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Abstract 

A coupled phase field-viscoplasticity approach was developed to model the deformation and 

crack growth in a nickel-based superalloy under fatigue. The coupled model has an advantage 

in predicting the cyclic softening behavior of the alloy caused by fatigue damage, overcoming 

a major limitation of the original cyclic viscoplasticity model. The coupled approach is also 

highly effective in predicting fatigue crack propagation under varied dwell times at peak load, 

an important behavior for crack growth under dwell fatigue. By incorporating the stress state 

factor, the coupled model is further utilized to investigate the growth behavior of 3D cracks 
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under fatigue. Both the geometrical feature of the 3D crack front and the overall crack growth 

rate are well captured, confirming the predicative capability of the coupled model. 

Keywords: Phase field; Cyclic viscoplasticity; Cyclic softening; Fatigue crack propagation, 

Stress state factor. 

 

1. Introduction 

Attempt at phase field fracture modeling can be traced back to late 1990s, using a smooth 

function to describe the discontinuous behavior of crack initiation and propagation (Ortiz et al. 

1999; Moës et al. 1999). Since then, a substantial body of work has been carried out to explore 

the theory and computational methods of phase field model. Generally, the phase field approach 

describes the sharp boundary in system as a smooth interface using a series of continuous phase 

field variables. In terms of fracture, the phase field approach treats the crack as a smooth 

transition between the fractured and intact materials. The evolution of phase field variable 

approximates the fracture of material as a continuous process, and can capture crack initiation, 

propagation, branching and merging, in good agreement with experimental results (Ambati et 

al. 2015). Phase field method has been further developed to study complicated crack 

propagation behavior in different materials, including the elastic (Miehe et al. 2014 and 2015; 

Hofacker et al. 2013; Singh et al. 2016;) and plastic (Miehe et al. 2015) materials. Studies have 

also been carried out to couple the phase field method with cyclic plasticity to simulate fatigue 

crack growth in metals. For instance, Haveroth (Haveroth et al. 2020) and Ulloa (Ulloa et al. 
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2020) proposed a strain-gradient-enhanced phase field framework, where accumulated plastic 

energy was used as a driving force for fatigue crack propagation. The results of numerical 

simulations indicated that the coupled model could describe cyclic hardening/softening and 

ratcheting behaviors of the material, and also objectively simulated the initiation, propagation 

and merging of ductile cracks. 

 

Still, a majority of previous phase field studies focused on crack propagation in simple elastic 

or time-independent plastic materials, which neglected the rate-dependent inelastic 

deformation behavior of materials. For metals, especially at elevated temperatures, the 

viscoplastic behavior plays an important role in crack tip deformation and crack propagation. 

Firstly, viscoplasticity-induced creep behavior can influence the crack growth rate significantly. 

Keck et al. (1985) and Andersson et al. (2001) analyzed the stress-strain response ahead of the 

crack tip for viscoplastic materials. Their results showed that, under cyclic loading with dwell 

imposed at peak load, material deformation near the crack tip demonstrated a significant creep 

behavior, leading to an increase of inelastic strain near the crack tip and thus acceleration of 

fatigue crack propagation. Everitt et al. (2008) and Pang et al. (2016) investigated 

experimentally the crack growth behavior in nickel-based superalloys with different dwell 

periods. At elevated temperature, crack propagation rate was a function of dwell period, and 

the increase of dwell period would increase crack propagation rate. Secondly, viscoplastic 

materials possess rate-dependent mechanical behavior, which influences the stress/strain fields 
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near the crack tip and consequently affects crack propagation behavior. Qian et al. (1996) found 

that the increase of loading frequency or rate would lead to an increase of viscoplastic strain 

near the crack tip, thus increasing the fatigue crack propagation rate. The work of Schmidt et 

al. (1973) showed that the threshold of fatigue crack propagation was seen to decrease with 

increasing loading frequency at a given load ratio. For aluminum alloy, the threshold dropped 

by almost a factor of 2 when the frequency was raised from 342 to 832 Hz. Therefore, the 

viscoplastic behavior should be considered in modelling deformation and crack propagation, 

especially for metals/alloys working at elevated temperature. 

 

In fact, numerous constitutive models have been developed to capture viscoplastic deformation 

of materials, especially stress-strain response and hardening/softening behaviors under cyclic 

load. The well-known Chaboche model employed isotropic and kinematic hardening laws to 

describe the cyclic hardening behavior of materials (Chaboche, 1989). However, the model can 

only describe the monotonic increasing of the stress range (up to a steady state after a number 

of cycles) and fails to describe the cyclic softening behavior. Thus, many researchers modified 

the constitutive model to capture both hardening and softening behaviors of materials. Ferney 

et al. (1994) introduced the linear softening into the kinematic hardening modulus after 

saturation to capture the nonlinear mechanical behaviors of alloys under both proportional and 

non-proportional loadings. Bernhart et al. (1999) modified the model as a two isotropic variable, 

depicted as a summation of an exponential and a linear decreasing term respectively, to 
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characterize the cyclic hardening and softening. The model corresponded well to the 

experimental results of steel in the temperature range of 200 C to 500 C. Yaguchi (2005) and 

Takahashi (1998) used a concept of softening surface controlled by an internal variable in the 

hardening rule, which was able to describe both uniaxial and multiaxial cyclic softening 

behaviors of 9Cr-1Mo steel. Although the viscoplastic models mentioned above were proved 

able to describe the cyclic softening behavior of metals/alloys under fatigue, they require more 

model parameters and are too complicated to use.  

