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This document provides supplementary information to “Analysis of atom-photon quantum 
interface with intracavity Rydberg-blocked atomic ensemble via two-photon transition,” https://
doi.org/10.1364/optica.5.001492. It contains more details of derivations for the atom-photon 
interaction process discussed in the main text.

1. INTRACAVITY ATOM-PHOTON DYNAMICS

Firstly, we offer the details of the quantum input-output analysis
for the JCM dynamics discussed in the main text. The wave
function |Ψ(t)〉 contains both the intracavity optical field compo-
nent Cb(t)b̂† and the outside free space optical field component
φs(ω, t)â†

s (ω). The rotating wave frequency is already deter-
mined by the optical part of the Hamiltonian, namely the cavity
resonance frequency. According to the intracavity atom-photon
interaction Hamiltonian Hint and the input-output coupling Hio
when only involving the single-photon state, we will arrive at
the equations of motion for the hybrid system:

d
dt

Cb(t) =
N

∑
n=1
G∗nCen(t)−

∫
dω gs(ω)φs(ω, t), (S1a)

d
dt

φs(ω, t) = −iωφs(ω, t) + gs(ω)Cb(t), (S1b)

d
dt

Cem(t) = −GmCb(t) + i
Ω∗

2
Crm(t) + i∆eCem(t)−

Γe

2
Cem(t),

(S1c)

d
dt

Crm(t) = i
Ω
2

Cem(t) + i∆rCrm(t)−
Γr

2
Crm(t), (S1d)

where atoms are indexed by m ranging from 1 to N.
More specifically, we are curious about the dynamics the

cavity emission with the initial state is prepared as the in-
tracavity optical field excitation with no external field com-
ponents. That is to say, at the very beginning t = 0 the
initial condition is given as priori; in other words, φs(ω, 0)
is trivial for all ω. In order to proceed, the purpose is to

match the shape of the later photon wave packet at T >
t. The formal solution of Eq. (S1b) is then φs(ω, t) =

e−iω(t−T)φs(ω, T) + gs(ω)
∫ T

t dt′ e−iω(t−t′)Cb(t′), from which
we deduce that βout(t) = 1√

2π

∫
dω e−iω(t−T)φs(ω, T). With

all these interpretations in mind, the optical part of Eq. (S1a)
can then be treated accordingly. With the definition of κ =
2π|gs(ω = ωd)|2 for the cavity optical field decay around cavity
resonance frequency ωd, viewing from the very beginning we
have d

dt Cb(t) = GCe − κ
2 Cb(t) while viewing from a later time

T we have d
dt Cb(t) = GCe +

κ
2 Cb(t)−

√
κβout(t). Namely, the

principle of consistency requires that βout(t) =
√

κCb(t). And
by virtue of this argument, from Eq. (S1) together with the col-
lective state description, we arrive at the following equations:

d
dt

Cb(t) = GCe −
κ

2
Cb(t), (S2a)

d
dt

Ce(t) = −GCb(t) + i
Ω∗

2
Cr(t) + i∆eCe(t)−

Γe

2
Ce(t), (S2b)

d
dt

Cr(t) = i
Ω
2

Ce(t) + i∆rCr(t)−
Γr

2
Cr(t), (S2c)

which has already been stated in the main text. Due to the
strong Rydberg blockade effect at short distances, the accessible
state will contain at most one Rydberg excitation assuming that
perfect blockade takes place.

Based upon Eq. (S2), the adiabatic elimination may be carried
out with the assumption that | d

dt Ce(t)| ≈ 0. In particular, when
G � |∆e|, |Ω| � |∆e| this assumption well describes the physics
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process. This leads to the following simple linear relation:

0 = −GCb(t) + i
Ω∗

2
Cr(t) + i∆eCe(t)−

Γe

2
Ce(t)

⇒ Ce(t) =
GCb(t)− i Ω∗

2 Cr(t)

i∆e − Γe
2

. (S3)

Besides the situation of adiabatic elimination, there is another
region of interest where Ω is comparable with the one-photon
detuning ∆e, which happens to be quite relevant for the atom-
photon gate. On the other hand, When |Ω|/|∆e| is on the order
of 1/5 or 1/2, whether Eq. (S3) makes a lot of sense is in question,
especially when we are dealing with the cQED problem and |e〉
is in fact a lossy state. The adiabatic elimination is in essence an
approximation method and all our numerical simulations are
performed without invoking it.

