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1. SINGLE-STAGE THEORY

The purpose of this section is to summarize the theoretical analysis that has informed the experiment. The equations of motion for 
the quantum frequency conversion (QFC) interaction Hamiltonian specified in the main manuscript take the form of coupled-mode
equations in terms of temporal-mode envelope functions Aj(z, t), where the index j labels the frequency band [1, 2]. For pulsed, 
three-wave mixing between pump (p-band), signal (s-band) and register (r-band) fields, these are

(∂z + β′r∂t)Âr(z, t) = iγAp(t− β′pz)Âs(z, t), (S1)

(∂z + β′s∂t)Âs(z, t) = iγA∗p(t− β′pz)Âr(z, t), (S2)

where, to reiterate, we assume energy conservation (ωr = ωp + ωs) and phase-matching at the band central/carrier frequencies (ωj).
The parameters β′j ≡ ∂ω β(ω)|ωj are the group slownesses, or inverse-group velocities at said carrier frequencies. The temporal-mode

envelope functions Âj(z, t) in the bands j ∈ {s, r} have been elevated to photon creation operators {[Âj(z, t), Â†
j′ (z, t′)] = δj,j′δ(t− t′)}.

The coupling strength γ is proportional to the square-root of the pump pulse energy. For given values of all of the parameters defined
above, and a known pump-pulse shape Ap(t), QFC in a finite medium can be treated as a scattering process that relates the input
temporal modes Âj(z = 0, t′) to the output modes Âj(z = L, t) via a set of Green function (GF) relations:

Âj(L, t) = ∑
k=r,s

∞∫
−∞

Gjk(t, t′)Âk(0, t′)dt′. (S3)

Each output field j ∈ {r, s} is linearly dependent on both input fields k ∈ {r, s}, where t′ denotes an input time and t denotes an
output time. The Green functions for any given system parameters can in general be numerically computed. Closed-form analytical
expressions are also known for special parameter regimes, such as the group-velocity matched regime (β′s = β′p), which is relevant to
us. The GF formalism is very convenient for analysis of temporal-mode selectivity [2, 3], as the separability of the four Green function
subkernels can be quantified via their singular-value decomposition [4]:

Grr(t, t′) Grs(t, t′)

Gsr(t, t′) Gss(t, t′)

 =


∑
n

τnΨn(t)ψ∗n(t′) ∑
n

ρnΨn(t)φ∗n(t′)

−∑
n

ρ∗nΦn(t)ψ∗n(t′) ∑
n

τ∗n Φn(t)φ∗n(t′)

 . (S4)

The functions ψn(t′), φn(t′) are the input “Schmidt modes” and Ψn(t), Φn(t) are the corresponding output Schmidt modes for the
r and s bands respectively. The Schmidt modes define the sets of “natural temporal modes” for the QFC problem. They provide
complete input and output basis sets into which aribtrary TMs can be decomposed. For a given integer index n, the quartet of modes
are related to each other in a beamsplitter-like transformation through the Schmidt coefficients (τn, ρn), which obey the unitarity
constraint, |τn|2 + |ρn|2 = 1. In simple terms, if the input state in the s-band were to be a single-photon (or a weak, coherent pulse) in
the temporal mode φn(t′), and the r-band input were to be vacuum, then the probability (efficiency) of frequency conversion from
s-band to r-band would be |ρn|2. The converted component exits in the r-band in mode Ψn(t), and the unconverted component
(occurring with probability/efficiency |τn|2) exits in the s-band in the mode Φn(t).
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Figure S1 plots the first (n = 1) and second (n = 2) s-band output Schmidt modes for three different dimensionless coupling-strength
parameters (γ̃ = γ

√
L/|β′r − β′s|) for a Gaussian shaped pump pulse of width one-tenth of the signal-register effective-interaction time