 

In addition, viscoplastic constitutive models have also been used to study crack tip deformation 

and crack propagation behavior in metals/alloys under fatigue. Lee et al. (2013) used 

viscoplatic model to characterize the crack propagation in stainless steel plate. The viscoplastic 

model was coupled with phase transformation and damage models to capture the strong 

hardening behavior caused by the strain-induced martensitic transformations near the crack tip. 

The simulation results agreed well with the experimental results in terms of crack propagation 

behavior. Kanninen et al. (1990) carried out viscoplastic dynamic simulations to study the 

initiation of rapid crack propagation in engineering structures and provided transferable 

material crack arrest toughness values in the regime where viscoplastic-dynamic conditions 

dominate. Recently, Zhao et al. (2008) and Tong et al. (2013) quantified the accumulation of 

viscoplastic strain near a crack tip and related it with material separation or fracture for several 

different materials, specimen geometries and loading conditions. Their results suggest that 
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crack propagation is mainly controlled by strain accumulation near the crack tip, independent 

of specimen geometries. The model was successful in predicting the crack growth under 

different loading waveforms (Zhao et al. 2008; Tong et al. 2002), where the fracture criterion 

was based on the concept of viscoplastic strain accumulation (or ratchetting strain). However, 

the model was essentially the original Chaboche model which did not consider the cyclic 

softening behavior, a major limitation of their crack growth modelling work.

In this study, a coupled phase field-viscoplasticity model was proposed, for the first time, to 

describe both cyclic hardening and softening behaviors of a nickel-based superalloy at elevated 

temperature by introducing just the fracture energy parameter. The coupled approach was 

further applied to study 2D crack growth in CT specimens under different model I cyclic 

loading conditions, focusing on the effect of dwell periods imposed at peak loads. In addition, 

3D crack growth was also studied using the coupled approach, aiming to clarify the effect of 

varied stress state along the 3D crack front.

2. Methodology

2.1 Constitutive model for cyclic viscoplasticity 

The viscoplastic constitutive relation developed by Chaboche (1989) is employed to describe 

the cyclic response of materials, considering both isotropic hardening (R) and kinematic 

hardening ( ). According to the small-strain hypothesis, the strain rate tensor is 
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decomposed into the elastic part e and plastic part p ,

= +e p                                   (1)

1
tr

E Ee I                            (2)

where E and v and I 

stand for the stress rate and unit tensors, respectively. 

The viscoplastic strain rate tensor is expressed as

=
n

f f

Zp                                (3)

where f is the function of yield surface, Z and n are the material constants. The function < > is 

defined as follows,

, 0

0, 0

x x
x

x
                                (4)

The plastic flow rule is described by

3
, , , = : 0

2
f R k R k                    (5)

where and R are the back stress and isotropic hardening variables, k is the initial radius of the 

yield surface, and and represent the deviators of stress ( ) and back stress ( ), 

respectively.
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The evolution of back stress and isotropic hardening stress R obey the following rules,

1 2

1 1 1 1

2 2 2 2

p

p

C a p

C a p

and R b Q R p                   (6)

where C1, C2, a1, a2, b and Q are material constants, which can be determined by the cyclic 

stress-strain response of the material under fatigue (Zhao et al. 2001 and 2008; Nguyen et al. 

2017). The accumulated plastic strain rate p is described by

2
:

3
p d dp p                                 (7)

The multiaxial formulation of the Chaboche model has been programmed into a user-defined 

material subroutine (UMAT), based on the Euler backward iteration and fully implicit 

integration algorithms (Zhao et al. 2008). The UMAT was interfaced with ABAQUS to conduct 

finite element simulations in this work.

2.2 Phase field model

The phase-field simulation for damage and fracture is considered as a smeared method, in 

which the cracks are approximated by a serious of non-stiffness elements, capturing the 

discontinuities of crack-embedded materials (Nguyen et al. 2017 and 2017). Moreover, during 

the simulation, a continuous stiffness degradation function is adopted to capture the damage 

and fracture progress of materials. When the stiffness of elements reduces to zero, the elements 
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lose their load-bearing capacity, characterizing the discontinuities of crack initiation and 

propagation in the materials (i.e. full damage process).

In this study, a diffuse-interface is employed to represent the sharp crack, as shown in Fig. 1, 

in which h and s represent the displacement and stress boundary conditions of cracked solid 

, respectively. Here we use a phase field function d(x) to describe the initiation and 

propagation of cracks (Molnár et al. 2017; Fang et al. 2019; Zhang et al. 2020; Kuhn et al. 

2016). The phase field function d characterizes the solids as undamaged (d(x)=0), damaged 

(0<d(x)<1) and fully crack (d(x)=1) states, given by,

/( ) cx ld x e                              (8)

where lc represents a width scale, and x indicates the distance to crack center as shown in Fig. 

2. The lc controls the width of the crack, and has a great effect on the convergence of simulation 

(Bourdin et al. 2008; Schmidt et al. 2009). Here, lc was set as 0.05 mm, covering about 8 layers 

of elements along the crack growth path as recommended in (Fang et al. 2019). Therefore, 

during the simulation, there are more than one layer of elements where the crack is expected to 

develop, increasing the accuracy and convergency of the simulation.