In order to analyze the dynamics where the initial state in-
cludes multi-photon excitations, we resort to the quantum jump
theory to treat the time evolution of the wave function of the
system, also known as the Monte-Carlo wave function (MCWF)
approach [1, 2]. While the general case has been conceptually
digested in the main text, here we treat the special case with at
most two photonic excitations as an example. The Hamiltonian
is no different from what’s stated in the main text, but the state
vector now includes the two-photon excitation of the cavity field
component.

The intracavity state vector is the following:

|Ψ(t)〉 = Cb,0(t)|gN , Øb, Øa〉
+ [Cb,1(t)b̂

† + Cb,2(t)(b̂
†)2]|gN , Øb, Øa〉

+
N

∑
m=1

[Cem,1(t) + Cem,2(t)b̂†]|gN−1em, Øb, Øa〉

+
N

∑
m=1

[Crm,1(t) + Crm,2(t)b̂†]|gN−1rm, Øb, Øa〉, (S4)

where apparently, the behavior of collective excitation still exists
in this case, the same as the single-photon excitation case.

Again, assume that the atomic decays are relatively weak
compared with the effective atom-photon couplings such that
their effect can be emulated by the non-unitary term −iΓ/2 (Γ is
the specific decay rate) in the Hamiltonian, then the Schrödinger
equation without considering cavity decay for |Ψ(t)〉 in Eq. (S4)
is given below.

d
dt

Cb,1(t) = GCe,1(t),

d
dt

Ce,1(t) = −GCb,1(t) + i
Ω∗

2
Cr,1(t) + i∆eCe,1(t)−

Γe

2
Ce,1(t),

d
dt

Cr,1(t) = i
Ω
2

Ce,1(t) + i∆rCr,1(t)−
Γr

2
Cr,1(t),

d
dt

Cb,2(t) =
√

2GCe,2(t),

d
dt

Ce,2(t) = −
√

2GCb,2(t) + i
Ω∗

2
Cr,2(t) + i∆eCe,2(t)−

Γe

2
Ce,2(t),

d
dt

Cr,2(t) = i
Ω
2

Ce,2(t) + i∆rCr,2(t)−
Γr

2
Cr,2(t). (S5)

For the dynamics associated with |Ψ(t)〉 in Eq. (S4), quite
contrary to the usual cases of single-photon excitations, the atom
spontaneous decay of Ce2 and Cr2 does not bring the system
back to Cb0, but rather Cb1. And Cb1 is capable to launch a new
round of Rabi oscillations.

Fig. S1. Simulation the quantum Rabi oscillations of the intra-
cavity atom-photon interaction, where the cavity field contains
double excitation Fock state component. The initial state is set
as Cb,0 = 1/2, Cb,1 =

√
1/2, Cb,2 = 1/2. Parameters are set as:

G = 2π× 2 MHz, Ω = 2π× 10 MHz, ∆e = 2π× 100 MHz, ∆r =
2π × 0.21 MHz, Γe = 2π × 1 MHz, Γr = 0, κ = 2π × 0.05 MHz.
It is carried out according to Eq. (S5) together with the decay
of cavity optical field. In this particular example, the decay is
dominated by the channel of cavity emission.

The simplified form to include the Rydberg-Rydberg dipole-
dipole interaction into the interaction Hamiltonian is obtained
via invoking the van der Waals interaction potential. On the
other hand, if the form of Förster resonance is explicitly given
within the Hamiltonian, we get the form as below:

Hint =
N

∑
n=1

(−h̄Ω|rn〉〈en| − ih̄Gn|en〉〈gn|b̂) + H.c.

+ h̄
N

∑
n=1

∑
m>n

Vn|rn〉〈pn| ⊗ |rm〉〈p′m|+ H.c.

+ h̄δ
N

∑
n=1

∑
m>n
|pn〉〈pn| ⊗ |p′m〉〈p′m|. (S6)

Eq. (S6) is under the assumption that at most a double Ryd-
berg excitation is possible, hence neglecting the cases with the
presence of three or more Rydberg excitations within the ensem-
ble. Typically this assumption holds well since more Rydberg
excitations are usually associated with larger blockade shifts,
except for a few special situations [3].

