (solid black), Locmax (dashed grey), JoMe adMe adVo (dotted black), truncated
Fourier (solid grey), CD (dashed black), fitted using 2 years of historical data and 10000 samples.
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Figure 12: h =1,...,150 days (OX axis) ahead forecast for Atlanta, Osaka, Portland and Taipei
(left to right, top to bottom); averaged absolute error (Y axis, upper panel), averaged coverage
days (Y axis, middle panel), averaged width of the confidence 95% intervals (Y axis, lower panel),
SeMe adMe adVo (solid black), Locmax (dashed grey), JoMe adMe adVo (dotted black), truncated
Fourier (solid grey), CD (dashed black), fitted using 3 years of historical data and 10000 samples.
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Method KS JB AD

.. JoMe adMe adVa 0.000 0.416 0.333

T JoMe fiMe fiVa 0.000 0.250 0.333

i Fourier 0.000 0.583 0.583
CD 0.000 0.750 0.583 KS JB AD
JoMe adMe adVa 1.000 0.333 0.333 1.000 0.583 0.416
JoMe fiMe fiVa 1.000 0.833 0.500 0.833 0.833 0.750
SeMe adMe adVa 1.000 0.166 0.166 1.000 0.166 0.166

% SeMe fiMe fiVa 1.000 0.500 0.416 % 0.916 0.583 0.666

> Locave 0.000 0.333 0.250 |5 0.166 0.416 0.333

o~ Locsep 0.000 0.333 0.250 | » 0.166 0.416 0.333
Locmax 0.000 0.083 0.166 0.083 0.500 0.250
Fourier 0.250 0.750 0.750 0.333 0.833 0.833
CD 1.000 0.750 0.833 1.000 0.916 0.833
JoMe adMe adVa 0.750 0.583 0.500 0.583 0.667 0.583
JoMe fiMe fiVa 0.500 0.916 0.916 0.500 0.916 0.916
SeMe adMe adVa 0.916 0.166 0.166 0.666 0.250 0.250

% SeMe fiMe fiVa 0.750 0.750 0.833 % 0.583 0.916 0.833

> Locave 0.166 0.500 0.333 |5 0.250 0.500 0.500

< Locsep 0.166 0.500 0.333 [ 0.250 0.500 0.500
Locmax 0.166 0.500 0.333 0.250 0.583 0.500
Fourier 0.333 0.916 0.916 0.416 1.000 0.916
CD 1.000 0.916 0.916 1.000 1.000 0.916

Table 4: Rejection rates of the normality at 5% level for original 12 cities with different history,
methods of estimation and normality tests. Tests for normality are Kolmogorov—Smirnov (KS),
Jarque-Bera (JB) and AD. Methods used: joint/separate mean (JoMe/SeMe) with fixed /adaptive
(fi/ad) bandwidth for the mean/variance (Me/Va), Locave, Locsep, Locmax, truncated Fourier
(Fourier) and CD model. Highlighted with italic are models with smallest rejection rate for each
GoF test and each history.

21



Localising temperature risk

Wolfgang Karl Hirdle* Brenda Lopez Cabreral Ostap Okhrin ¥ Weining Wang?

October 5, 2016

1 Appendix

1.1 Theoretical Background

We now briefly introduce the theoretical background for the adaptation procedure. For

¢ < k, the accuracy of the estimation is measured by the fitted likelihood ratio (LR):

LW, 0,,0,) < LW, 0,) — LOW", 6). (1)
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For the Gaussian risk factor situation the variance o7 (or trend A;) estimation is carried out

within an exponential family framework, so the LR can be written in a closed form:

L(W*,8,,0%) < N.KC(0r, 0%)

= —{log(0x/0%) + 1 — 07 /6;} /2, (2)

where N, = JZ?S; w(s,t, hy,) and K(0, 6*) is the Kullback-Leibler divergence between
two normal distributions with variances 6, and 0*. Note that (2) is the divergence for exactly

this case. For trend A; estimation, it has to be replaced by (6 — 6*)2/(20?).