Sharp crack Diffuse crack

(a) (b)s

h

s

h
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Figure 1 Schematic of the (a) sharp crack and (b) phase-field diffuse crack

Figure 2 Phase-field diffuse crack described by Eq. (11)

During crack initiation and propagation, new surfaces are generated and consume the energy 

of the materials. Therefore, to establish the virtual work formulation, we need calculate the 

area of crack surface. Generally, the topology of cracks can be described by a diffusive 

representation. Then the total area of the crack surface in the cracked body can be calculated 

by the volume integrals of the crack density function (Molnár et al. 2017; Fang et al. 2019),

221

2 2
c

c

l
d d d

l
                          (9)

where the parameter lc controls diffuse width of phase-field cracks (same as that in Eq. (11)). 

As shown in the formulation, the crack density is also related to the value of phase field d and 

the curl d .  

x

d(x)

2lc
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Then, the fracture energy of solid is approximated as, 

2 2

2
f

f c
c

g
g d d l d d d

l
                    (10) 

where gf is the fracture energy density of solid. The integral represents the total fracture energy 

required for crack initiation and propagation. Because the value of phase field d is assigned 

between 0 and 1, the maximum value of fracture energy is dependent on gf/2lc, describing the 

resistance to crack initiation and propagation in the materials. 

 

2.3 Coupling phase field and cyclic viscoplasticity 

Based on the framework of previous studies (Molnár et al. 2017; Fang et al. 2019; Zhang et al. 

2020; Kuhn et al. 2016), here we propose an viscoplastic phase field formulation, considering 

the contribution of accumulated plastic strain to fatigue crack propagation (Shi et al. 1999; 

Jahed et al. 2006). The potential energy of a viscoplastic material consists of strain energy and 

crack fracture energy (Zhang et al. 2020). Therefore, the total energy in the material can be 

defined as, 

2 2 21
= 1 :

2 2 s

f
e p c

c

g
d G d d l d d d d

l
b u t u  (11) 

where t is the external load, b is the body force,  represents undamaged stress tensor 

calculated by the viscoplastic model, Gp is the accumulated plastic strain energy, and is the 

stress state factor related to the multiaxial stress state of material. On the right hand side of Eq. 

(11), the first term is the total strain energy of the material, and the second term represents the 

energy consumed by the crack initiation and propagation. The third and fourth terms are the 
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work done by the body force and external load, respectively.  

 

Many studies have shown that the multiaxial stress state may have great influence on the crack 

and fracture behaviors (Ye et al. 2017; Chen et al. 2020; Castelluccio et al. 2016; Sajid et al. 

2019). Moreover, for the propagation of 3D cracks, the stress state at different positions along 

the crack front might be different, which could influence the crack growth rate and change the 

shape of the crack front. Therefore, the critical fracture energy should be a function of the stress 

state (Wang et al. 2016). Here, we introduce the stress state factor  into the second term on the 

right side of Eq. (11), which is given as, 

2
3

= hyd

mises

                           (12) 

where hyd is the hydrostatic stress, and mises represents the von Mises stress. A value of 1 for 

 represents a uniaxial stress state and has no influence on fracture energy. For plane stress, the 

factor is smaller compared to plane strain, therefore a higher strain energy is required for 

fracture, resulting in a lower crack growth rate (Algarni et al., 2019 and Bhadauria et al., 2012). 

In this study, it was assumed that the compressive stress state had no influence on fracture 

energy, and the state factor was therefore set as a value of 1. Moreover, the  was set to 1 when 

hyd=0. 

 

To capture the cyclic damage and failure of solids, we associate accumulate plastic strain 

energy with the total energy in Eq. (11). The rate of accumulated plastic strain energy is defined 
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as, 

:pdG d p                               (13) 

where p  represents the plastic strain, which could be calculated by the viscoplastic 

constitutive model. The Gp is a nondecreasing function and corresponds to the irreversibility 

of phase field evolution. When the material is in elastic stage, there is no plastic strain and no 

plastic strain energy is accumulated (i.e. dGp = 0). Therefore, Gp remains unchanged in the 

elastic loading and unloading stages. However, in the inelastic stage, the product of d p and 

stress  remains a positive value irrespective of tensile or compressive stress states, giving 

an accumulation of the plastic strain energy Gp. 

 

The increasing value of phase field variable d represents the damage accumulated in the 

material. Therefore, the stress in the damaged materials decreases with the phase field variable 

d, 

2
1d d                             (14) 

where  is the stress without damage and computed from the viscoplastic model. When the 

phase field variable reaches 1, it indicates the full facture of the material and the effective stress 

should be reduced to zero. However, considering a zero-stiffness matrix (or effective stress) 

might bring a series of numerical problem, a calculation parameter was introduced here to 

avoid the problem. During the simulation, the is very small (10-6) which has little effect on 

the calculation results.  

 



14 

 

For the strain energy under fatigue, the elastic part would decrease in the unloading steps due 

to the recovery of elastic strain. However, considering the irreversibility of crack initiation and 

propagation, we introduce a history function ensuring no reduction in the phase field variable 

during the cyclic loading (Borden et al. 2016), 

1
max :

2 e pG                             (15) 

where  is the maximum of strain energy of the loading history, and e  is the elastic strain. 