Next, we’d like to offer more details on applying the method
of MCWF to treat the optical coherent state dynamics discussed
in Section 3B of the main text. More specifically, on top of the
dynamics governed by Eq. (4) and Eq. (10), MCWF is going to
also take the decays into consideration in order to numerically
resolve the time evolution.
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Atomic spontaneous emissions Γr, Γe. For a small time interval
∆t, the probability of detecting spontaneous emission from |e〉
is Γe × ∆t × ∑N

n=0 |Ce,n|2, while the chance of detecting ωr is
Γr × ∆t×∑N

n=0 |Cr,n|2. If quantum jumps from the atomic spon-
taneous emissions do take place, then the atomic state is dragged
into the specific eigenstates, namely the ground state. Note that
a spontaneously emitted single-photon pulse of ωe or ωr won’t
yield information about the wave function of the optical field
part, therefore it is rightful to expect the wave function of the
optical field part remains untouched for the quantum jump. For
example, if the quantum jump of Γe does occur in one trial of
MCWF, then the wave function of the system shall become a
series of only [Cb,0, Cb,1, Cb,2, · · · , Cb,n, · · · , Cb,N−1] with values
from [Ce,0, Ce,1, Ce,2, · · · , Ce,n, · · · , Ce,N−1] prior to the quantum
jump. The situation of quantum jump associated with Γr is
analogous. If quantum jumps do not take place, the correspond-
ing excited-state amplitudes shall be reduced. That is to say,
1− Γe

2 ∆t for Ce,n’s and 1− Γr
2 ∆t for Cr,n’s.

Cavity optical field decay κ. For a small time interval ∆t,
the chance of detecting a single-photon pulse from cavity
emission is κ × ∆t × ∑N

n=1 n(|Cb,n|2 + |Ce,n|2 + |Cr,n|2), where
the factor n is from the property of the annihilation opera-
tor â|n〉 =

√
n|n − 1〉, n > 1. If quantum jumps do take

place, note that by detecting a single-photon pulse from the
cavity emission won’t yield information on which Fock state
the cavity optical field is sitting at. Therefore, conditioned
on such a quantum jump, the change to the wave function
of the entire atom-photon hybrid system can be understood
as: Cb,n →

√
nCb,n−1, Ce,n →

√
nCe,n−1, Cr,n →

√
nCr,n−1 for

n ≥ 1. On the other hand, if quantum jumps do not take
place, then the amplitude of those states with non-zero intracav-
ity photon components shall be reduced accordingly: Cb,n →
(1− κn

2 ∆t)Cb,n, Ce,n → (1− κn
2 ∆t)Ce,n, Cr,n → (1− κn

2 ∆t)Cr,n
for n ≥ 1.

With the above prescription, together with the final stage of
re-normalization of the wave function at the end of each time
interval ∆t, MCWF is able to numerically yield the result if the
initial condition is specified.

2. ATOM-PHOTON CONTROLLED-Z GATE

To begin with, we offer more details about the quantum input-
output formalism in treating the atom-photon controlled-PHASE
gate discussed in Section 4 of the main text.

More specifically, we treat the case of no stored excitation
associated with R� in the main text as an example, where the
Rydberg blockade does not take place. Now that the state vector
is simplified as:

|Ψ(t)〉 =
∫

dω φs(ω, t)â†
s (ω)|gN , b, Øa〉

+ Cb(t)b̂
†|gN , Øb, Øa〉

+
N

∑
m=1

Cem(t)|gN−1em, Øb, Øa〉

+
N

∑
m=1

Crm(t)|gN−1rm, Øb, Øa〉. (S7)

Then the equations of motion for the atom-photon interaction
for this state vector on the time domain is formally identical as
Eq. (S1).

To prepare for the discussions later on, we want to work out
the input-output relation with considerations on the frequency

domain as:
βout(ω) = βin(ω) +

√
κCb(ω). (S8)

The process to get this relation is also straightforward. Start-
ing from the equation for the coupling between φs and Cb, via
integrating from the past and from the future, two ‘convoluted’
equations will be obtained:

φs(ω, t) = e−iωtφs(ω, 0) + gs(ω)
∫ t

0
dt′ e−iω(t−t′)Cb(t

′); (S9a)

φs(ω, t) = e−iω(t−T)φs(ω, T)− gs(ω)
∫ T

t
dt′ e−iω(t−t′)Cb(t

′).