Recall that the Kullback-Leibler divergence of two distributions with densities p(x) and ¢(z)
is

K {p(e). q(2)} < E 1og% . 3)

To guarantee the feasibility of the tests, we need moment bounds and confidence sets for the
LR that will guarantee that the MLE is concentrated in the level set of the likelihood ratio
process (indexed by the number of observations) around the true parameter, see Polzehl and
Spokoiny (2006) and Mercurio and Spokoiny (2004). Below we state a result along this line

for the variance (a similar bound can be derived for the mean).

Theorem 1.1 [Spokoiny (2009)] Assuming that 6(t) = 0* for any t € [1,365], then for3 >0
and k€ 1,...,K,r >0, denote by Py«(.) the measure corresponding to (9) (main text). We

obtain

Po- { LOW*,0,,0%) > 3} < 2exp () (4)



and a risk bound for a power loss function:

Eg* L(Wk, ék, 9*)|T < T, (5)

where v, = 2r |.

150 3" texp(—3)d3. This polynomial bound applies to all localising schemes

Wk simultaneously.

The risk bound (|5)) allows us to define likelihood based confidence sets since together with
it tells us that the likelihood process is stochastically bounded. The confidence sets are

therefore defined with critical values 3 to level « as shown in (10) (main text).

The LMS algorithm is illustrated in Figure . For every estimate 6 the corresponding
confidence set is shown. If the horizontal line originating in 6, does not cross all the preceding

intervals then the selection algorithm terminates.

Cs

)/ I,

1 2 3 P
Stop

Figure 1: Tllustration of the LMS

A further integrated approach is to consider an iterative algorithm, which iterates between
estimating the seasonal component and the variance 0(t) = {A;,07}. This algorithm can
further cope with heteroscedasticity in the corrected residuals after seasonality in mean and

variance components. The procedure is:

Step 1. Estimate B in an initial A? using a truncated Fourier series or any other deterministic

3



function;

’

Step 2. For fixed A,, = {A /AX;V}T, s={1,...,365} from last step v, and fixed 3, get 62,1

ER%)

by
365 J
5-3”—&-1 = arg min Z Z[{T365j+t - AS,V - As,u(t - S)
o 21 j=o
L
— Y BiXaesi1}?/20° + log(2m0”) [2w(s, t, by);
=1
Step 3. For fixed &iyﬂ and 5’, we estimate As,u+17 s ={1,...,365} via another local adaptive
procedure:

365 J

L

. . 2

Ag i1 = arg mlgz Z {T365j+t — N —=A"(t—s)— Z 51X365j+t—l} w(s,t, h’;g)/2a'§,u+l7
LCARVINES ! =1

where {h!, h}, Y, ... R} is a sequence of bandwidths;

Step 4. Repeat steps 2 and 3 until both |A; 1 — A, | < 7 and |62, — 62,| < 72 for some

constants m; and .

Our empirical implementation suggests that one iteration is enough. The LMS methods
require Critical Values 3, which define the significance for the LR statistics L(Wz,ég,ék)
or alternatively the length of the confidence interval (see (4])) at each step. As can be seen
from above, the Critical Values are calibrated from the “propagation condition” below which
ensures a desired level of type one error. To be more specific, for every step k, define 0, as
the “survived estimator” after the kth step (if the estimator is not rejected up to step k, then
0, = 9~k, else if the estimator has been rejected at step [ < k, then 0, = él) Measure the

closeness of 0~k and ék by

Eg-|L(WF, 6,0, < ar, (6)




for k =1,..., K with v, the parametric risk bound in and « a control parameter corre-

sponding to the type one error. In fact

E@* L(Wk, ék, ék)’T — Py~ (ék 7é ék)

for r — 0, therefore o can be interpreted as a false alarm probability.