 

During the calculation, when cracks initiate or propagate, the energy calculated by phase field 

method is equal to the fracture energy consumed by cracks, keeping the balance of energy 

equation as shown in Eq. (11). The solution of phase field variable d can be found iteratively 

by minimizing the total energy  (the principle of minimum potential energy), i.e., 

differentiating total energy with respect to the phase field variable d,  

22 1 0f
c

c

g
d l d d

d l
                  (16) 

 

3. Numerical implementation within finite element framework 

3.1 User defined element implementation 

The viscoplastic phase field formulation is implemented by user defined element (UEL) and 

user defined material (UMAT) subroutines, based on the principle of minimum potential energy. 



15 

 

Here, the models use a two-layer structure, and the calculation results are transferred through 

a staggered method. 

 

In each element, the displacement vector u and phase field variable d are defined as follows, 

1

Nnode

i i
i

uu N u , 
1

Nnode
d
i i

i

d N d                          (17) 

where the i
uN  and d

iN  are the shape functions, iu  and id  represent the displacement 

vector and phase field variable at integral node, respectively. Nnode is the number of integral 

nodes of each element. The strain and phase field of the element can be obtained by, 

1

Nnode

i i
i

uB u , 
1

Nnode
d
i i

i

d B d                        (18) 

where i
uB  and d

iB  are the derivatives of shape function. 

 

Because of the introduction of phase field, the residual vector is composed of displacement part 

ru and phase field part rd, defined as, 

2
1

T T T

i i i id d d du u u ur B N b N t                (19) 

2 1
Tfd d

i i f c i
c

g
r d d N g l d d

l
B                   (20) 

where  is the accumulated strain energy calculated by the viscoplastic constitutive model 

using Eq. (15).  

 

Therefore, the nonlinear equations can be solved by Newton-Raphson method given by, 
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1

1

0

0 d d
n n n

r

d d r

u uu u K

K
                        (21) 

where Ku and Kd are the displacement and phase field stiffness matrices, respectively. They are 

defined as, 

2(1 )
T

i
ij i j

j

d d
u

u u ur
K B JB

u
                    (22) 

2
d

T fd d di
ij f c i j i j

j c

gr
g l N N d

d l
K B B                (23) 

where J is the Jacobian matrix of the viscoplastic solid. Notably, the coupling effect of phase 

field and deformation has been considered in Eqs. (22) and (23). Thus, the mixed matrices of 

Ku and Kd have been set as zero in Eq. (21).  

 

3.2 Data transfer between user elements and material nodes 

Considering the crack initiation and propagation would degrade the stiffness matrix and 

redistribute the stress field (Miehe et al. 2010; Singh et al. 2016), the results computed at each 

increment should be updated and transferred between the viscoplastic and phase field 

subroutines. In order to pass the data between UMAT and UEL, we employ the staggered 

method (Molnár et al. 2017; Fang et al. 2019), where at increment n, the displacement field un 

is affected by the phase-field value at previous increment (dn-1). Then, the value dn is 

recalculated based on the new displacement field un. The flow chart of staggered method is 

shown in Fig. 3. Generally, the phase field value at the n increment would influence the stiffness 

matrix and stress/strain computations at the n+1 increment. For each increment, if the phase 
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field value increases too rapidly, the stiffness matrix would decrease suddenly in the next 

increment and the results are not properly computed between those increments. Moreover, the

rapid decrease of stiffness matrix would also affect the convergency of finite element 

simulations. However, the effect could be improved by using small increments (Fang et al. 

2019). Considering the computing efficiency and accuracy, here we set the increment as 0.001s 

in the finite element computations.

Figure 3, Flowchart of the staggered method. 

To realize the data transfer, two-layer structure is employed for the finite element models in 

this study. Fig. 4 illustrates the two-layer structure for a 2D model. Elements in the first layer 

have only one phase field degree of freedom (DOF), and store the phase field value computed 

by the UEL subroutine; while elements in the second layer have three displacement DOF for 

3D models (two DOF for 2D model), and store the displacement field, stress/strain and strain 

energy computed by the UMAT subroutine. Common blocks are used for data sharing between 

the elements of the two layers. 
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Figure 4, Two-layer finite element structure of the coupled phase field-viscoplasticity 

method.

4. Finite element models

4.1. Single element model

A single 3D element (i.e. 1 1 1 mm3 cube) is employed here to simulate the stress-strain 

response of the material subjected to strain-controlled cyclic load. As shown in Fig. 5, each 

loading cycle is composed of four steps, i.e., ramp up to the maximum strain, 1 s hold at the 

maximum strain, ramp down to minimum strain, and 1 s hold at the minimum strain (i.e. 1-1-

1-1 trapezoidal waveform). Four strain ranges, i.e. 2.2%, 1.6%, 1.2% and 0.9%, were simulated 

with a strain ratio of 0.1 and a loading rate of 0.5%/s. The simulations were run for 300 cycles,

aiming to capture the cyclic softening behavior. 
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Figure 5, 3D single element model and schematic of the trapezoidal loading waveform.