(S9b)

Certainly the RHS of Eq. (S9)’s two equations is equal. Then, the
following observation can be established while canceling out the
common factor e−iωt:

eiωTφs(ω, T) = φs(ω, 0) + gs(ω)
∫ T

0
dt′ eiωt′Cb(t

′). (S10)

According to the convention stated int he main text, the
incidence is recognized as βin(ω) = φs(ω, 0), while the re-
flection, or equivalently, outgoing component is recognized as
βout(ω) = eiωTφs(ω, T), where T is a fixed but very large time.
Note that βin(t), βout(t) can then be naturally derived. And
the necessary assumption is that the frequency ω under consid-
eration is in the vicinity of the cavity resonance frequency ωc,
which leads to the observation of κ = 2π|gs(ω = ωc)|2. Then
by approximation to Fourier transform, Eq. (S10) leads to the an-
ticipated quantum input-output relation. And we are interested
in the reflection of βout(ω) = R(ω)βin(ω), which under Eq. (S8)
leads to βin(ω) =

√
κ(R− 1)−1Cb(ω).

Based upon the description of dynamics on the time domain,
the frequency domain description can be readily obtained as
below, taking into considerations the input-output relation. The
Fourier transform variable is taken as δ that can also be un-
derstood as the incident single-photon’s frequency offset with
respect to the cavity resonance frequency ωd.

− iδCb =
N

∑
n=1
G∗nCen −

κ

2
Cb −

κ

R� − 1
Cb, (S11a)

− iδCem = −GmCb + i
Ω∗

2
Crm + i∆eCem −

Γe

2
Cem, (S11b)

− iδCrm = i
Ω
2

Cem + i∆rCrm −
Γr

2
Crm. (S11c)

Eq. (S11) can be solved algebraically to gain information
about R�. From Eq. (S11c), Crm can be expressed in terms of
Crm, then from Eq. (S11b), Cem can be expressed in terms of Cb,
and subsequently Eq. (S11a) yields the value of R� as:

R�(δ) = 1− κ
{ κ

2
− iδ− i∆ac −

ηG2

Γr
2 − iδ + i∆dr

}−1
. (S12)

When the Rydberg blockade does take place, the analysis on
the frequency domain is analogous. The equations of motion are
given explicitly below:

− iδCb =
N

∑
n=1
G∗nCen −

κ

2
Cb −

κ

R� − 1
Cb, (S13a)

− iδCem = −GmCb + i
Ω∗

2
Crm + i∆eCem −

Γe

2
Cem, (S13b)

− iδCrm = i
Ω
2

Cem + i∆rCrm − iVmCpm −
Γr

2
Crm, (S13c)

− iδCpm = −iV∗mCrm − iδpCpm −
Γp

2
Cpm. (S13d)
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Again, the information about R� may be extracted from
Eq. (S13) by direct algebraic calculations. Two of the intermedi-
ate steps are listed below.

−iδCrm =
i
2

Ω
i∆e − Γe

2 + iδ
GmCb

+
(
i∆r +

1
4

|Ω|2

i∆e − Γe
2 + iδ

− |Vm|2

iδp +
Γp
2 − iδ

− Γr

2
)
Crm.

(S14)

−iδCb =
N

∑
n=1

|Gn|2

i∆e − Γe
2 + iδ

Cb −
κ

2
Cb −

κ

R� − 1
Cb

− i
2

N

∑
n=1

Ω∗

i∆e − Γe
2 + iδ

G∗nCrm, (S15)

Thereafter, the reflection coefficient conditioned on the Rydberg
blockade is:

R�(δ) = 1− κ
{ κ

2
− iδ− i∆ac − η

N

∑
m=1

|Gm|2
Γr
2 − iδ + i∆dr + Bm

}−1
.

(S16)

Fig. S2. Cartoon of the 3D atomic array with 0.37 µm site spac-
ing. The single-atom control qubit is positioned as 1.5 sites
above the center of the top layer.