More precisely, if step k is accepted as described in Figure , then 6), = ék and a non-zero
loss Eg L(W*, ék, ék) can only occur if the estimator has been rejected before or at step k,

which under the homogeneous parametric model case, is denoted as a “false alarm”.

A risk bound for a constant model (#(t) = 6*) has been given in (6)). In order to expand this
to a nonparametric 6(t), the “Small Modeling Bias (SMB)” condition is employed:
365

AO) = ST KL0(1), 03 Hw(s, b, hy) > 0} < A, Vk < K, (7)

where £* is the maximum k£ satisfying , also called “oracle”. Consequently the estimation

risk for 6(t) is described for k < k* by the “propagation” property:
E oy log {1+ [LOWE, 6,80 /e, } < A+a (8)

An estimate for the oracle k* is given via the adaptive estimate ék The estimate ék behaves
similarly to the oracle estimate 0+ since it is “stable” in the sense that even if the described
selection scheme (12) (main text), (13) (main text) overshoots k*, the resulting estimate ék
is still close to the oracle 0)-. In fact the attained quality of estimation during “propagation”

is not lost at further steps:
LOWF 0, 0) Tk > k*} < 30

In other words, ék lies in the confidence set of f-. A combination of the propagation and



stability property leads to the “oracle” property:

<A+,

[LWH, 61, 0)[" }

¢,

Eg()log {1 +

LW, 0, 0,)[7 :
Eg(_)log{1+| ( ;k’ 3l }SA%—a—i—log{l%—ii},

for 6 with A(W* ) < A and k < k*. These bounds show that the risk of estimating
adaptively is composed into three parts: the SMB, the false alarm rate, and a small term

corresponding to the risk of overshooting.

1.2 Discretization

We now prove the connection of the discrete AR(3) model in (2)(main text) and the CAR(3)
model in (1) (main text) is proved by deriving an analytical link between Xy and the
lagged deseasonalised temperatures up to time ¢ — L. Xj ) is approximated by Euler

discretization. For example, the step length to be A, and observation number to be N(A),

for L = 3A, let ¢ def B a — B; and a time step of length one A, def (t+A)—t = A, Xigi3n)

is obtained by iteratively substituting X3 from the following discretization:

Xigga) — X1y = XA
Xora)y — Xogy = XzpA

X3(t+A) — Xg(t) = —Ozg(A)Xl(t)A — CYQ(A)XQ(t)A — Oél(A)Xg(t)A + O't(A)et

Xi3n) — Xigr2a) = Xopgon)A
Xoan) — Xogr2a) = Xzpqoa)A
Xstsa) — Xapqon) = —03(A) X r20)A — aa(A) Xoproa)A — a1 (A) Xz420)A

+  orran(A)erion. (9)



Rearranging the above equations, we have a AR(3) discrete time model that is linked to (2)

(main text):

Xigesn)y = {3 —ai(A)} Xigson) +:[20é1(A) —a(A) — 3}1X1(t+A)
61(8) 8:(8)
+ {—Oél(A) + OZQ(A) — Oég(A) + 1}1X1(t) + Ut+2A(A)et. (10)
53&)

def

Let us define T'(A) = {a1(A), aa(A), az(A), 04(A)} . According to Pedersen (1995), Broze,
Scaillet and Zakoian (1998), under some regularity assumption, the estimated parameter in
discrete time f‘(A) converge to the continuous time parameter I' as A — 0:

lim lim |[I'(A)-T|=0 a.s.
A—0 N(A)—00

The continuous time process (1) (main text) is Markov and therefore allows standard appli-
cations of pricing tools. The last three columns of Table 4 (main text) display the CAR(3)
parameters &(1). Note that in (1) (main text) changes in the deseasonalized temperature
are regressed against the deseasonalized temperatures itself. This leads to the fact, that the

temperature tends toward a seasonal function, which is not the case in the CD model.
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