4.2. 2D CT specimen model

The coupled phase field-viscoplasticity model not only can describe the cyclic deformation but 

also can capture the crack growth behavior under fatigue conditions. Here, we employed a 

standard compact tension (CT) specimen to simulate mode I fatigue crack propagation under 

different loading waveforms. A 2D plane strain finite element model was created for the CT 

specimen, as shown in Fig.6. Due to the symmetry of CT specimen, only a half model was built, 

with refined mesh near the crack tip. Cyclic load was applied to a reference node which was 

tied with the surface of the hole in the model. The initial crack length a was set as 12.2 mm,

half the width of the specimen (i.e. a/W=0.5). The cyclic load applied to the specimen was the 

same as those in experiments (Everitt et al. 2008), with a 1-x-1-1 trapezoidal waveform and a 

load ratio of 0.1. It should be noted that mesh sensitivity study was carried out by refining the 
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mesh near the crack tip and along the propagation path. The element size was set as 25, 12.5, 

The simulation results indicated that the results reached stable 

6.

Figure 6, Mesh and boundary condition of the CT specimen model.

4.3. 3D corner crack model

The coupled phase field-viscoplasticity model was also applied to 3D cases, aiming to model 

the 3D cracks growth. Here, we considered a corner crack specimen, used for crack growth 

testing in Ref. (Hyde et al. 2010; Tong et al. 2002). The width of the specimen is 5 mm, and 

the corner crack is quarter circular with a radius of 0.15 mm, as shown in Fig.7(a). Considering 

the symmetry of the specimen, a half model is generated. A 1-1-1-1 waveform fatigue load is 

a
w

Load
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applied to the specimen, with a maximum load of 50 kN and a load ratio of 0.1. Again, the 

mesh near the crack tip was refined (element size of ~ 8.19 m) to improve the convergency

of simulations as shown in Fig.7(b). 

Figure 7, The (a) geometry and (b) mesh of the 3D corner crack model.

4.4. 3D surface crack model

For standard low cycle fatigue tests, most cracks initiate from the surface defects of smooth 

specimens (Knowles et al. 2002; Daus et al. 2007), leading to crack propagation and final 

fatigue. Here, we modelled the failure of a cylindrical specimen, with a pre-existing circular 

defect on the surface, as shown in Fig. 8. The radius of the surface defect is 0.15 mm. The mesh 

has been refined along the propagation path of the crack to be developed from the surface defect 

(element size of 8.19 m). The load condition was the same as that for the corner crack model, 

with a 1-1-1-1 loading waveform, a peak load of 50 kN and a load ratio of 0.1.

Corner crack

0.15mm

5mm

5mm

3mm

(a) (b)
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Figure 8, The (a) geometry and (b) mesh of the 3D surface crack model.

4.5. Material and model parameters

In this study, we employed nickel-based superalloy, alloy RR1000, produced via power 

metallurgy route, in the coupled phase field-viscoplastic model. The corresponding parameter 

values for the viscoplastic model is given in Table 1 (Zhao et al. 2001), which were calibrated 

from low cycle fatigue test data of the alloy but without considering softening effect. For alloy 

RR1000, the fracture toughness and elastic modulus are around 100 MPa m1/2 and 190 GPa, 

respectively (Zhao et al. 2001 and 2008). The fracture energy density gf used for phase field 

simulation was estimated from the fracture toughness and elastic modulus using gf=KIc
2/E (Sun 

et al. 2012), which gave a value of about 50 N/mm. While for crack propagation simulation, 

considering the cost of calculation, the fracture energy density gf is chosen as 20 N/mm in order 

to model the full fracture process within a reasonable amount of time frame. Therefore, we 

only compare the simulation and experimental results qualitatively based on normalization. 

Surface crack

5mm

0.15mm

2mm

(a) (b)
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Table 1, Parameters values of the Chaboche model for alloy RR1000 (Zhao et al. 2001).  

Parameters Values 

E (MPa) 190000 

 0.285 

b 7.13 

Q (MPa) 161.52 

a1 (MPa) 361.57 

C1 391.61 

a2 (MPa) 266.84 

C2 2578.69 

Z 678.317 

n 15.496 

k (MPa) 144.26 

 

5. Results and discussions 

5.1 Cyclic softening 

Simulation results for the 3D single element model are plotted in Fig. 9, where the hollow 

symbols represent experimental results from previous study (Zhao et al. 2001). The results 

indicate that the RR1000 shows a significant cyclic softening after an initial short period of 

hardening under high strain range. For = 2.2%, the stress range increases from 1090 MPa to 

1156 MPa in 62 cycles, and then decreases to 1093 MPa in 125 cycles. While for specimens 

with =0.9%, the hardening and softening behavior is not very obvious, in which the stress 

range increases only from 789 MPa to 791 MPa in 100 cycles, then reduces slowly to 790 MPa 

after 300 cycles. Similar behavior was also reported in (Abdul-Latif, 1996). 
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Comparing with experimental data, the coupled phase field-viscoplasticity model shows a good 

match for both hardening and softening of RR1000, as shown in Fig.9. For strain range of 2.2%, 

the material experiences a significant hardening process initially, followed by cyclic softening. 

For strain range1.6%, the stress range increased by about 20 MPa during hardening, and then 

reduced by 78 MPa after 300 cycles due to softening. While for a strain range of 1.2%, the 

stress range increased by 11 MPa during hardening and reduced by 38 MPa during softening. 

The stress range is relative stable for = 0.9%, changing from 786 MPa to 792 MPa in the 

initial 100 cycles, and then reducing to 790 MPa after 300 cycles.  