The numerical simulations for the estimation of the gate
performance are carried out with respect to a 10× 10× 10 3D
atomic array, as shown in Fig. S2. As stated in the interaction
Hamiltonian in the main text, the Rydberg-Rydberg interaction
is treated as dominated by a single channel |rr′〉 ↔ |pp′〉. The
parameters are taken from 87Rb atoms, where |r〉 is regarded
as 81s1/2, |r′〉 is regarded as 84s1/2, |p〉 is regarded as 81p1/2,
and |p′〉 is regarded as 83p1/2. Therefore, the energy defect is
taken as δp = 2π × −2.92 MHz, the C3 coefficient is taken as
−15.7 GHzµm3. Apparently, in such a geometry the relative ori-
entations of the atoms change significantly across the array and
henceforth the angular dependence of the interaction has to be
taken into consideration together with the different atom-atom
distances. This is handled via following the procedures outlined
in Ref. [4].

The ultimate capability of this gate protocol is an interest-
ing question for future study, which is beyond the scope of this
article. Nevertheless, we examine a particular example whose
result is shown in Fig. S3. In this ideal example, the decays
of Rydberg states are completely eliminated. Realistically, via
utilizing Rydberg states with higher principal quantum num-
bers, Rydberg decays can be much alleviated. Moreover, if wider
bandwidth responses to the incident single-photon pulse are in

Fig. S3. Numerical simulation of the gate’s fidelities with
respect to different the single-atom single-photon coupling
strength G0. Particular parameters for this simulation in-
cludes: Ω = 2π × 150 MHz, ∆e = 2π × 1500 MHz, Γe =
2π× 1 MHz, Γr = Γp = 0, κ = 2π× 1 MHz. This is for the ideal
condition of no Rydberg state decay.

need, it seems that κ shall be set at a larger value [5]. On the
other hand, extra obstacles will come from experimental appara-
tus’ imperfections, which may include photon loss due to mirror
absorptions and atom loss due to dirt effects. Nevertheless, post-
selection method can be employed to offset the consequences of
photon loss and atom loss, which will help to suppress the sys-
tematic defects and make the experimental observations closer
to theoretical calculations.

In the main text, we mentioned the possibility of extending
this gate protocol to work with the single excitation state of
intracavity atomic spin wave. Indeed, with the help of DLCZ
scheme, it is experimentally feasible to prepare and readout
an intracavity spin wave single excitation with close to unity
probability [6, 7]. Moreover, Rydberg blockade is capable to filter
out the multi-excitation components if they by any chance are
created. This filtering process is made possible by the method
of deterministic atomic Fock state preparation [8]. As far as
dealing with the controlled-PHASE gate for the incident single-
photon pulse, the discussions of Section 4 of the main text are
also applicable to the case of an embedded spin wave.

As stated in the main text, this gate protocol may be instanti-
ated for incident single-photon pulses with polarization encod-
ing. One specific exemplary mechanism is shown in Fig. S4 for
87Rb atoms. The right circular polarization component always
enters the cavity before it gets eventually reflected, receiving
a constant reflection coefficient R = −1. On the other hand,
the left circular polarization component receives the conditional
phase shift R� or R� depending on the status of the atomic
qubit.

Moreover, we’d like to offer a little more discussions about
the role and physics picture of the Autler-Townes’ effect in this
particular system. The condition of the original Autler-Townes
effect is to be directly ratified now as ∆e = ∆r = ∆. Again, we
treat the case of no stored excitation associated with R� in the
main text as an example.

To target one of the two Autler-Townes resonance peaks while
peeking into the underlying physics more precisely, it is more
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Fig. S4. An example level diagram for the atom-photon quan-
tum gate protocol where single-photon pulses endowed with
polarization encodings with the choice of ensemble atoms as
87Rb. The population of the atoms is supposed to sitting at the
ground level, where additional microwave fields can drive the
transition |F = 1, mF = +1〉 ↔ |F = 2, mF = +2〉. Apart
from the polarization complexities and Zeeman sub-levels,
the other configurations are the same as the main text, such as
the intermediate state detuning ∆e. Moreover, other types of
encoding mechanisms for the ensemble atoms are also possi-
ble, such as employing the clock states |F = 2, mF = 0〉 and
|F = 1, mF = 0〉 of the ground level.