(ζ = (|β′r − β′s|L/τp) = 10) in the group-velocity matched regime (β′s = β′p). We plot these to showcase the distortion of the signal TM
that occurs during QFC, which is a manifestation of time ordering in the nonperturbative limit. Note the temporal shifting of the
amplitude maxima, as well as a width compression with increasing coupling strength for Φ1(t) in Fig. S1(a). Also note the change
in relative magnitudes of the two local extrema, as well as the shifting of the zero crossing to earlier times with increasing coupling
strength for Φ2(t) in Fig. S1(b). Both of these features were observed in experiment by using the second stage pumped with a weak
pump pulse as a diagnostic tool to analyze the output from the first stage. These measurements are presented in Fig. 5 from the main
manuscript.

Fig. S1. Plots of the (a) first and (b) second signal-band output Schmidt modes for three different coupling strengths (γ̃ =

γ
√

L/|β′r − β′s|) for ζ = (|β′r − β′s|L/τp) = 10 in the group-velocity matched regime (β′s = β′p). The temporal distortions were
confirmed by measurement in Fig. 5 of the main manuscript.

The solutions to Eq. S1 in the perturbative limit in the group-velocity matched regime (β′s = β′p) is [2]

Ar(L, t) ≈ Ar(0, t− β′r L) + i
γ

β′r − β′s

t−β′s L∫
t−β′r L

dt′Ap(t′)As(0, t′). (S5)

The perturbative term only depends on the overlap integral between the pump pulse shape and the input signal TM. This is the
reason QFC shows high TM discrimination at low CE. At higher coupling strengths, the higher-order terms will require time-ordered
corrections to account for the distortion of the signal pulse during the process, thus decreasing TM discrimination. It must be
emphasized that this is a fundamental limitation arising from the nonlinear dynamics of temporal modes exchanging amplitudes
while convecting through each other with independent group velocities. No clever conditioning of the temporal-mode structures of
the inputs can overcome the selectivity limit [2, 5].

2. INTERFEROMETRIC MITIGATION OF TIME ORDERING

As stated in the main manuscript, the unitary evolution operator for the interaction Hamiltonian may be expressed in a Magnus
expansion,

ÛI(γ̃) = T exp
[
− i

h̄

∫ ∞

−∞
dtĤI(t)

]
= exp(Ω̂1 + Ω̂2 + Ω̂3 + ...), (S6)

where T imposes time ordering. The exponentiated Magnus operators depend on the coupling strength as Ω̂n ∝ γ̃n [5, 6]. If the same
amount of QFC were to be conducted in N sequential perturbative steps combining coherently, then the coupling strength of each
stage would scale down as γ̃/N. The effective total unitary transform would be[

ÛI

(
γ̃

N

)]N
= exp

(
Ω̂1 +

Ω̂2
N

+
Ω̂3

N2 + ...

)
. (S7)

Thus, multistage interferometric setups [3] preferentially weight the perturbative terms of the expansion over the higher-order terms
which are responsible for the time-ordering corrections. Consequently, in the group-velocity matched regime, the dominant s-band
input and output Schmidt modes tend to resemble the pump pulse shape (and each other) more with increasing number of stages
[7]. Figures S2(a-c) contain plots of the register-band power generated in the first stage for various shape combinations of pump and
signal, with the inter-pump-signal-in delay scanned via the pulse shaper. Figures S2(d-f) chart the register-band power generated from
the second-stage alone via conversion of the unconverted signal output (signal-mid) from the first stage, as the delay between the
second-stage pump and the signal-mid pulse is scanned by translation of the r-mirror. The similarity of the top and the bottom rows,
neccesary for inter-stage mode matching [7], is due to both stages operating at enough γ̃ for 50% CE. This similarity degrades at higher
pump energies due to increased signal temporal distortion.
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Fig. S2. Register-band power generated in (a-c) the first stage by scanning the delay between pump-1 and signal-in pulses, and (d-f)
in the second stage by scanning the delay between pump-2 and signal-mid pulses. Both stages were operating at pump powers
necessary for 50% conversion of the matched signal modes.
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