 

Both the experimental and simulation results indicated that the strain range has a great 

influence on the cyclic hardening and softening behaviors of alloy RR1000, the larger strain 

range, the more significant the hardening and softening behaviors. During the simulation, the 

softening and hardening behaviors are mainly controlled by the competition between the 

internal hardening variables and phase field variable. As described in Eqs. (6) and (11), both 

hardening and phase variables are function of accumulated plastic strain p. In the first few 

cycles, the accumulated plastic strain is relatively small, which has little influence on the phase 

field but increases the hardening variables. However, after a number of cycles, the hardening 

variable reaches a saturation stage and stabilizes (Chaboche, 1989), thus the phase field 

variable d, representing the damage in material, starts to take effect, leading to cycle softening. 
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Figure 9, Evolution of stress range with the number of cycles. 

 

In addition, the simulated cyclic loops are demonstrated in Fig.10, in comparison with 

experimental results. Here, we plotted the stress-strain loops for the first, middle-life and last 

cycles. The coupled phase field-viscoplasticisty model could describe the cyclic deformation, 

as well as both hardening and softening behaviors, of the alloy. Good agreement between the 

simulation and experimental results is obtained. As shown in Fig. 10, in the loading step, the 

stress increases linearly and then enters the plastic state at about 900 MPa. In the dwell step, 

the strain stays constant and the stress decreases slightly due to the influence of stress relaxation. 

Towards the end of unloading step, the material underwent compression to overcome the plastic 

deformation developed in the loading stage. The compressive stress also decreased in the 

compressing dwell step caused by the stress relaxation. 
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The shape and size of strain-stress loops are also affected by the strain range applied to the 

alloy. For 2.2% strain range, the area of the strain-stress loop in each cycle is larger than others, 

indicating the accumulation of more plastic energy in each cycle. Therefore, the cyclic 

hardening and softening are more obvious. For lower strain ranges such as 1.6%, 1.2% and 

0.9%, the stress-strain loop becomes thinner, indicating lower plastic energy accumulated in 

each cycle. Thus, the hardening and softening are less obvious, as shown in Fig. 10.  

 

The strain range also has an influence on the development of phase field variable. As shown in 

Fig.11, after 189 cycles, the phase field value reaches 0.028 for =2.2%; while for =0.9%, 

the value is only 0.00379 after 300 cycles. As discussed above, the higher strain range means 

the development of more plastic deformation in each cycle, resulting in a faster increase of the 

accumulated plastic strain energy. Therefore, the phase field variable increases quickly when 

the material is subjected to an increased level of strain range. The rapid growth of phase field 

variable indicates more damage in each cycle, resulting in more significant softening behavior. 
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Figure 10, The (a) first, (b) middle-life and (c) final cyclic loops for varied strain ranges: 

comparison of experimental and simulation results.
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Figure 11, Evolution of phase field value with the number of cycles. 

 

It is worth mentioning that the original viscoplasticity model can also be modified to describe 

the cyclic hardening and softening behaviors of materials by introducing additional 

mathematical equations and model parameters (Bernhart et al. 1999; Yaguchi et al. 2005; 

Takahashi 1998). However, the coupled phase field-viscoplasticity model proposed in this 

study can handle this situation easily, and only uses the parameter of fracture energy. Moreover, 

the model can also capture the processes of crack initiation and propagation, which cannot be 

simulated by the modified viscoplasticity method.  

 

5.2 Model I fatigue crack propagation 

The evolution of phase field is shown in Fig.12 for the CT specimen under a 1-1-1-1 loading 
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waveform. The area with a blue color represents the undamaged material, where the phase field 

variable is zero. While the area in red represents the extend of facture, indicating the 

propagation of the crack in the sample. As shown in Fig. 12(a), at the beginning of the 

simulation, the specimen is a homogeneous solid without damage, for which the phase field 

equals to zero. After 239 loading cycles, the phase field at the crack tip reached 1, indicating 

the onset of crack propagation, as plotted in Fig. 12(b). The results indicate that the coupled 

phase field-viscoplasticity model can capture the crack propagation in standard CT specimens. 

As described in Eq. (16), the damage and failure of elements are related to the plastic strain 

accumulated over the fatigue process. When the phase field variable increases to one, the 

material lose their load-bearing capacity (i.e. degradation of stiffness matrix) and the crack 

started to propagate.

Figure 12, Crack propagation in CT specimens with 1-1-1-1 load waveform at (a) 0, (b) 239, 

(c) 320 and (d) 476 cycles.
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To study the dwell effect, the hold time at the peak load was increased to 20s and 3600s 

respectively. Fig.13 compares the crack growth rate da/dN against K for the 1-1-1-1, 1-20-1-

1 and 1-3600-1-1 trapezoidal waveforms. The test data was taken from the work of Everitt et 

al. (2008) where crack growth tests were carried out for the same CT specimens under the same 

loading conditions. It is worth mentioning that the da/dN data were normalized with respect to 

the maximum value for both simulation and experimental results. In addition, because the 

model in this study did not consider the effect of oxidation on the damage or failure of materials, 

here we used the experimental results obtained in a vacuum condition (Everitt et al. 2008).  