convenient to replace the basis states |e〉, |r〉with the two dressed
states |e+〉, |e−〉:

|e+〉 = 1√
2
(|e〉+ |r〉), |e−〉 = 1√

2
(|e〉 − |r〉). (S17)

Then, under the collective state basis we may define the proba-
bility amplitudes Ce+ and Ce− accordingly:

Ce+ =
1√
2
(Ce + Cr), Ce− =

1√
2
(Ce − Cr). (S18)

As stated in the main text, the equations of motion under
collective state basis is:

d
dt

φs(ω, t) = −iωφs(ω, t) + gs(ω)Cb(t), (S19a)

d
dt

Cb(t) = GCe(t)−
∫

dω gs(ω)φs(ω, t), (S19b)

d
dt

Ce(t) = −GCb(t) + i
Ω
2

Cr(t) + i∆Ce(t)−
Γe

2
Ce(t), (S19c)

d
dt

Cr(t) = i
Ω
2

Ce(t) + i∆Cr(t)−
Γr

2
Cr(t); (S19d)

where Ω is assumed to be a real number and the ratification
∆e = ∆r = ∆ is enforced.

Enforcing Eq. (S18) to describe the dressed states as a con-
sequence of the Autler-Townes effect, Eq. (S19c) and Eq. (S19d)

can be reformulated accordingly:

d
dt

Ce+(t) = −
G√

2
Cb(t) + i(∆ +

Ω
2
)Ce+(t)

− Γe + Γr

4
Ce+(t)−

Γe − Γr

4
Ce−(t), (S20a)

d
dt

Ce−(t) = −
G√

2
Cb(t) + i(∆− Ω

2
)Ce−(t)

− Γe − Γr

4
Ce+(t)−

Γe + Γr

4
Ce−(t). (S20b)

With respect to the condition that |Ω| ≈ |2∆|, a strong and
near-resonant coupling only exists for |g〉 ↔ |e−〉, which is
attributed to one of the two Autler-Townes resonance peak. For
reasonably large |∆|, the possible residual population staying
on |e+〉 is minimal during the entire cycle of dynamics. Put in
other words, the relatively substantial term ∆ + Ω

2 suppresses
gigantic oscillations in Ce+ over time. Via setting d

dt Ce+(t) ≈ 0,
we can perform adiabatic elimination on Eq. (S20a) and obtain the
following relation:

0 = − G√
2

Cb(t) + i(∆ +
Ω
2
)Ce+(t)

− Γe + Γr

4
Ce+(t)−

Γe − Γr

4
Ce−(t). (S21)

Combing the knowledge of Eq. (S21) and the rest of Eq. (S20),
we will arrive at the following equations:

d
dt

φs(ω, t) = −iωφs(ω, t) + gs(ω)Cb(t), (S22a)

d
dt

Cb(t) =
G√

2
(1 +

Γe − Γr

4
1

2i∆− Γe+Γr
4

)Ce−(t)

+
G2

4
1

2i∆− Γe+Γr
4

Cb(t)−
∫

dω gs(ω)φs(ω, t),

(S22b)

d
dt

Ce−(t) = −
G√

2
(1 +

Γe − Γr

4
1

2i∆− Γe+Γr
4

)Cb(t)

−
(
(

Γe − Γr

4
)2 1

2i∆− Γe+Γr
4

+
Γe + Γr

4

)
Ce−(t).

(S22c)

Eq. (S22) demonstrates the coupling to one of the dressed
states due to Autler-Townes effect. Apart from the higher order
frequency shift terms, decay terms and the effective atom-photon
coupling strength, it is virtually the same as the equations of
motion for a two-level atom coupled to a high finesse optical
cavity.

Last but not least, we note that employing Autler-Townes
effect to gain a relatively wide tuning range for the cavity reso-
nance frequency in atom-photon gate protocol has closely ties
to the original gate design [9], which may be instantiated in a
single-atom single-cavity assembly as well. More specifically,
this may be achieved via a multi-level atom whose upper tran-
sition is driven by the control laser, just like the level scheme
shown in Fig. S4. The underlying physics may be qualitatively
understood in the same way as that of Eq. (S22).
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