 

As shown in Fig. 13, the modelling results agreed well with the experimental results (Everitt 

et al. 2008), confirming the capability of the coupled phase field-viscoplasticity model. Both 

the modelling and test results show that the specimen under 1-20-1-1 waveform has a higher 

crack growth rate than that under 1-1-1-1 waveform. When the dwell time increased to 3600s, 

the crack growth rate becomes only slightly higher, as shown in Fig. 13. The difference in crack 

growth rate is mainly caused by the creep behavior near the crack tip (Everitt et al. 2008). For 

specimens with long-dwell waveform, the crack tip would undergo a longer state of creep 

deformation, leading to the accumulation of more plastic strain and hence earlier onset of 

fracture (Pang et al. 2016). Thus, the crack growth rate for a long dwell is higher, but only 

modestly, than that for a shorter dwell period. It is worth mentioning that this conclusion is 

only valid in the vacuum condition. In the air condition, the long dwell time would increase the 
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crack growth rate significantly (Everitt et al. 2008; Pang et al. 2016), due to the oxidation-

accelerated crack propagation behavior, which need to be considered in the future work. 

 

20 30 40 50 60

0.1

1

18

2

 1-1-1-1 (Experiment)
 1-20-1-1 (Experiment)
 1-1-1-1 (Model)
 1-20-1-1 (Model)
 1-3600-1-1 (Model)

K

0.05

 

Figure 13, Normalized crack propagation rate as a function of stress intensity factor range for 

CT specimen with different load waveform; in comparison with experimental data (Everitt et 

al. 2008).  

 

5.3 Corner crack propagation under fatigue 

As shown in Fig.14, the area with a red color represents the failure elements, indicating that 

the material has been separated by cracks. The simulation results show that the failure of 

material starts from the front of pre-existed cracks. The crack propagation is perpendicular to 

the loading direction and the crack length increases with the number of cycles. Because alloy 

RR1000 is considered as an isotropic material in this study, no crack deflection is observed and 
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the crack propagation is maintained along the horizontal direction.  

 

During the crack propagation, the shape of crack front changes slightly, from a circular shape 

(Byrne et al. 1993). This is caused by 

the variation of stress state along the crack front, for which the crack growth rate in the middle 

of the specimen tends to be higher than that at the surfaces, as shown in Fig.14. Before the 

crack initiation, the phase field value of the crack front is shown in Fig.15, more or less 

following the variation of stress intensity factor (Tong 2002). The phase field inside the 

material is about 1 and reduces to 0.78 on the surface, which means that the inner crack front 

would accumulate more damage than the surface crack front in each loading cycle. 

 

shown in Fig. 15, the 

stress state factor of the inner crack front is higher than that of the surface crack front, indicating 

a smaller gf/  for the inner crack front. According to Eq. (16), the inner crack front would 

accumulate more damage in each cycle. Therefore, the crack front inside the specimen would 

grow faster than the crack front on the surface due to the stronger constrain effect which limits 

the plastic deformation near the crack tip (Forsyth 1978). However, the crack tunneling effect 

described by the viscoplasic phase field model is not so obvious as the experimental 

observations (Tong et al. 1997). This is because our simulations are conducted in vacuum 

condition while the experimental test of corner crack are carried out in air conditions at elevated 
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temperatures where crack tunneling becomes more significant due to the effect of oxidation.

Figure 14, Growth path of 3D corner crack at (a) 5 cycles, (b) 15 cycles and (c) 20 cycles.
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As shown in Fig.16, the computed crack growth rate corresponds with experimental results 

very well (Pretty et al. 2017), proving the capability of the coupled model in predicting the 

propagation of 3D corner crack. Here, the crack propagation rate is normalized against the 

respective maximum values for both simulation and experiment results. Due to the variation of 

stress state factor, the inner crack front grows slightly faster than that on the surface. 

Specifically, the crack front in the middle plane gives an upper bound while the crack front on 

the surface determines a lower bound of the overall crack propagation rate. But the difference 

between the upper and the lower bounds seems marginal, and comparable to the experimental 

data (Pretty et al. 2017).  
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Figure 16, Normalized crack propagation rate as a function of stress intensity factor range for 

3D corner and surface cracks; in comparison with experimental data (Pretty et al. 2017). 
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5.4 Surface crack propagation under fatigue

The surface crack propagation path on a cylinder specimen is shown in Fig. 17, where the crack 

starts from the pre-existed crack front and propagates through the specimen. Similar to the 

corner crack case, the surface crack always grows perpendicularly to the loading direction and 

no crack deflection is observed in the simulation. The evolution of crack front is shown in Fig. 

17, where the inner crack front also has a slightly higher growth rate than that on the surface 

due to the varied stress state along the 3D crack front, as shown in Fig. 15. As the difference is 

relatively small, the shape of the crack front is more or less semicircular. 

 

As a result of geometry difference, the stress state along the crack front of the 3D surface crack 

is different from that for the 3D corner crack. As shown in Fig.15, the maximum stress state 

factor reached 1.2 and occurred at the middle of the crack front. For corner crack, the stress 

state factor decreased gradually from the middle to the surface crack front. While for surface 

crack, the stress state factor declined rapidly along the crack front near the surface, indicting a 

different stress state along the crack front. We also compared the phase field distribution of the 

3D surface and corner cracks showing the similar trend to the stress state factor (Fig. 15). The 

phase field distribution of 3D surface crack indicates that the inner crack front has a more or 

less uniform growth rate, and the crack front remain almost semicircular during the propagation 

(Fig. 17). Similar to the 3D corner crack, due to downscaled value of gf, here we only discuss 

the trend of crack propagation. As shown in Fig.16, the upper and lower bounds of crack 
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propagation rate correspond to the crack fronts in the middle plane and on the surface, 

respectively; very close to those for 3D corner crack as a result of similar constraint (i.e. stress 

state) along the crack front (Lin et al. 1999; Scott et al. 1981).

Figure 17, Growth path of 3D surface crack at (a) 10 cycles, (b) 18 cycles and (c) 20 cycles.

The coupled phase field-viscoplaticity model was also employed to study the effect of dwell 

time on crack propagation of the 3D surface crack under a constant K of 20 and 30 MPa m. 

Dwell period in a trapezoidal load waveform was set as 1, 10, 100, 300 and 3600 seconds, 

respectively. As shown in Fig. 18(a), crack growth rate under K = 30 MPa m is higher than 

that under K = 20 MPa m, due to the increase of load level. Crack growth rate increases with 

the dwell period, mainly attributed to the creep deformation near the crack front. With the 

increase of dwell period, accumulated viscoplastic strain near the crack tip in each cycle also 
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increases, resulting in a faster crack growth rate. In addition, the effect of loading frequency on 

crack growth rate was also studied for a triangular loading waveform with K = 20 and 30 

MPa m, respectively. As shown in Fig. 18(b), crack growth rate becomes higher for increasing 

stress intensity factor and also increases with the decrease of loading frequency as a result of 

increased viscoplastic deformation near crack tip for lower loading frequency. Both predictions 

agree with experimental results (Dalby et al, 2005). It should be noted that environmental effect, 

especially oxidation at high temperature, was not considered in this study, which would have a 

significant effect on crack growth rate especially for long dwell period and low loading 

frequency (Zhao et al. 2008) and needs to be captured in future study.  
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Figure 18, Effects of (a) dwell time (1-x-1-1 waveform) and (b) frequency (simple fatigue 

waveform) on crack-growth rate for 3D surface crack under constant K.

High-performance alloys (e.g. nickel superalloys studied in this work) are widely used in power 

generation, nuclear, aerospace, marine and petro-chemical industries. As structural materials, 

a high resistance to crack initiation and propagation is required to give a required level of 

damage tolerance design and assessment of the structural components which are often 

subjected to fatigue and creep in operation. Considerable efforts have been made to understand 
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the cyclic deformation behaviour of the alloys as well as to develop quantitative models that 

can predict crack growth in engineering structures/components under operational loading 

conditions such as helicopter rotation component (Newman et al., 2006) turbine discs (Cláudio 

et al., 2004) and cold-worked fasteners (Pasta et al., 2007). Many different methods have been 

developed to predict crack propagation in load-bearing structures and components, such as 

extended finite element method (XFEM) (Ghandriz et al., 2020), virtual crack closure 

technique (VCCT) (Karmakov et al., 2020) and cohesive zone method (CZM) (Wang et al., 

2020). The phase field approach is a recently developed approach which treats the crack as a 

smooth transition between the fractured and intact materials, with proved efficiency and 

robustness (Miehe et al., 2015). In this study, the method has been further extended to model 

both cyclic deformation (especially cyclic softening) and crack propagation under fatigue and 

creep loading conditions, which were in good agreement with experimental results. In 

particular, the phase field method was coupled with a viscoplastic model, for the first time, to 

model both cyclic deformation and creep-fatigue crack propagation of superalloys at elevated 

temperature. This has significance in supporting damage tolerance-based design and evaluation 

of structural components operating under high stress and temperature conditions.  

 

For three dimensional cracks, the crack front is in a multiaxial stress state which is very 

different from the plane stress or strain states idealised in classical fracture mechanics. The 

multiaxial stress state also varies along the crack front and imposes a great influence on crack 

propagation behaviour, as materials can exhibit a transition between ductile and brittle fracture 
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when the stress state is altered (Smith et al., 2010). However, existing phase field models for 

three dimensional cracks did not consider the effect of stress state along the crack front, which 

could cause a discrepancy between simulation and experimental results. In this study, based on 

the concept of stress triaxiality, a stress state factor  was introduced in the phase field approach 

to modify the fracture criterion, allowing the effect of multiaxial stress state to be considered 

in predicting the propagation of three-dimensional cracks. In this approach, critical fracture 

energy release rate decreases continuously from the surface to the middle of the crack front. 

Material at the middle of the crack front is subjected to a plane-strain state with a lower critical 

value, and has a higher crack propagation rate than that on the surface which is subjected to a 

plane stress state with a higher critical value. The predicted crack growth behaviours agreed 

well with experimental observations for both corner and surface cracks. This method can be 

potentially applied to modelling fracture of engineering components subjected to complex and 

multiaxial loading conditions. 

 

6. Conclusions 

In this study, a framework coupling viscoplasticity and phase field was proposed to simulate 

the deformation and cracking behavior of a nickel superalloy under cyclic loading. The model 

can capture both cyclic hardening and softening of the material, in good agreement with the 

experimental results. The simulations indicate that larger strain range induces more damage to 

the material, leading to more significant cyclic hardening and softening behaviors. Besides, the 
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model also predicts the crack propagation behavior well, and the results show that the increase 

of dwell period leads to an increase in crack propagation rate under fatigue. Furthermore, for 

3D cracks, the growth rate for the inner crack front is slightly higher than that for the crack 

front at the surface, due to the varied multiaxial stress state along the 3D crack front. This work 

is the first attempt to couple the viscoplasticity model with the phase field approach, 

characterizing the deformation and fracture behaviors of nickel superalloy under fatigue.  
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